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Abstract

Many school districts collect the preference rankings of students

for schools and assign as many as possible to their ”reported” fa-

vorites. Unfortunately, this well-intended assignment policy, known

as the Boston mechanism, creates incentives for preference manipu-

lations. I propose a method to partially identify and estimate pref-

erence parameters with manipulated preferences. The method ac-

commodates heterogeneity in student ability to manipulate prefer-

ences. Estimates are used to compare the Boston mechanism with

a strategy-proof mechanism, called Deferred Acceptance. While the

ex-ante welfare is higher under the former, naı̈ve students are more

likely than sophisticated students to be assigned to less favorite

schools.
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1 Introduction

Consider a school choice program in which a school district collects from

students their preference rankings for schools and then assigns them

to schools based on the reported rankings. This form of school choice,

which has become increasingly popular over the last decade, currently

is being implemented in many school districts in the U.S. and abroad.1

After collecting rankings from students, school district officials would

naturally want to assign as many as possible to their respective first

choice schools, or, in the case of those who do not get their first choices,

as many as possible to their second choices, and so on. Due to its simplic-

ity and intuitive appeal for policy makers and families, this particular

way of translating the reported rankings into assignments, now known

as the Boston mechanism, is one of the most widely adopted school choice

mechanisms.2

Unfortunately, the Boston mechanism creates incentives for students

to misreport their true preference. In other words, the mechanism is not

strategy-proof (Abdulkadiroǧlu and Sönmez (2003)). The non-strategy-

proofness of the Boston mechanism per se is not a concern if all stu-

dents understand its strategic aspect and play a Bayes-Nash equilib-

rium strategy. In fact, in some theoretical models in which students play

Bayes-Nash equilibrium strategies, the Boston mechanism is more effi-

1 A certainly non-exhaustive list of U.S. cities that adopted this program includes
New York, Boston, Chicago, Charlotte, Minneapolis, Cambridge, Seattle, and New Or-
leans. Foreign cities and countries include Barcelona, Beijing, Seoul, Shanghai, Ghana,
England.

2 According to Table 1 in Agarwal and Somaini (2014), Barcelona, Beijing, Boston,
Charlotte-Mecklenberg, Chicago, Denver, Miami-Dade, Minneapolis, Seattle, Tampa-
St. Petersburg currently use the Boston mechanism or have adopted it in the past.
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cient than Deferred Acceptance,3 which is a strategy-proof mechanism that

has been proposed as an alternative to the Boston mechanism (For a brief

description of Deferred Acceptance and its algorithm, see Appendix D).4

However, students in the real world may not be so rational. Existing

evidence from experiments5 and field data6 suggest that a non-trivial

proportion of students who participate in the Boston mechanism have

lesser degrees of strategic sophistication than theoreticaly analyses com-

monly assume. This evidence raises two research questions that this

paper addresses: 1) Is the Boston mechanism more efficient than De-

ferred Acceptance when there is a heterogeneity in strategic sophisti-

cation and by how much7? and 2) Are students who report truthfully

or make strategic mistakes under the Boston mechanism worse off than

those who strategize well? To answer these questions I 1) estimate the

parameters of the distribution of preferences for schools using rankings

3 Abdulkadiroǧlu et al. (2011) and Miralles (2008) find that the Boston mechanism
interim Pareto-dominates Deferred Acceptance when all students have the same ordi-
nal preference and priority to each school. Troyan (2012) finds, first, that the Pareto-
dominance does not hold under nontrivial priority structure and second, that the
Boston mechanism provides a higher ex-ante welfare.

4 However, Ergin and Sönmez (2006) and Kojima (2008) find that when students
have complete information and all schools have strict priority over schools, then the
Deferred Acceptance Pareto-dominates the Boston mechanism.

5 In Chen and Sönmez (2006), 13.9% of subjects in the lab truthfully revealed their
preference when the preferences are correlated, and the number rose to 27.8% when
the preferences are random. In Chen et al. (2013), when 40 subjects play the Boston
mechanism, 40% of them truthfully reported. When human subjects played the Boston
mechanism against 3999 robots whose strategy was randomly drawn from those of
human subjects, 27.5% of them reported truthfully.

6 Abdulkadiroǧlu et al. (2006) find that 11.7%/19.1%/8.6% of elemen-
tary/middle/high school applicants to Boston Public Schools first-ranked an
overdemanded school (a school for which the number of students who rank it as their
first choice is greater than the number of seats at the school) for which they did not
have priority AND they second-ranked another over-demanded school.

7 Throughout this paper the measure of efficiency is ex-ante welfare, or the expected
utility of a student who has not drawn her type. A student’s type refers to a triple of
her vNM utility for each school, her belief about the distribution of rankings reported,
and her reporting strategy.
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reported under the Boston mechanism and 2) I simulate outcomes under

each mechanism8.

This paper proposes a new method to identify and estimate prefer-

ence parameters. To facilitate identification, I make two assumptions.

First, students’ beliefs about the ex-post distribution of rankings reported

by other students can be incorrect as long as students are correct about

which of any given two schools 1) fills its capacity with students sooner

and 2) requires that to get assigned to the school students draw a better

lottery number. This relaxes the assumption in the literature that stu-

dents correctly anticipate the distribution of rankings that others will

report.9

In a second identifying assumption, when students decide which

ranking to report, they do not break a simple and intuitive rule that can

be heuristically summarized as follows: do not put a school on your ranking

unless you prefer it to higher-probability ones. Importantly, students abide

by this rule when they report truthfully or report a ranking that maxi-

mizes their expected utility. These are the only two reporting strategies

that the literature considers. In addition, the rule is also consistent with

other plausible ranking behaviors, such as first-ranking a safe school, or

one to which the student surely will be assigned.

Under these two identifying assumptions, I propose a strategy to par-

tially identify preference parameters. To illustrate my strategy, suppose

8 To the best of my knowledge, Pathak and Sönmez (2008) and Abdulkadiroǧlu et al.
(2011) are the only two theoretical papers that have some results regarding how stu-
dents fare under the Boston mechanism depending on their strategic sophistication.
However, neither of them have results about the efficiency ranking between the Boston
mechanism and Deferred Acceptance.

9 He (2014) makes this assumption in his benchmark estimation, and Agarwal and
Somaini (2014) and Calsamiglia et al. (2014) assume that all or some of the students
have correct beliefs.
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that a researcher observes many students who first-rank a school A even

though there is another school, B, that the student could have ranked

and to which he or she could have gotten assigned with a higher proba-

bility than A. By the first assumption, students who first ranked school A

correctly predicted that school A would be a low-probability school ex-

post. By the second assumption, those who first-ranked A must have

preferred it to the high-probability school B. Thus, the proportion of

students who prefer A over B is at least as great as the proportion of

students that first-ranked A, which results in a moment inequality that

helps identify the preference parameters. Then I apply the results from

Chernozhukov et al. (2007) to estimate the confidence region of the iden-

tified set.

I apply this method to the data from Seoul, South Korea and estimate

a random coefficient model. I find that the confidence region is infor-

mative about the signs and the magnitudes of the parameters. Also, the

bounds are tight enough to produce unambiguous results in simulations

that compare the outcomes of the Boston mechanism to those of Deferred

Acceptance.

To run simulations I assume that there are only two types of stu-

dents: those who truthfully report their preferences (naı̈ve students) and

those who best respond to the ex-post distribution of reported rank-

ings (sophisticated students).10 Then I randomly select X% of students

to be the former type and the rest are the latter; and I repeat this for

10 I need to make assumptions about the reporting strategies that students may use
to run simulation because I only estimate the preference parameters, not the param-
eters that determine the distribution over the belief and the reporting strategy space.
Calsamiglia et al. (2014) does estimate both; see section 2 for details.
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X = 0, 10, . . . , 100.11. The simulation results are such that the answer

to the first research question is affirmative: the Boston mechanism pro-

vides higher ex-ante welfare than Deferred Acceptance regardless of the

proportion of sophisticated students. More specifically, students are bet-

ter off under the Boston mechanism than under Deferred Acceptance by

0.3 to 3.9 minutes of daily commuting on average12. The answer to the

second question is somewhat nuanced. Naı̈ve students are more likely

to be assigned to their favorite schools than sophisticated students by

a higher probability of 12.3 to 17.9 percentage points. However, condi-

tional on not getting assigned to their favorite schools, naı̈ve students

are more likely to get assigned to kth or lesser favorite schools than so-

phisticated students for k = 3, . . . , 20.

In the remainder of this paper, I will proceed as follows: section 2 re-

views the literature; section 3 introduces the model; section 4 discusses

the identification and estimation; section 5 introduces the Boston mech-

anism in Seoul and presents the estimation and simulation results; and

section 6 concludes.

2 Literature Review

This paper builds on literature that compares the efficiency of the Boston

mechanism and Deferred Acceptance (for theoretical comparisons see

Ergin and Sönmez (2006), Kojima (2008), Miralles (2008), Troyan (2012),

11 This is similar to the simulation He (2014) runs.
12 In Seoul all the schools available for choice through the Boston mechanism have

the same tuition and the data on fees at each school are not available. Thus, I can-
not denominate the utility with a monetary unit. but I do denominate the utility with
minutes spent in one-way daily commuting, which is the unit used by He (2014), Ab-
dulkadiroǧlu et al. (2014), and Pathak and Shi (2015).
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Abdulkadiroǧlu et al. (2011), Akyol (2013); for comparisons in lab exper-

iments, see Chen and Sönmez (2006), Pais and Pintér (2008), Feaether-

stone and Niederle (2009), Calsamiglia et al. (2010), klijn et al. (2013),

Chen et al. (2013); for comparisons in field experiments, see de Haan

et al. (2015)). In the theory literature, Ergin and Sönmez (2006) and Ko-

jima (2008) find that if everyone has complete information and plays

an equilibrium strategy, then Deferred Acceptance Pareto-dominates the

Boston Mechanism. In contrast, Miralles (2008) and Abdulkadiroǧlu

et al. (2011) find that if everyone has incomplete information, plays an

equilibrium strategy, and has an identical ordinal preference and identical

priority to all schools, then the Boston mechanism (interim) Pareto-dominates

Deferred Acceptance. However, Troyan (2012) and Akyol (2013) con-

clude that under incomplete information and a more general priority

structure (Troyan (2012)) or under a more general ordinal preference

(Akyol (2013)), one cannot generally (interim) Pareto-rank the two mech-

anisms. In the experiment literature, the results are mixed: in some

experimental designs the Boston mechanism is more efficient than De-

ferred Acceptance while in others it is not.

This paper contributes to the growing literature that estimates stu-

dent preference parameters from their reported rankings under non-

strategy-proof school choice mechanisms (He (2014), Ajayi (2013), Car-

valho et al. (2014), Calsamiglia et al. (2014), Agarwal and Somaini (2014),

Fack et al. (2015), Chapelain (2015)). Of particular interest is the ap-

proach taken by Calsamiglia et al. (2014), who assume that students play

one of only two stylized reporting strategies: either reporting one’s pref-

erence truthfully or reporting rankings that maximize one’s expected
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utility. In this paper I allow students to play these two strategies plus

many other reasonable strategies whose possibilities are essentially end-

less. In spite of the limited structure, we do not lose much in terms of

the informativeness of the estimates and the simulation under the para-

metric assumption that is comparable to the ones made in the literature.

Finally, this paper contributes to the growing literature that estimates

partially identified model (Haile and Tamer (2003), Hortaçsu and McAdams

(2010), Ciliberto and Tamer (2009), Holmes (2011), Ho and Pakes (2014),

Pakes et al. (2015), Dickstein and Morales (2015)).

3 Model

In my model There is a measure one of students.13 Let I denote the set

of students and i a generic student. There are a finite number of schools.

Let S = {s1, . . . , sm} and s denote the set of schools and a generic school,

respectively. I assume that each student i has an education option out-

side of those provided by the school choice program and I denote it with

∅i. Each school s is endowed with a capacity, denoted by qs, and no

school can accommodate all students, i.e., qs ∈ (0, 1). The sum of the

capacities is large enough to assign each student to some school, i.e.,

∑
s∈S

qs ≥ 1.

Each student submits a ranking of schools. I require that students

rank at least one school and I allow them to rank any number of schools.

Let R denote the set of all admissible rankings and r denote a generic

13 Many authors have modeled large matching markets that have a continuum of
players (Che and Kojima (2010), Azevedo and Leshno (2014), Budish and Cantillon
(2012), Abdulkadiroǧlu et al. (2015), Calsamiglia et al. (2014)). Bodoh-Creed (2013)
provides a theoretical foundation for this modeling choice.
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ranking. More specifically, R is a set of all (m + 1)−tuples of schools and

outside options, the first k components of which are k different schools,

and the remaining (m + 1) − k components are the outside options ∅i,

where k ∈ {1, . . . , m}.14 Let rk denote the school ranked kth on r. I num-

ber rankings in some random order so that rj denotes the jth ranking.

Let ∆R denote the set of possible distributions of rankings reported

by students. Formally, ∆R is the |R|-1 dimensional simplex; i.e., ∆R :=

{(aj)
|R|
j=1 : j = 1, . . . , |R|, aj ≥ 0,

|R|
∑

j=1
aj = 1}. Let r̂ denote a generic ele-

ment of ∆R. Then r̂j is the mesure of students who submitted rj when

the distribution of reported rankings is r̂.

When a school is over-demanded, i.e., when the measure of appli-

cants to a school is greater than the remaining capacity of that school,

we break ties with lottery numbers.15 Each student draws one lottery

number independently from a uniform distribution on [0,1]16. In this

paper I adopt the convention that the smaller the lottery numbers, the

better.

Given a distribution of rankings reported by students, the Boston

mechanism determines each student’s assignment using the following

14 The formal definition of R is as follows:

R = {r ∈
⋃

k=1,...,m

Sk ×∅m+1−k
i : if, for some p and q ∈ {1, . . . , m}, rp, rq ∈ S, then rp 6= rq}

15 In general lottery numbers are not the only tie-breaker. Students may have different
priorities to a school; e.g., some students may have higher priority to a school because
they have their siblings attending it or because they live within walking distance of it.
For the sake of expositional simplicity I do not consider the priority here, but all my
results hold with non-trivial priorities. See Appendix G.

16 Here I consider the tie-breaking scheme in which students draw one lottery num-
ber and use it to break ties at all schools—what is now called as Single Tie-Breaking
(Abdulkadiroǧlu et al. (2009)).
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algorithm.17

The algorithm for the Boston Mechanism

Round -1 Each student submits a ranking.

Round 0 Each student draws a tie-breaking lottery number indepen-

dently from the uniform distribution on [0, 1].

Round 1 Assign students to their first choice schools as much as the ca-

pacities of the schools allow. If the number of applicants to a school is

greater than the number of seats at that school, assign first those whose

lottery numbers are better. Remove the assigned students from the algo-

rithm.

Round k, 2 ≤ k ≤ m Assign students to their kth choice schools if the

schools still have available seats. If the number of applicants to a school

is greater than the number of remaining seats at that school, assign first

those whose lottery numbers are better. Remove the assigned students

from the algorithm.

Termination of the algorithm. Terminate the algorithm when all stu-

dents are removed or when the remaining students do not have any

school on their rankings with remaining seats.

Given a distribution of reported rankings, one can calculate the worst

lottery numbers that students could draw and still receive a school as-

signment in each round of the algorithm. I call these numbers the cut-offs

for the school.18 Cut-offs are convenient ways to represent a distribu-

tion of reported rankings because they contain sufficient information to

calculate the probability of being assigned to each school for any given

17 Although I adopt the continuum of players in my model, for the sake of exposi-
tional simplicity I present the algorithm for discrete players. For a formal definition of
the Boston mechanism algorithm with a continuum of students, see Appendix E.

18 A formal definition of cut-offs is in the Appendix E.
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ranking. Let c(r̂, s, k) denote the cut-off for school s in round k when the

distribution of reported rankings is r̂. Also, let C(r̂) denote a cut-off ma-

trix given r̂, where its entry on the sth row and kth column corresponds

to the cut-off for school s in round k, i.e., C(r̂)(s,k) ≡ c(r̂, s, k).

Because of the way the Boston mechanism works, the cut-off for each

school weakly decreases as the algorithm progresses. In the first few

rounds, for example, there may be fewer applicants to school s than the

number of unfilled seats at s, which means that even students with the

worst lottery number, 119, can be assigned to s. Hence the cut-offs for s at

those rounds are 1. Then there may be one and only one round at which

the number of applicants to s exceeds the number of remaining seats at

s20. In such a round the cut-off will be strictly between 0 and 1. I call

such a round the critical round for s and the cut-off at the critical round

the critical cut-off. After its critical round, no students (including those

with the best lottery numbers) can be assigned to s because s no longer

has available seats. Hence, the cut-offs after its critical round are 0.

Given a distribution of reported rankings and the associated cut-offs,

one can calculate the assignment probability to each school ranked on

each ranking. Let πk(C(r̂), r) denote the probability of being assigned to

the school that is ranked kth on r when the cut-off matrix is C(r̂). We can

conveniently express πk(C(r̂), r) with a closed form as follows:

Lemma 1. Given a distribution of rankings r̂ and a ranking r, the probability

19 Recall that I adopt the convention that the lower lottery numbers—those close to
zero—are better.

20 For some distribution of reported rankings, the measure of applicants to a school
in a round could hypothetically be exactly the same as the remaining capacity at that
school. In principle the current framework can accommodate these cases, but they
complicate notation and definition and provide little benefit. Moreover, such cases are
knife-edge, measure-zero events. This paper does not consider these cases.
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of assignment to the school that is kth-ranked on r is equal to the following:

π1(C(r̂), r) = c(r̂, r1, 1)

πk(C(r̂), r) = max

{
c(r̂, rk, k)−

k−1

∑
n=1

πn(C(r̂), r), 0

}
if k = 2, . . . , m

The interpretation of these expressions is simple: in the first round,

you only get assigned to the school that you ranked first if your lottery

number is better than the cut-off. Because the lotteries are drawn from

a uniform distribution, the probability that you drew a lottery num-

ber that is smaller than the cut-off is simply the cut-off. For a subse-

quent round k, you get assigned to your kth choice school with a positive

probability only if the best lottery number that you could have possibly

drawn—conditional on you reaching the round k—is better than the cut-

off for your kth choice in round k.

Student i’s Von Neumann-Morgenstern (vNM) utility for being as-

signed to school s and for i’s outside education option ∅i is denoted by

vis and vi∅ ∈ R, respectively. For notational simplicity, let V ≡ R
m+1

denote the set of vNM utility vectors and let vi denote student i’s vector

of utilities, i.e., vi ≡
(
vis1 , vis2 , . . . , vism , vi∅

)
.

Before reporting a ranking, students form a belief about the distri-

bution of rankings that will be reported by other students. Formally, a

belief is an element of the set ∆R, which is the |R| − 1 dimensional sim-

plex. If a student has a belief r̂, then he believes that the measure of

students who will submit jth ranking rj will be r̂j.

Given a utility vector and a belief, each student employs a reporting

strategy to determine which ranking to submit. Formally, a reporting
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strategy ψ maps a utility vector and a belief to a probability distribution

over the set of rankings, i.e., ψ : V × ∆R → ∆R. Let ψj(v, r̂) denote the

probability with which jth ranking rj is submitted by a student whose

vNM utility is equal to v, whose belief is equal to r̂, and whose reporting

strategy is equal to ψ. We say rj is recommended by ψ if ψj(v, r̂) > 0. Let Ψ

denote the set of all possible reporting strategies.

Three reporting strategies of particular interest are defined as fol-

lows:

Definition 1 (Truthfully Reporting Strategies). If a student uses a truthfully

reporting strategy, then he ranks all schools he prefers to his outside options in

the order of his preferences. That is, given a utility vector v and a belief r̂, a

ranking r is recommended by a truthfully reporting strategy ψTR only if

r1 = arg max
s∈S∪∅

vs and ∀k ∈ {2, . . . , m}, rk = arg max
s∈(S\{r1,...,rk−1})∪∅

vs

Let ΨTR denote the set of all truthfully reporting strategies.21

Definition 2 (Expected-utility-maximizing (EU-max) Reporting Strate-

gies). If a student uses a EU-max reporting strategy, then he submits a rank-

ing that maximizes his expected utility given his belief about the distribution of

rankings reported by others. That is, given a utility vector v and a belief r̂, a

ranking r is recommended by a EU-max reporting strategy ψMAX only if the

21 There is more than one truthfully reporting strategy. Two truthfully reporting
strategies can recommend different rankings for a student who, when faced with two
or more schools, has no preference. For example, if a student prefers school s1 and s2
but does not prefer one more than the other, then either (s1, s2, . . . , ∅) or (s2, s1, . . . , ∅),
or both could be recommended by a truthfully reporting strategy.
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expected utility of r is weakly greater than those of all the other rankings, i.e.,

∀r′ ∈ R,
m+1

∑
k=1

πk(C(r̂), r)vrk ≥
m+1

∑
k=1

πk(C(r̂), r′)vr′k
22

Let ΨMAX denote the set of all EU-max reporting strategies.23

Definition 3 (Simple Strategies). If a student uses a simple strategy, he does

not violate the following simple rule: he does not kth−rank a school s instead

of higher-probability schools if:

1. he believes that he would be assigned to s in the kth round of the Boston

mechanism algorithm with a positive probability should he kth−rank it; AND

2. he prefers a higher-probability school to s.

Given a utility vector v and a belief r̂, a ranking r is never recommended by a

simple strategy ψSIM if

∃k ∈ {1, . . . , m} such that πk(C(r̂), r) > 0 and

∃s ∈ S such that vs > vrk and c(r̂, s, k) > c(r̂, rk, k)

Let ΨSIM denote the set of all simple strategies.

As mentioned above, models of student reporting behavior devel-

22 By definition everyone chooses their outside option in round m + 1, i.e., rm+1 = ∅
for any r. Therefore, if you are assigned to no school by the end of round m, you will
be ”assigned” to your outside option in round (m + 1), i.e., for all r ∈ R and r̂ ∈ ∆R,

πm+1(C(r̂), r) = 1−
m
∑

k=1
πk(C(r̂), r).

23 There is more than one EU-max reporting strategy. This is because given a utility
vector and a belief, there may be two or more rankings that result in the same expected
utility. For example, suppose that a ranking r that maximizes the expected utility given
a belief r̂ has less than m schools on it. That is, |{k : rk ∈ S}| < m. Furthermore, suppose
that belief is such that the probability of getting assigned to some school if one submits
this ranking is one. That is, ∑

k:rk∈S
πk(C(r̂), r) = 1. Thus, tagging a school at the end of

the ranking r does not change the expected utility. That is, if r′ is such that r′k = rk if
rk ∈ S and r′K+1 ∈ S where K is largest k such that |{rk, rk+1, . . . , rm} ∩ S| = 1.
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oped in the literature have focused mostly on truthfully reporting strate-

gies and EU-max reporting strategies. The results that follow demon-

strate that both of these are simple strategies.

Proposition 1. Truthfully reporting strategies are simple strategies (ΨTR ⊂

ΨSIM).

Proposition 2. EU-max reporting strategies are simple strategies (ΨMAX ⊂

ΨSIM).

The proofs are collected in appendix E. Finally, I assume that each

student independently draws from a common distribution a triple of a

utility vector, a belief, and a reporting strategy (henceforth the type of

a student). Formally, let D̃ ≡ V × ∆R × Ψ denote the set of types and

(D̃, D̃, µ̃) denote a measure space24. Then given any measurable set D̃′,

the measure of students whose types belong to D̃′ is equal to µ̃(D̃′).

24 Product space (D̃, D̃) is constructed from three measurable spaces
(
V,Bm+1) ,(

∆R,B|R|∆R

)
, and (Ψ,C), where Bm+1 is the Borel σ−algebra on Rm+1, and B

|R|
∆R is

the Borel σ−algebra on R|R| restricted to the |R| − 1 dimensional simplex ∆R. The
σ−algebra on Ψ is generated by the following collection of sets:

{{{ψ ∈ Ψ : ψj(v, r̂) ∈ [a, b] for all v ∈ V, r̂ ∈ ∆R such that ∀k ∈ {1, . . . , m}, if πk(C(r̂), rj) > 0,

then ∀s ∈ S ∪∅ v
rj

k
≥ vs or c(r̂, s, k) ≤ c(r̂, rj

k, k)},

{ψ ∈ Ψ : ψj(v, r̂) ∈ [c, d] for all v ∈ V, r̂ ∈ ∆R such that ∃k ∈ {1, . . . , m} and ∃s ∈ S ∪∅ such that

πk(C(r̂), rj) > 0 and vs > v
rj

k
and c(r̂, rj

k, k) < c(r̂, s, k)}

: j = 1, . . . , |R|, a, b, c, d ∈ [0, 1], a ≤ b, c ≤ d}, ΨTR, ΨMAX}

where the first collection of sets are those that contain reporting strategies that ad-
here to the Simple Rule; the second collection of sets are those that contain reporting
strategies that violate the Simple Rule.
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4 Identification and Estimation

In this section I introduce the data generating process and show how

to construct the moment inequalities that partially identify the param-

eters of the distribution of utility vectors. Then the confidence region

of the identified set can be estimated by the method proposed by Cher-

nozhukov et al. (2007).

Before introducing the data generating process, I need to define my

data. First, I assume that the researcher observes something about the

students that might influence their vNM utilities, yet I recognize that

there are some unobservable factors, too. Let X denote the finite set of

observables and E ⊆ Rp the set of unobservables with some finite p. Let

D ≡ X × E × ∆R × Ψ and let (D,D) be the product space. I make the

following assumptions about the measure µ on (D,D).

Assumption 1 (Utility function is known up to a vector of parameters).

25 There exists a measurable utility function h : X × E → V, which is param-

eterized by a vector of parameters θ, that satisfies the following: for any given

D̃−measurable set D̃′,

µ̃(D̃′) = µ
({

(x, ε, r̂, ψ) : (h(x, ε), r̂, ψ) ∈ D̃′
})

Assumption 2 (Unobservables are independent). 26 For any D−measurable

25 He (2014) and Calsamiglia et al. (2014) make the same assumption. Agarwal and
Somaini (2014), on the other hand, develop a method to nonparametrically identify the
distribution of utility vectors.

26 He (2014) and Calsamiglia et al. (2014) make the same assumption, while Agarwal
and Somaini (2014) eliminates the assumption that the distribution of unobservables
are known.
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set D′,

µ(D′) =µX×∆R×Ψ
(

D′E
)
× µE

(
D′X×∆R×Ψ

)
where µX×∆R×Ψ and µE are marginals and D′E and D′X×∆R×Ψ are E-section

and (X× ∆R×Ψ)−section of D’, respectively.27

Many scholars make these assumptions in the literature. Assump-

tion 25 rules out heterogeneous distribution of unobservables across neigh-

borhoods which can result from households sorting. Accounting for

such sorting is left for future research.

The data that we observe is the measure P on the set of observables

and reported rankings. Let PR denote the marginal of P on R. Abusing

the notation, let PR also be an element of ∆R.

Now we are ready to state our data generating process as follows:

Data Generating Process 4.1 (DGP 4.1)

Each student i draws her observables, unobservables, belief, and report-

ing strategy independently from the measure µ. More precisely, the mea-

sure of students whose observables is equal to x0 ∈ X and who report

the ranking rj, denoted by P(x0, rj), is as follows:

P(x0, rj) =
∫

Dx0

ψj(h(x, ε), r̂)dµ

where Dx0 is the x0−section of D28

The DGP 4.1 is well-defined in the sense that for each observed data
27 E-section of D’ is defined as {(x, r̂, ψ) ∈ X × ∆R× Ψ : (x, ε, r̂, ψ) ∈ D′} and (X ×

∆R×Ψ)−section of D’ is defined as {ε ∈ E : (x, ε, r̂, ψ) ∈ D′}.
28 x0−section of D is defined as {(ε, r̂, ψ) ∈ E× ∆R×Ψ : (x0, ε, r̂, ψ) ∈ D}.
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there exist a primitive of the model µ that could have generated the data.

The following Lemma precisely states the well-definedness of the DGP

4.1.:

Lemma 2. Given any data P, there exists a measure µ such that for each x0 ∈ X

and jth ranking rj, the following holds:

P(x0, rj) =
∫

Dx0

ψj(h(x, ε), r̂)dµ

In the proof in appendix E I show that for any given data P, if the

marginal of µ on the set of reporting strategies is degenerate on the set

of truthfully reporting strategies, then there exists a marginal µX×E such

that generated P. Therefore, to ensure that the DGP 4.1 is well-defined

in the sense of Lemma 2, we need to allow the possibility that students

draw truthfully reporting strategies with a positive probability. The fol-

lowing assumption guarantees that:

Assumption 3. Let Ψ(j) denote the set of reporting strategies that recom-

mends the jth ranking when recommending it violates the Simple Rule.29 Then

µΨ(Ψ(j)) = 0 for all j = 1, . . . , |R|.

This assumption ensures that students draw only simple strategies.

By virtue of proposition 1 and proposition 2, Assumption 3 allows the

possibility that students draw truthfully reporting and/or EU-max strate-

gies. However, this does not necessarily mean that there would be a

29 Formally, let

Ψ(j, [a, b]) ≡ {ψ ∈ Ψ : ψj(v, r̂) ∈ [a, b] for all v ∈ V, r̂ ∈ ∆R such that ∃k ∈ {1, . . . , m}

and ∃s ∈ S ∪∅ such that πk(C(r̂), rj) > 0 and vs > v
rj

k
and c(r̂, rj

k, k) > c(r̂, s, k)}

Then Ψ(j) ≡ Ψ(j, (0, 1]). Note that Ψ(j, [a, b]) is measurable (see footnote 24).
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positive measure of students who employ truthfully reporting strategies

or the EU-max Strategies under the true µ. Other than Assumption 3,

I remain agnostic about µΨ.30 It is possible, for example, that under

the true µ, no one actually employs truthfully reporting strategies, i.e.,

µΨ(ΨTR) = 0.

Next I make an assumption about the correctness of students’ beliefs

regarding the distribution of rankings that others will report. I assume

that students should be correct about the critical rounds of each school

and the ranking of critical cut-offs. However, I do not going to assume

that they are correct about specific values of critical cut-offs. Formally:

Assumption 4. Given a data P, let Bround(P) denote the set of beliefs under

which the critical round for each school is the same as under P, and let Brank(P)

denote the set of beliefs under which the ranking of critical cut-offs for each pair

of schools is the same as under P. Then µ∆R(Bround(P) ∩ Brank(P)) = 1.31

With assumption 3 and 4 in place, I demonstrate how to construct

moment inequalities that partially identify θ∗, which is the true value of

parameters of the utility function. To guarantee that there exists at least

one moment inequality to be constructed, the data P must be such that

there is some competition for at least one school. That is, c(PR, s, 1) ∈
30 However, when I run the counterfactual simulation in section 5.2, I assume that

students draw only truthfully reporting or EU-max strategies with positive probabili-
ties.

31 More precisely,

Bround(P) = {r̂ ∈ ∆R :∀s ∈ S, ∀k ∈ {1, . . . , m}, c(r̂, s, k) ∈ (0, 1) iff c(PR, s, k) ∈ (0, 1)},
Brank(P) = {r̂ ∈ ∆R :∀s, s′ ∈ S, if c(PR, s, k) ∈ (0, 1) and c(PR, s′, k′) ∈ (0, 1)

and c(PR, s, k) > c(PR, s′, k) for some k, k′ ∈ {1, . . . , m},
then c(r̂, s, k′′) ∈ (0, 1) and c(r̂, s′, k′′′) ∈ (0, 1)

and c(r̂, s, k′′) > c(r̂, s′, k′′′) for some k′′, k′′′ ∈ {1, . . . , m}}
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(0, 1) for some s. Under this condition, there exists a school s0 that satis-

fies the following two conditions:32

Condition 4.1 The critical round of s0 is k0 and its critical cut-off is less

than 1

Condition 4.2 There are some schools whose round-k0 cut-offs are higher

than the critical cut-off of s0.

Now consider a student whose belief is equal to r̂. Let k̂ denote the crit-

ical round of s0 under the belief r̂. Let S(r̂, s0) denote the set of schools

whose cut-offs are greater than that of s0 in round k̂ under r̂. More pre-

cisely,

S(r̂, s0) = {s ∈ S : c(r̂, s, k̂) > c(r̂, s0, k̂)}

Also, let R(r̂, s0) denote the set of rankings on which s0 is ranked k̂th

and for which the probability of being assigned to s0 is positive under r̂.

More precisely,

R(r̂, s0) = {r ∈ R : rk̂ = s0 and πk̂(C(r̂), r) > 0}

Now consider the following inequality

∑
rj∈R(r̂,s0)

ψj(h(x, ε), r̂) ≤ 1 {for all s ∈ S(r̂, s0), hs0(x, ε) ≥ hs(x, ε)}

(1)

where hs(x, ε) is the vNM utility for school s for a students whose

32 See Lemma 5 in Appendix E for the proof.
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obeservables and unobservables are equal to x and ε, respectively. Also,

h(x, ε) ≡ (hs1(x, ε), . . . , hsm(x, ε)). The left hand side (LHS) of the in-

equality (1) is the probability that a student whose type is (h(x, ε), r̂, ψ)

submits a ranking contained in R(r̂, s0). The right hand side (RHS) is

equal to 1 if the student prefers s0 to all schools in S(r̂, s0); otherwise it

is 0. This inequality holds for each realization of observables, unobserv-

ables, belief and reporting strategy under Assumption 3. To see why this

is so, suppose that the realization of (x, ε, r̂, ψ) is such that the RHS of 1

is 1. By definition, the LHS, i.e., the probability of submiting a ranking

in R(r̂, s0), is always less than or equal to 1. Hence 1 holds.

If the realization of (x, ε, r̂, ψ) is such that the RHS of 1 is 0, then sub-

mitting a ranking in R(r̂, s0) violates the Simple Rule. However, since

under Assumption 3 everyone uses only simple strategies, the LHS is

zero. Hence 1 holds for each realization of (x, ε, r̂, ψ), and so it does in

expectation. Therefore, for a given observable x0,

∫
Dx0

∑
rj∈R(r̂,s0)

ψj(h(x, ε), r̂)dµ ≤
∫

Dx0

1 {for all s ∈ S(r̂, s0), hs0(x, ε) ≥ hs(x, ε)} dµ

(2)

Now we use the assumption 4 to replace R(r̂, s0) and S(r̂, s0) with R(PR, s0)

and S(PR, s0). This is possible because the rankings in R(r̂, s0) and schools

in S(r̂, s0) depend only on the critical rounds and critical cutoffs of schools

under the belief r̂. Under assumption 4, student beliefs about these are
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correct. Therefore, 2 can be rewritten as follows:

∑
rj∈R(PR,s0)

P(x0, rj) ≤ µX({x0})µE({ε ∈ E : for all s ∈ S(PR, s0), hs0(x0, ε) ≥ hs(x0, ε)})

(3)

where the LHS follows from DGP 4.1. The RHS is multiplicative by as-

sumption 25. Note that the first term of the RHS is equal to PX(x0) by

DGP 4.1.33 3 can be further rewritten as follows:

EP [1{x = x0} · 1{r ∈ R(PR, s0)}]

−EP [1{x = x0} · Prε (for all s ∈ S(PR, s0), hs0(x0, ε) ≥ hs(x0, ε))]

≤0 (4)

For a given data P, we can construct a moment inequality (4) for each

observable and for schools that satisfies the conditions 4.1 and 4.2. Let

EP
[
mj(θ)

]
denote the moment j that is evaluated at a parameter value θ

and assume that we constructed JP moments. Then the set of parameter

values at which all the moment inequalities hold (i.e., the identified set) is

as follows:

Θ∗(P) = {θ ∈ Θ : For all j = 1, . . . , JP EP
[
mj(θ)

]
≤ 0} (5)

To estimate the confidence region for this set, I apply the method pro-

posed by Chernozhukov et al. (2007). For the actual computational algo-

33 Note that PX(x0) =
|R|
∑

j=1
P(x0, rj) =

∫
Dx0

|R|

∑
j=1

ψj(h(x, ε), r̂)︸ ︷︷ ︸
=1

dµ = µX({x0}) where the

second equality follows from DGP 4.1.

22



rithm that can be used in the estimation, see Appendix A.

5 Application: The (Constrained) Boston Mech-

anism in the Seoul High School Match

In the year 2012 in Seoul, Korea, 79,725 middle school seniors submitted

their preference rankings for 216 high schools to the Seoul Metropolitan

Office of Education (henceforth the Office). After collecting the rank-

ings, the Office used a variation of the Boston mechanism to assign stu-

dents to participating schools. Appendix G describes how the mech-

anism works in practice; how the Boston mechanism and the mecha-

nism used in Seoul are special cases of a more general mechanism; and

how the proposed identification/estimation method can be applied to

the Seoul data.

5.1 Estimation Results

First I discuss my parametric assumptions.

Assumption 5 (Utility Function). The VNM utility for school s is equal to

x′isβi + εis where x′is = (xis1, . . . , xis7) is a vector of following variables:

xis,1: the normalized quality index of school s where quality index is defined

as the sum of percentages of students at school s whose scores on a standardized

test fall in the categories of ”above average” and ”around average.” The raw

quality index is standardized as follows:

quality index of s−mean of quality index
standard deviation of the quality index
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xis,2: 1{s offers science-focused curricula only}, where 1{·} denotes an in-

dicator function. Henceforth such schools are referred to as science schools

xis,3: 1{s is a charter school}

xis,4: 1{s is a private school}

xis,5: 1{(s is a boys-only school) ∩ (i is a boy)}

xis,6: 1{s is a girls-only school) ∩ (i is a girl)}

xis,7: the normalized length of a one-way commute from student i to school

s. Because students’ addresses are disaggregated only down to the dong, which

is the smallest administrative division in Seoul, the length of the commute is

measured from the location of the administrative office of the dong in which i

lives to school s. Then the raw length of commute is normalized as follows:

length of commute from i to s−mean length of commute from i to all schools
standard deviation of the length of commute from i to all schools

Assumption 6 (The distribution of random coefficients). The vector of ran-

dom coefficients is normally distributed with mean vector β̄ and covariance ma-

trix Σ, i.e., (βi,1, . . . , βi,6)
′ ∼ N(β̄, Σ).

Assumption 7 (The distribution of unobservables). Unobservables εis have

identical normal distributions N(0, σ2
ε ) and are independent across all students

and schools.

Assumption 8 (Normalization of the Unit of Utility). The unit of VNM

utility is the minutes spent in one-way commuting, i.e., ∀i ∈ I, βi7 = 1.

The parameters to be estimated are the mean vector and the covari-

ance matrix of the random coefficients β̄ and Σ plus the standard devia-

tion of the unobservables σε.34

34 In the estimation I do not directly estimate the covariance matrix. Instead, I esti-
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A few comments regarding the parameteric assumptions are in or-

der:

Choice of observables: I cannot make the specification richer because I

have limited data on the socio-demographics of students. For example,

letting the random coefficient vary with the education level and/or in-

come level of parents would make the specification comparable to those

that are used in the literature. However, such variables are not available

in my dataset.

Normalization of the length of commute: This is done for computa-

tional reasons: in the estimation procedure I need to evaluate the crite-

rion function at many points around the minimum. Normalization of

the length of commute effectively shrinks the parameter space at which

I evaluate the criterion function, which eases the computational burden.

When I present the confidence region I multiply the estimates with the

standard deviation of the length of commute to make it interpretable.

Now I discuss the identifying assumptions made for the estimation.

As mentioned above, the first identifying assumption is that students

use only simple strategies. I modified the definition of Simple Strate-

gies to accommodate features of the Seoul High School Match (hencefort

”the Match”) that are different from the model considered earlier (see

mate the lower triangular matrix L such that LL′ = Σ. I do this to avoid decomposing
the covariance matrix when finding the solution for the minization problem because
a) the minization was conducted in Fortran using the praxis module and the praxis
module does not allow constraints and b) without constraints a direct estimation of the
covariance matrix is problematic because the solution might not be a proper covariance
matrix. Thus, the end result of the estimation is the bounds on entries of L rather than
Σ. However, if we denote the lower bounds of L with L and the upper bounds of L
with L, then the lower [upper] bounds of Σ is not necessarily LL′ [LL′]. So I draw 1000
points randomly from [L, L] and compute the covariance matrix for each draw. Then I
take the entry-wise minimum and maximum among the draws, which are reported in
the Tables 1 and 2.
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Appendix G). The second identifying assumption concerns the correct-

ness of student beliefs about the critical rounds and the ranking of critical

cut-offs. I relax Assumption 4 and assume that some students examine

the previouse years’ rankings of critical cut-offs in order to form naı̈ve

beliefs about the current year’s ranking of critical cutoffs. More precisely,

Assumption 9. Given the current year’s data P0 and the previous T years’

data, P−1, . . . , P−T, let Bround(P0) denote the set of beliefs under which the crit-

ical round for each school is the same as under P0, and Brank(Pt) denotes the set

of beliefs under which the ranking of critical cut-offs for each pair of schools is the

same as under Pt. Then µ∆R

(
Bround(P0) ∩

(
Brank(P0) ∪

T⋃
t=1

Brank(P−t)

))
=

1.

Note that given a school s0 that satisfies Condition 4.1 and 4.2, the

set of schools whose critical cut-offs are higher than s0 shrinks under As-

sumption 9 relative to under Assumption 4. This is so because under

Assumption 9, for everyone to believe that s0 has a lower critical cut-off

than another school s1, it has to be true not just in the current year but in

all previous T years.

In the estimation, T = 2 in Assumption 9 because students in Seoul

had access to information similar to the ranking of critical cut-offs in pre-

vious Matches. In April of 2010 and May of 2011, each school’s acceptance

rate in the 2010 and 2011 Matches were published by two major newspa-

pers35. The published acceptance rates are defined as the capacity of a

school divided by the number of students who ranked the school. Even

35 These newspapers, Chosun Ilbo and Joongang Ilbo, are read by many people in Korea:
in fact, they are Korea’s most and the second-most circulated newspapers. According
to Korea Audit Bureau of Circulations (www.kabc.or.kr/about/media/100000000723),
these two papers prints on average 1.35 million and 0.94 million copies, respectively,
per day in 2011. The acceptance rates were also published on the papers’ website
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though acceptance rates do not exactly correspond to the critical cut-offs,

I assume that students believe that the schools that had lower acceptance

rates also had lower critical cut-offs.

Now I discuss the construction of moment inequalities. To construct

the moment inequalities, I first discretize the set of observables. I group

students by the dong in which they live and their gender; each group

is assumed to have the same observables. This discretization leaves me

with 848 observables (i.e., |X| = 848). The average number of students

associated with each observable is 94 with a standard deviation of 59.8.

Among all the dong-gender pairs, I dropped those that have less than

fifty students. That leaves me with 673 dong-gender pairs, or 74287

students. With these students I constructed 15800 moment inequalities,

which I used in the estimation. A detailed description of the estimation

procedure is described in Appendix A.

x β̄x σx

Quality Index [8.73, 10.42] [1.54, 2.83]
Science Dummy [−87.12,−85.43] [90.07, 92.24]
Charter Dummy [−23.82,−22.13] [61.19, 63.77]
Private Dummy [−3.03,−1.34] [14.87, 16.94]

Boys-only Dummy [7.45, 9.14] [5.41, 7.75]
Girls-only Dummy [1.56, 3.25] [14.94, 17.57]

εis 0 [9.04, 9.90]

Table 1: 95% Confidence Region of the Means and Standard Deviations
of the Coefficients

Table 1 and 2 present the confidence region of the identified set (5).

The unit of each coefficient is minutes spent in a one-way commute.

Thus, if a school raises the quality index by one standard deviation, the

average students (all other things being equal) are willing to commute
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(x, y) ρx,y

Quality,Science [-0.44,-0.29]
Quality,Charter [-0.66,-0.31]
Quality,Private [-0.84,-0.36]

Quality,Boys-only [0.34,0.70]
Quality,Girls-only [0.27,0.66]

Science,Charter [0.68,0.71]
Science,Private [0.41,0.53]

Science,Boys-only [-0.99,-0.88]
Science,Girls-only [0.01,0.22]

Charter,Private [0.82,0.91]
Charter,Boys-only [-0.93,-0.73]
Charter,Girls-only [-0.53,0.37]
Private,Boys-only [-0.80,-0.50]
Private,Girls-only [-0.80,-0.62]

Boys-only,Girls-only [-0.13,0.31]

Table 2: 95% Confidence Region of Correlations between Coefficients

8.73 to 10.42 minutes longer to that school. Other coefficients are to be

interpreted analogously.

Out of 28 parameters, all except one can be signed unambiguously.

As expected, average students prefer schools that are distinguished by

a high quality index. Average students do not like science or charter

schools, but the variance in the preference for these schools is quite large.

Average students tend to dislike private schools but the variance is large.

Both genders prefer gender-only schools, but the preference for girls-

only school is quite heterogeneous.

5.2 Simulation Results

Before comparing the efficiency between the Boston mechanism and De-

ferred Acceptance, I define the welfare measure. Following Troyan (2012)

and Akyol (2013), I adopt as the welfare measure the ex-ante welfare of
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a mechanism as the welfare measure.36 The precise definition is as fol-

lows:

Definition 4. Ex-ante welfare of a mechanism is the expectation of the interim

expected utility, i.e.,

∫ |R|

∑
j=1

ψj(h(x, ε), r̂)
m

∑
k=1

πk

(
C(r̂), rj

)
h

rj
k
(x, ε)dµ

In the estimation we estimated the parameters of the utility function,

but we remain agnostic about the distribution over the beliefs and the

reporting strategies. To compute the welfare measure, I must make as-

sumptions about the joint distribution of utility vectors, beliefs and re-

porting strategies. Here is the set of assumptions I make:

Assumption 10. Students use either a truthfully reporting strategy or an EU-

max reporting strategy.37

Assumption 11. Students who play EU-max reporting strategies correctly

predict the ex-post distribution of reported rankings.38

Assumption 12. Preferences and reporting strategies are independent. That

is, given D−measurable set D′,

µX×E×Ψ
(

D′∆R
)
= µX×E

(
D′∆R×Ψ

)
× µΨ

(
D′X×E×∆R

)
36 See Appendix C for simulation results that use an alternative welfare measure, the

interim expected utility.
37 That is, µ∆R(ΨTR ∪ΨMAX) = 1.
38 Let a data P be given. For any D−measurable set D′, let

D′X×E×ΨMAX denote the (X × E × ΨMAX)−section of D′, i.e., D′X×E×ΨMAX ={
r̂ ∈ ∆R : for some ψMAX ∈ ΨMAX ,

(
x, ε, r̂, ψMAX) ∈ D′

}
. Then, the assumption 11

states that µ∆R(D′X×E×ΨMAX ) = 1 if PR ∈ D′X×E×ΨMAX , 0 otherwise.
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Some discussion of the assumptions is in order. Assumptions 11

and 10 have been proposed in other papers in the literature (He (2014),

Calsamiglia et al. (2014), Agarwal and Somaini (2014)). However, Cal-

samiglia et al. (2014) and Agarwal and Somaini (2014) do not make As-

sumption 12 because they estimate the joint distribution of the prefer-

ences and the reporting strategies. In this paper I focus on estimating the

distribution of preferences and relax other authors’ assumptions about

belief and reporting strategies. Some assumption about the joint dis-

tribution of preference and reporting strategies is necessary for simula-

tions. Following He (2014) I adopt Assumption 12 and vary the proba-

bility with which students draw a EU-max Reporting Strategy from 0%

to 100% with 10% increment.

Under Assumptions 11 to 12 computing the ex-ante welfare of a mech-

anism is a two-step process. First, compute the ex-post expected utilities

of each student, where the expectation is taken with respect to random

lotteries. Second, average the expected utility over all students. I elab-

orate on the step-by-step procedure to compute the efficiency measure

below:

Simulation Procedure 5.2.1

Step 1. Choose a preference parameter θ from the confidence region

Step 2. Set the fraction of students who use EU-max reporting strategies,

denoted by p, equal to 0.

Step 3. For each student i = 1, . . . , N (N = 79, 725), draw the observ-

ables xi from the empirical distribution and εi from the estimated distri-

bution; and calculate the utility vector vi = h(xi, ε)
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Step 4. Choose Np students randomly39; the chosen students use EU-

max Reporting Strategy (henceforth ”sophisticated students”); the rest

use Truthfully Reporting Strategy (henceforth ”naı̈ve students”).

Step 5. Each student reports a ranking. Under Deferred Acceptance all

students report their preferences truthfully. Under the Boston mecha-

nism, sophisticated students best-respond to the ex-post distribution of

reported rankings; naı̈ve students report truthfully.

Step 6. Given the reported rankings, run the algorithms for Deferred Ac-

ceptance and Boston mechanism with a randomly chosen tie-breaking

lottery. Record students’ utilities from final assignments. Repeat Step 6

n1 times

Step 7. Calculate the interim expected utility for each student by aver-

aging their utilities over n1 lotteries.

Step 8. Calculate the ex-ante welfare of each mechanism by averaging

the interim expected utility of N students. Repeat Step 3 through 8 n2

times.

Step 9. Go to step 2 with p = p + 0.1; stop if p = 1

A few comments on the Simulation Procedure 5.2.1 are in order.

Step 1. The confidence region is a continuum, hence it is impossible

to run simulations for each point in the confidence region. Be-

cause the simulation with just one parameter value is quite expen-

sive computationally, I choose three points in the confidence region

with which I run the simulations:

1. The value of the parameters at which the criterion function

(Chernozhukov et al. (2007)) is minimized
39 If Np is not an integer, use the integer closest to Np.
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2. The left-most point of the confidence region—that is, the small-

est value of each parameter that is contained in the confidence

region

3. The right-most point of the confidence region—that is, the

largest value of each parameter that is contained in the con-

fidence region

In the Figures below, the simulation results for each of these three

points will be labeled as ”min,” ”left,” and ”right,” respectively.

Step 5. To choose rankings reported by sophisticated students under

the Boston mechanism, I compute an approximate equilibrium out-

come. See Appendix B for details of the computation procedure.

Step 6. I assume a priority structure where students have walk-zone

priorities to two schools that are closest to their homes. I plan to

try alternative definitions of walk zones when more computational

resources become available.

Step 7 and 8. I set n1 = 100 and n2 = 4. I plan to increase both parame-

ters when more computational resources become available.

Now we turn to the simulation results. The first result is that the Boston

mechanism is more efficient than Deferred Acceptance, regardless of the

fraction of sophisticated students or the parameter values used (see Fig-

ure 1). However, the difference between the two mechanisms is small;

students are better off under the Boston mechanism than under Deferred

Acceptance by a maximum of 3.9 minutes of daily commuting time and a

minimum of 18 seconds. This suggests that if all students go to the same
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Figure 1: Difference in ex-ante welfare between BM and DA

Figure 2: Cumulative Probabilities of assignment to kth favorite schools
under the BM for naı̈ve and sophisticated students

schools those under Deferred Acceptance will commute 18 seconds to

3.9 minutes more per day on average to get to their schools. For a per-

spective on the magnitude of the differences, students’ actual daily com-

muting time computed with the final assignment data in 2012 is forty

minutes; so the difference would be less than one to ten percent of their
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current commute.

Now we discuss the inequity between naı̈ve students and sophisti-

cated students under the Boston mechanism. To avoid interpersonal

comparison of expected utilities, I calculate the average probability of

assignment to students’ kth favorite schools separately for naı̈ve and so-

phisticated students. I found that naı̈ve students are assigned to their

favorite schools with higher probabilities on average than sophisticated

students for all parameter values and proportions of sophisticated stu-

dents. On average, naı̈ve students are more likely to be assigned to their

favorite schools by 12.3 to 17.9 percentge points more than sophisticated

students.40

However, if naı̈ve students do not get assigned to their favorite school,

their prospect of being assigned to a good school is worse than that of

sophisticated students in the same situation. More precisely, conditional

on not being assigned to their favorite school, naı̈ve students are strictly

more likely to be assigned to kth or lesser favorite school than sophisti-

cated students for k = 3, . . . , 20. This pattern is found in all parameter

values and proportions of sophisticated students. Figure 2 illustrates

the pattern when 50% of the students are sophisticated and the left-most

value of the confidence region is used in the simulation.

40 This result is related to Theorem 2 of Abdulkadiroǧlu et al. (2011) which states that
in school districts without priorities, every naı̈ve student would be assigned to their
top j favorite schools with weakly higher probabilities than sophisticated students for
some j.
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6 Conclusion

In this paper I explore the possibility that parents’ preference param-

eters can be estimated without relying on stylized reporting strategies

that provide tight mapping between the primitives and the data. More

specifically, I assume that all parents follow an intuitively reasonable

simple rule when they choose what rankings to report, and investigate

how much information I can extract from the data with this limited struc-

ture. The results show that one can still do inference and run counterfac-

tual simulations that are informative.

References
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Abdulkadiroǧlu, Atila; Pathak, Parag, and Roth, Alvin. Strategyproof-

ness versus efficiency in matching with indifferences: Redesigning the

nyc high school match. American Economic Review, 99(5):1954–1978,

2009.
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A Algorithm for Computing the Confidence Re-

gion of the Identified Set (5)

In this section I present the algorithm that can be used to estimate the

confidence region of the identified set (5). The algorithm is based on the

method proposed by Chernozhukov et al. (2007).

Given the data P and the JP moment inequalities, we can define a

criterion function Q(θ) as follows:

Q(θ) ≡
JP

∑
j=1

(E[mj(θ)])
2
+

where (X)+ = X if X ≥ 0 and 0 otherwise. The criterion function is

equal to zero at the parameter values in the identified set (5). The esti-

mator is based on the sample analog of the criterion function Q̃n(θ):

Q̃n(θ) =
JP

∑
j=1

(En[mj(θ)])
2
+ where En[mj(θ)] ≡

1
n

n

∑
i=1

mj(θ) (6)

As suggested by Chernozhukov et al. (2007), I normalize the criterion

function as follows because the sample analog (6) of the criterion func-

tion might not be zero at any of the parameter values in the finite sam-

ples:

Qn(θ) = Q̃n(θ)− inf
θ′∈Θ

Q̃n(θ
′)

A confidence region can be estimated by the following algorithm:

Algorithm A.1 for estimating a 100α% confidence region of the identi-

fied set (5) (Adapted from Chernozhukov et al. (2007) page 1257-1258)
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Step 1. Choose the size of each subsample b and the number of subsam-

ples Bn

Step 2. Construct Bn subsamples of size b by randomly choosing b stu-

dents for each subsample

Step 3. Choose a starting value ĉ0 and set l = 1

Step 4. Compute ĉl as the α−quantile of the sample {Ĉj,b ≡ supθ∈Cn(ĉl−1)
bQj,b(θ), j =

1, . . . , Bn} where Cn(c) ≡ {θ ∈ Θ : nQn(θ) ≤ c} is the contour set of Qn

of level c and Qj,b(θ) denotes the criterion function evaluated at θ using

the jth subsample of size b.

Step 5. Repeat Step 4 for l = 2, . . . , L

Step 6. Report Cn(ĉL) as a confidence region

In the actual estimation that produced the confidence region in Ta-

ble 1 and 2, I set α = 0.95, b = n
4 , Bn = 50, ĉ0 = 1.25n min

θ∈Θ
Qn(θ) and

L = 2. I followed Ciliberto and Tamer (2009) in setting b and ĉ0. L ≥ 3

does not tighten the confidence region significantly.

To compute Cn(ĉl) for l = 0, 1, 2, I took the following steps:

Step 0. Choose a neighborhood N0 that a) contains the minimum point

of the criterion function θmin, i.e. θmin ≡ arg min
θ∈Θ

Qn(θ) and θmin ∈ N0;

and that b) is narrow enough so that there is at least one point inN0, say

θ0, that is in the contour set, i.e., Qn(θ0) ≤ ĉl
n

Step k ≥ 1. Choose Nk such that Nk−1 ( Nk. Evaluate Qn(θ) at M pa-

rameter values that are random chosen from Nk. If there is at least one

parameter value, say θk ∈ Nk, such that Qn(θk) ≤ ĉl
n , then go to the next

step. Otherwise, report Cn(ĉl) = Nk and terminate the algorithm.

I set M = 100000. As forNk, I chose 28 dimensional intervals (recall that

there are 28 parameters to be estimated) that have θmin at its center. That
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is, denoting the dth parameter with θd,

Nk =
28

∏
d=1

[θmin,d − td(k + 1), θmin,d + td(k + 1)]

I set td = 0.005 for d = 1, . . . , 27 and t28 = 0.0025 (recall that θ28 = σε,

or the standard deviation of the distribution of error ε.)

To compute Ĉj,b ≡ supθ∈Cn(ĉl−1)
bQj,b in Step 4, I drew 2000 points

from Cn(ĉl−1) and took the maximum.
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B Algorithm for Approximating an Equilibrium

Outcome

In this section I present the algorithm to approximate an equilibrium

outcome when n students are sophisticated (they best-respond to the

distribution of rankings reported by others) while N − n students are

naı̈ve (they report their preferences truthfully).

First, I normalize the vNM utility of each student vis as follows:

vis −min
s∈S

vis

max
s∈S

vis −min
s∈S

vis
(7)

and denote the normalized utility with ṽis. So for all student i, max
s∈S

ṽis =

1 and min
s∈S

ṽis = 0.

Because computing an exact equilibrium outcome when N and/or

n is large can be computationally infeasible, I compute an approximate

equilibrium outcome where at least (1− δ)× 100% of m(< n) randomly

chosen sophisticated students report a ranking such that the expected

utility from the ranking is greater than or equal to

(the highest expected utility that she can get at the outcome)− ε

The following algorithm is used to obtain the outcome:

Algorithm B.1

Step 0. Set δ, m, and ε. For each student, normalize their vNM utility

as (7) and choose an initial ranking to report. Denote student i′s initial

ranking with ri,0. Let r̂0 denote the distribution of rankings reported by
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students in Step 0.

Step k ≥ 1. Set numBestResponse = 0. Choose m sophisticated students

randomly. For each chosen student i,

Step k-1. Compute the expected utility for ri,k−1 when the distribu-

tion of rankings reported by other students is equal to r̂k−1. Denote it

with ṽi(ri,k−1, r̂k−1) and set tempUtil = ṽi(ri,k−1, r̂k−1) and tempRanking =

ri,k−1

Step k-2. Choose a ranking r′ that i may submit. If ṽi(r′, r̂k−1) >

tempUtil + ε then set tempUtil = ṽi(r′, r̂k−1) and tempRanking = r′

Step k-3. Repeat Step k-2 until all rankings that i may submit are

tried.

Step k-4. If tempRanking = ri,k−1, then numBestResponse = numBestResponse+

1. Set ri,k = tempRanking

Step k continued. If numBestResponse
m ≥ (1− δ), then report r̂k−1 as the

desired outcome and terminate the algorithm. Otherwise, let ri,k = ri,k−1

if student i has not been chosen in Step k. Update r̂k and continue to

Step k+1.

In the computation that generated the Figures 1 and 2, I set δ = 0.05,

m = 1350, and ε = 0.05.

In Step k-2 and Step k-3, it can be computationally infeasible to try

all possible rankings when there are many schools that students may

rank, as in Seoul where students may rank up to 216 schools. To make

the algorithm feasible, I assume that students prefer any school to their

outside options, i.e. ṽ∅i ≤ 0. I also take advantage of the fact that rank-

ing a school to which you have zero probability of being assigned is

weakly dominated by removing the school from the ranking and mov-
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ing up all the schools ranked below it. In other words, in Step k-2 and

Step k-3 I only need to try rankings r′ in which there is a) a strictly

positive probability of getting assigned to each of the ranked schools

(i.e., πk(C(r̂k−1), r′) > 0 for all k ∈ {1, . . . , m} such that rk ∈ S); and

b) a zero probability of getting assigned to one’s outside option, i.e.

∑
k∈{1,...,m}

r′k∈S

πk(C(r̂k−1), r′) = 1.
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C Efficiency Comparison With Interim Expected

Utility as Welfare Measure

In this section I compare the interim expected utility of the Boston mech-

anism (BM) and Deferred Acceptance (DA). The interim expected utility

is a welfare measure that has been used in the school choice literature

(Abdulkadiroǧlu et al. (2011)). A precise definition with the current no-

tation follows:

Definition 5. Interim expected utility of student i whose type is (v, r̂, ψ) is

|R|

∑
j=1

ψj(v, r̂)
m

∑
k=1

πk

(
C(r̂), rj

)
v

irj
k

Under the Assumptions 11 to 12, the interim expected utility of each

student is computed in the Simulation Procedure 5.2.1.

Figure 3: % of students who weakly prefer BM over DA

I now discuss the results. For any of the parameter values and the

proportions of sophisticated students, we do not get Pareto-dominance
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Figure 4: % of students who weakly prefer DA over BM

relationship between BM and DA. As is evident in Figures 3 and 4, at

most 82.8% of students weakly prefer BM over DA when there are no

sophisticated students, but even then the two mechanisms cannot be

Pareto ranked. Therefore, if we maintain Pareto-dominance as the cri-

terion for ranking the efficiency of the two mechanisms, we would not

be able to rank the two mechanisms.

Even if we relax the criterion and declare a mechanism more efficient

if it is weakly preferred by more students, we cannot definitively de-

termine which mechanism is more efficient. The Boston mechanism is

weakly preferred by more students than Deferred Acceptance for any

combination of parameter value and proportion of sophisticated stu-

dents except when everyone is sophisticated (Figures 3 and 4). There-

fore, when the proportion of sophisticated students is unknown, com-

parisons based on interim expected utilities are inconclusive.

Note that in Figures 3 and 4 the percentage of students who weakly

prefer BM [DA] decreases [increases] as more and more students are so-
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Figure 5: % of naı̈ve students who weakly prefer BM over DA

Figure 6: % of naı̈ve students who weakly prefer DA over BM

phisticated. The same pattern is found in the naı̈ve-students-only sam-

ple (see Figure 5 and 6), and the sophisticated-students-only sample (see

Figure 7 and 8). This pattern probably reflects the fact that the capacities

of good schools are limited. Consequently, the capacity of a student’s

strategic sophistication to raise his or her expected utility is limited. In
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Figure 7: % of sophisticated students who weakly prefer BM over DA

Figure 8: % of sophisticated students who weakly prefer DA over BM

other words, for one sophisticated student to gain, another sophisticated

student must lose.
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D Deferred Acceptance

Deferred Acceptance has been frequently proposed as an alternative to

the Boston mechanism because it possesses desirable properties that the

latter lacks. The first of these is stability. An assignment of students to

schools is stable if the priorities of students (e.g., priorities given to stu-

dents who live close to a school) are respected. More precisely, in a sta-

ble matching there is no unmatched student-school pair (i, s) such that

i prefers s to her assignment AND i has a higher priority for s than an-

other student i′ who is matched to s. Stability is considered a desirable

property for a student assignment mechanism because 1) mechanisms

that generate stable assignments tend to be more sustainable than unsta-

ble ones; and 2) unstable assignments anger parents when their children

are not matched to the schools for which they have higher priorities than

some who are matched to it. Indeed, this can induce parents to take legal

actions against the school district.

The second property is strategy-proofness. Under strategy-proof mech-

anisms, it is weakly dominant for students to report their true preference

rankings. Strategy-proofness is thought to be desirable because it levels

the playing field for families regardless of their strategic sophistication

(Pathak and Sönmez (2008)). The ability of Deferred Acceptance to pro-

tect strategically naı̈ve families was one of the main factors that induced

the Boston Public Schools to switch from the Boston mechanism to De-

ferred Acceptance (Abdulkadiroǧlu et al. (2006)).

Deferred Acceptance is constrained-efficient in the respect that it al-

ways produces assignments that are Pareto-dominant among stable as-

signments. Note, however, that in the existing theory literature the effi-
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ciency ranking between Deferred Acceptance and the Boston mechanism

is not clear. I investigate this issue in the simulation.

The algorithm for Deferred Acceptance is as follows:

Algorithm for Deferred Acceptance

Round -1. Students report their rankings

Round 0. A random lottery is drawn

Round 1. Students apply to their favorite schools. Each school tenta-

tively admits students who have the highest priorities. If there are ties

within the same priority level the school admits first the students who

have better lottery numbers. The rest are rejected

Round k, k ≥ 2. Students who currently are not admitted to any school

apply to their favorite schools that have not yet rejected them. Among

the students who have been tentatively admitted at the beginning of

Round k and those who applied in Round k, schools tentatively admit

students who have the highest priorities and they let the lottery number

break ties. The rest are rejected

Termination of the Algorithm The algorithm terminates when all stu-

dents are matched to some schools or when unmatched students are re-

jected by all schools on their reported rankings.
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E Definitions and Proofs Omitted from the Main

Text

First I formally define the cut-offs and the algorithm for the Boston mech-

anism with a continuum of players.

Definition 6 (Single Tie-Breaker (STB)). Let T = [0, 1] and (T,BT, ξ) be

a probability space, where BT is the Borel σ−algebra restricted to T and ξ a

uniform probability measure. Given a distribution of reported rankings r̂ and a

subset of R denoted by R′, the measure of students who

1. submitted a ranking in R′ ⊆ R; and

2. drew a lottery number in T′ ∈ BT

is equal to ∑
rj∈R′

r̂j × ξ(T′).

Now we are ready to describe the algorithm for the Boston mecha-

nism with a continuum of players:

Algorithm for the Boston mechanism with a continuum of players

Round -2. Students submit rankings. The distribution of submitted

rankings is denoted by r̂.

Round -1. Students draw lottery numbers.

Round 0. Set the capacity available at school s in the beginning of round

n = 1, denoted by q(r̂, s, 1), at qs.

Round 1. Assign students who drew a lottery number not worse than
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the cut-off for s in round 1, denoted by c(r̂, s, 1) and defined as follows:

c(r̂, s, 1) = sup

c ∈ [0, 1] :
|R|

∑
j=1

rj
1=s

r̂j · c ≤ q(r̂, s, 1)


Assignment is final. The remaining capacity of school s for round 2,

denoted by q(r̂, s, 2), is equal to the following:

q(r̂, s, 2) = q(r̂, s, 1)−
|R|

∑
j=1

rj
1=s

r̂j · c(r̂, s, 1)

Round n, 2 ≤ n ≤ m If the remaining capacity of school s in round n,

denoted by q(r̂, s, n) is positive, then assign to school s those students

1. whose nth choice is school s;

2. who have not been assigned to any school so far; and

3. who drew a lottery number not worse than the cut-off for s in

round n, denoted by c(r̂, s, n) and defined as follows:

c(r̂, s, n) = sup


c∈[0,1]:

|R|
∑

j=1
rj

n=s

r̂j

(
1− max

k=1,...,n−1
c(r̂,rj

k,k)
)

max
{

c− max
k=1,...,n−1

c(r̂,rj
k,k),0

}

≤q(r̂,s,n)


(8)

54



If q(r̂, s, n) = 0, then set c(r̂, s, n) = 0. Update the quotas as follows:

q(r̂, s, n + 1)

=q(r̂, s, n)−
|R|

∑
j=1

rj
n=s

r̂j

(
1− max

k=1,...,n−1
c(r̂, rj

k, k)
)

max
{

c(r̂, s, n)− max
k=1,...,n−1

c(r̂, rj
k, k), 0

}

Now we are ready to prove Lemma 1.

Proof of Lemma 1. Suppose the distribution of reported rankings is r̂ and

you submit a ranking r. We first need to show that the probability of as-

signment to your first choice school r1, denoted by π1(C(r̂), r), is equal to

the cut-off of r1 in round 1, c(r̂, r1, 1). This is obvious because you are as-

signed to r1 only if you draw a lottery number not worse than the cut-off

c(r̂, r1, 1). According to the definition of STB, the probability of draw-

ing a lottery number in [0, c(r̂, r1, 1)] is c(r̂, r1, 1). Hence π1(C(r̂), r) =

c(r̂, r1, 1).

For n = 2, . . . , m, you are assigned to school rn only if both of the

following events happen simultaneously:

”Event 1” you get rejected by your 1st, 2nd, . . . , (n− 1)th choice schools;

and

”Event 2” you draw a lottery number not worse than c(r̂, rn, n).

Event 1 occurs if you draw a lottery number that is worse than all of the

cut-offs of your 1st, 2nd, . . . , (n− 1)th choice schools; i.e., you draw a lot-

tery number larger than max
k=1,...,n−1

c(r̂, rk, k)41. For Event 2 to occur, your

lottery number must be not worse than c(r̂, rn, n). Therefore, both Events

41 Recall that I have adopted the convention that lower lottery numbers are better.
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occur when your lottery number is in the interval
(

max
k=1,...,n−1

c(r̂, rk, k), c(r̂, rn, n)
]

if c(r̂, rn, n) ≥ max
k=1,...,n−1

c(r̂, rk, k). The probability of drawing a lottery

number in that interval is, according to the definition of the STB, c(r̂, rn, n)−

max
k=1,...,n−1

c(r̂, rk, k). However, if c(r̂, rn, n) < max
k=1,...,n−1

c(r̂, rk, k), then the

two events cannot occur simultaneously. Putting these two cases to-

gether, we arrive at the desired formula, i.e.,

πn(C(r̂), r) = max
{

c(r̂, rn, n)− max
k=1,...,n−1

c(r̂, rk, k), 0
}

Now we can prove a useful lemma about the cut-offs of each school.

Lemma 3. A school is free (i.e., its cut-off is 1) in each round before its critical

round. That is, given a r̂, if c(r̂, s, n) > 0, then for all rounds k = 1, . . . , n− 1,

c(r̂, s, k) = 1.

Proof. Given a r̂, let school s be such that c(r̂, s, n) > 0. Choose any round

k ∈ {1, . . . , n − 1}. Suppose, by way of contradiction, that c(r̂, s, k) ∈

[0, 1). Then I need to show that q(r̂, s, k+ 1) = 0, which is a contradiction.

Recall that we know from the algorithm

q(r̂, s, k + 1)

=q(r̂, s, k)−
|R|

∑
j=1
rj

k=s

r̂j

(
1− max

ι=1,...,k−1
c(r̂, rj

ι , ι)

)
max

{
c(r̂, s, k)− max

ι=1,...,k−1
c(r̂, rj

ι , ι), 0
}

︸ ︷︷ ︸
”Demand for s when the cut-off of s at round k is c(r̂,s,k)”

If q(r̂, s, k) = 0, then we have nothing to prove: q(r̂, s, k + 1) = 0 as well.
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So assume that q(r̂, s, k) > 0. Note that ”Demand” for s in round k

|R|

∑
j=1
rj

k=s

r̂j

(
1− max

ι=1,...,k−1
c(r̂, rj

ι , ι)

)
max

{
ĉ− max

ι=1,...,k−1
c(r̂, rj

ι , ι), 0
}

(9)

is continuous and increasing in ĉ. That is, we can increase the cut-off

to ĉ2 = ĉ1 + ε such that ĉ2 < 1 and still make the demand less than

q(r̂, s, k). This means that if c(r̂, s, k) < 1, then according to the definition

of cutoff 8, the demand for s in round k at the cutoff is equal to q(r̂, s, k).

This proves that q(r̂, s, k + 1) = 0, which contradicts the supposition that

c(r̂, s, n) > 0.

Now we turn to the proofs of Proposition 1 and Proposition 2.

Proof of Proposition 1. Given a v ∈ Rm+1 and r̂ ∈ ∆R, let r denote a rank-

ing recommended by ψTR(v, r̂). First suppose that π1(C(r̂), r) > 0. By

way of contradiction suppose that there exists a school s such that

1. c(r̂, s, 1) > c(r̂, r1, 1)

2. vs > vr1

However, according to the definition of Truthfully Reporting Strategies,

2 is impossible: you could not have preferred s and 1st−ranked r1. So

we have a contradiction and there exists no such school.

Now suppose for some n = 2, . . . , m, πn(C(r̂), r) > 0 and there exists

a school s such that

1. c(r̂, s, n) > c(r̂, rn, n)

2. vs > vrn
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If 2 is true, then s must be ranked higher than rn on r. Then 1 implies that,

according to Lemma 3, c(r̂, s, k) = 1 for all k = 1, . . . , n− 1. However, ac-

cording to Lemma 1, πn(C(r̂), r) = max
{

c(r̂, rn, n)− max
k=1,...,n−1

c(r̂, rk, k), 0
}

=

0, which is a contradiction. Therefore, any ranking recommended by

Truthfully Reporting Strategies can be recommended by a Simple Strat-

egy. Therefore, Truthfully Reporting Strategies are Simple Strategies.

Proof of Proposition 2. First I show that, in a ranking recommended by

EU-max Reporting Strategies, the schools that you are assigned with

positive probabilities are ranked in the descending order of vNM util-

ities.

Lemma 4. Given v and r̂, suppose r is recommended by a EU-max Reporting

Strategy ψMAX(v, r̂). Let N(r) = {n ∈ {1, . . . , m + 1} : πn(C(r̂), r) > 0}.

Then for each n, n′ ∈ N(r), if n < n′, then vrn ≥ vr′n .

Proof. Let n̄ = max N(r) and n = max N(r)\{n̄}. Suppose, by way of

contradiction, vn̄ > vn. Then I show that there is another ranking r′ that

provides a higher expected utility than r. Let r′ be identical to r up to

(n− 1)th position and rn̄ is put on the nth position of r′, that is, r′n = rn̄,

and r′n+k = ∅ for k = 1, . . . , m− n + 1. Then the difference in expected

utility between r′ and r is

m+1

∑
k=1

πk(C(r̂), r′)vr′k
−

m+1

∑
k=1

πk(C(r̂), r)vrk

= ∑
k∈N(r′)

πk(C(r̂), r′)vr′k
− ∑

k∈N(r)
πk(C(r̂), r)vrk

=πn(C(r̂), r′)vr′n − πn(C(r̂), r)vrn − πn̄(C(r̂), r)vrn̄

=πn(C(r̂), r) (vrn̄ − vrn) > 0
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where the second line follows from the definition of N(r′) and N(r). The

third line follows from the definition of r′, n and n̄ and from the fact that

c(r̂, rn̄, n̄) > 0. The fourth line follows from the fact that πn(C(r̂), r′) =

πn(C(r̂), r) + πn̄(C(r̂), r) and the supposition vrn̄ > vrn and r′n = rn̄. But

the fourth line leads to a contradiction: since r is recommended by a

EU-max reporting strategy, it should maximize the expected utility, but

instead it provides lower expected utility than r′.

Now I prove the inductive step. Suppose for some n ∈ N(r) that the

claim is true for all members of N(r) greater than or equal to n. Now I

show that the claim is true for n, which is the largest of the members of

N(r) that are smaller than n. That is, n = max {n′ ∈ N(r) : n′ < n} .

Suppose, by way of contradiction, that vrn > vrn . Then for a ranking

that would provide a higher expected utility than r, consider r′ which

is identical to r except that on its nth position rn is ranked instead of

rn and it is truncated at the nth position. That is, r′n+k = ∅ for k =

1, . . . , m− k + 1 Then the difference in expected utility between r′ and r

is

m+1

∑
k=1

πk(C(r̂), r′)vr′k
−

m+1

∑
k=1

πk(C(r̂), r)vrk

= ∑
k∈N(r′)

πk(C(r̂), r′)vr′k
− ∑

k∈N(r)
πk(C(r̂), r)vrk

=πn(C(r̂), r′)vr′n − ∑
k∈N(r)

k≥n

πk(C(r̂), r)vrk

= ∑
k∈N(r)

k≥n

πk(C(r̂), r) (vrn − vrk) > 0

where the second line follows from the definition of N(r′) and N(r). The
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third line follows from the definition of r and r′ and from the fact that

c(r̂, rn, n) > 0 and lemma 3. Finally the fourth line follows from the

fact that πn(C(r̂), r′) = ∑
k∈N(r)

k≥n

πk(C(r̂), r) and from the supposition that

vr′n = vrn > vrn . But this leads to the contradiction: r must provide a

higher expected utility than r′. Therefore, we conclude that vrn ≥ vrn ,

which completes the proof.

Now we are ready to prove proposition 2. Again, let N(r) = {n ∈

{1, . . . , m + 1} : πn(C(r̂), r) > 0}. Suppose, by way of contradiction,

that there exists an n ∈ N(r) and s ∈ S such that c(r̂, s, n) > c(r̂, rn, n)

and vs > vrn . I will show that this would make r suboptimal. For an

alternative ranking that would provide a higher expected utility than r,

consider r′ that is identical to r except that on its nth position s is ranked
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instead of rn. Then the difference in expected utility between r′ and r is

m+1

∑
k=1

πk(C(r̂), r′)vr′k
−

m+1

∑
k=1

πk(C(r̂), r)vrk

= ∑
k∈N(r′)

k≥n

πk(C(r̂), r′)vr′k
− ∑

k∈N(r)
k≥n

πk(C(r̂), r)vrk

=πn(C(r̂), r)(vr′n − vrn)︸ ︷︷ ︸
>0

+
(
πn(C(r̂), r′)− πn(C(r̂), r)

)
vr′n

+ ∑
k∈N(r′)

k>n

πk(C(r̂), r′)vr′k
− ∑

k∈N(r)
k>n

πk(C(r̂), r)vrk

=πn(C(r̂), r)(vir′n − vrn)︸ ︷︷ ︸
>0

+
(
πn(C(r̂), r′)− πn(C(r̂), r)

)
vr′n

− ∑
k∈N(r)

k>n

(
πk(C(r̂), r)− πk(C(r̂), r′)

)
vrk

=πn(C(r̂), r)(vr′n − vrn)︸ ︷︷ ︸
>0

+ ∑
k∈N(r)

k>n

(
πk(C(r̂), r)− πk(C(r̂), r′)

)
(vr′n − vrk)

︸ ︷︷ ︸
>0

> 0

where the third line follows from the fact that c(r̂, s, n) > c(r̂, rn, n) and

the supposition that vr′n = vs > vrn . The fourth line rearranges the terms

of the last two terms in the third line. Note that

1. πn(C(r̂), r′) − πn(C(r̂), r) = ∑
k∈N(r)

k>n

(πk(C(r̂), r)− πk(C(r̂), r′)) be-

cause this is simply a rearrangement of the following equation:

∑
k∈N(r′)

k≥n

πk(C(r̂), r′) = ∑
k∈N(r)

k≥n

πk(C(r̂), r)

and this equation holds because r and r′ are the same from the first

position to (n− 1)th position ; and

61



2. For k > n, k ∈ N(r), πk(C(r̂), r) ≥ πk(C(r̂), r′) which is an implica-

tion of Lemma 1.

The last line follows from the supposition that vr′n = vs > vrn . How-

ever, this leads to a contradiction: r should not provide a lower expected

utility than r′. Therefore, vrn ≥ vs, as is desired. This means that for all

n ∈ N(r), if for some s ∈ S c(r̂, s, n) > c(r̂, rn, n), then it must be that

vrn ≥ vs. Therefore, any ranking recommended by a EU-max Reporting

Strategy may be recommended by a Simple Strategy.

Proof of Lemma 2. Let P be given. First, given an observable x0 and a

ranking rj, define the following subset of unobservables:

E(x0, rj) =

{
ε ∈ E : h

rj
k
(x0, ε) ≥ h

rj
`

(x0, ε) for all k and ` such that

1 ≤ k < ` ≤ m + 1 and rj
k ∈ S

}

Given any ε in the interior of E(x0, rj), any truthfully reporting strategies

would recommend rj to students with utility vector h(x0, ε) with proba-

bility 1. At the boundary of E(x0, rj), there are ties between some schools;

thus, different Truthfully Reporting Strategies might recommend differ-

ent rankings. Choose a measurable set in the interior of E(x0, rj) whose

Lebesgue measure is finite; denote it with E′(x0, rj).

Then, given any D−measurable subset D′, its measure µ(D′) is

µ(D′) = 0 if ΨTR ∩ DX×E×∆R = ∅

= ∑
x∈X

|R|

∑
j=1

P
(

x, rj
) λ

(
D′{x}×∆R×Ψ ∩ E′

(
x, rj))

λ
(
E′
(
x, rj

)) otherwise
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This means that for any x0 ∈ X, µ({x0} × (E′(x0, rj))c × ∆R × Ψ) = 0

and µ({x0} × E× ∆R× (ΨTR)c) = 0. Then, given an observable x0 and

a ranking rj,

∫
Dx0

ψj(h(x, ε), r̂)dµ

=
∫

{x0}×E′(x0,rj)×∆R×ΨTR

ψj(h(x, ε), r̂)dµ

=
∫

{x0}×E′(x0,rj)×∆R×ΨTR

dµ

=µ
(
{x0} × E′(x0, rj)× ∆R×ΨTR

)
=P(x0, rj)

where the first equality follows from the fact that µ({x0}× (E′(x0, rj))c×

∆R×Ψ) = 0 and µ({x0} × E× ∆R× (ΨTR)c) = 0. The second equality

follows from the fact that when students whose observable is equal to

x0 use a Truthfully Reporting Strategy and draws unobservables from

E(x0, rj), they will report rj with probability 1.

Lemma 5. If ∑
s∈S

qs ≥ 1, then there exists a school s that satisfies the condi-

tions 4.1 and 4.2 if and only if c(PR, s, 1) ∈ (0, 1) for some school s.

Proof of Lemma 5. If c(PR, s0, 1) ∈ (0, 1) for some school s0, then c(PR, s1, 1) =

1 for some school s1 under the assumption that ∑
s∈S

qs ≥ 1. Hence, the

conditions 4.1 and 4.2 are satisfied. Conversely, if c(P, s, 1) = 1 for all

schools, then everyone gets assigned to their first choice, and the algo-

rithm terminates after round 1. No school satisfies condition 4.1.
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F Details About The Seoul High School Match

In this section I describe the institutional background of the Seoul High

School Match (henceforth ”the Match”) and the details of the Match’s

assignment algorithm.

Each year since 2010, approximately 80,000 middle school seniors

participate in the Match in order to get assigned to one of the high schools

in Seoul, Korea. A student’s residence determines the choice-zones42 to

which he or she belongs. Each choice-zone has 11 to 24 schools, and

cross-choice-zone applications are permitted. Students can use subways,

buses, and other public transportation to commute within or across choice-

zones at a relatively small monetary cost.43 On public transportation a

student will need approximately two hours to travel from the city’s East

end to its West end or from the North end to the South end via public

transportations.

In 2012, the year for which I have data, there were 216 schools in

Seoul. The set of schools that participated in the Match can be parti-

tioned into eighteen categories on the basis of three criteria:

1. Is the school charter, public or private?

2. Does the school offer science-focused curriculum only or not?

3. Is the school co-ed, boys-only or girls-only?

Table 3 shows the number of schools in each category. The sum of the

number of seats across all schools (83,185) exceeds the number of stu-

dents (81,515). Schools that offered science-focused curriculum (science

schools henceforth) were smaller than non-science-schools: the average

42 The area of Seoul is 605.21 km2, or 233.67 square miles, which is about 2.6 times
larger than the city of Boston, which used to be divided into three zones.

43 The fare for a one-way trip is less than a dollar
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Figure 9: Choice-zones in Seoul

Public Private Charter
Science Non-science Science Non-science Science Non-science

boys-only 4 9 4 41 0 3
girls-only 0 9 3 48 0 1

co-ed 6 55 1 16 1 15

Table 3: Number of Schools by Type

number of seats at science schools was 87 whereas that for non-science-

schools was 413. Tuitions were equal across all schools.

Students in each high school take a nationally administered stan-

dardized test in their junior year of high school and the results aggre-

gated at the school level are published on a website.44 Three statistics

derived from the test results are published: the percentage of students

who scored above national average, around average, and below average

on the test. In this paper I use the sum of percentages of students who

44 The aggregate statistics plus detailed information about each school can be found
at www.schoolinfo.go.kr/index.jsp
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scored above average and around average as the index for the quality of

education at each school. The mean of this quality index is 75.7% and

there is a standard deviation of 10.5%.

Each student submits a ranking on which up to six different schools

Figure 10: Seoul School Ranking Form

can be ranked. Figure 10 shows the ranking form that students fill out.

Note that district officials restrict the way students can rank schools. Stu-

dents can first-rank a charter school only or rank no school. Similarly,

they can second-rank a science school only, or rank no school. For the

third and fourth positions on the ranking, students can rank any two

non-charter, non-science schools in Seoul (”regular schools” henceforth).

Finally, for the fifth and sixth positions, they can rank any two regular

schools in their respective choice-zones. Seoul’s school district has not

explained to the public or to researchers why these restrictions are in

place.

After collecting students’ rankings, the assignment is determined through

the following algorithm:

The algorithm for the Mechanism Employed in the Match (the Match

algorithm henceforth)
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Round -1 All students submit rankings.

Round 0 A computer randomly generates a tie-breaker.

Round 1-1 A student is assigned to his or her first choice schools (i.e.,

charter schools) if the schools are located in the Gu (a unit of adminis-

trative division) in which he or she resides. 50% of the capacities can be

filled in this round. In this round and the subsequent rounds, break ties

with the tie-breaker and assignments are final.45

Round 1-2 Assign unassigned students to their first choice schools. All

of the remaining capacities may be filled during this round.

Round 2-1 Assign unassigned students to their second choice schools

(i.e., science schools) if the schools are located in the same choice-zone

as the one in which students reside. 50% of the capacities may be filled

during this round.

Round 2-2 Assign unassigned students to their second choice schools.

All of the remaining capacities may be filled during this round.

Round 3 Assign unassigned students to their third choice schools (i.e.,

regular schools). Up to 20% of their capacities may be filled during this

round.

Round 4 Assign unassigned students to their fourth choice schools if the

schools have not filled 20% of their capacities by the end of Round 3.

45 We can model rounds 1-1, 1-2, 2-1, and 2-2 with slot-specific priorities and precedence
(Kominers and Sönmez (2015)) as follows: 50 percent of seats at charter and science
schools prefer students who live in the same Gu or Choice-Zone as the schools, and
the rest of the seats are indifferent; the former type of seats have higher precedence (i.e.
they get to choose who is going to be matched to them before the latter type of seats).
However, in Appendix G I do not model this particular feature of the Match because I
want to avoid introducing the notation for slot-specific priorities and precedence order.
Instead I assume that all the seats prioritize the same-Gu or the same-Choice-Zone
students, and that there are no rounds-within-rounds. In both cases the cut-off for the
same-Gu or the same-Choice-Zone students at charter/science schools will be different
from others.
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Round 5 Assign unassigned students to their fifth choice schools (i.e.,

regular schools in their respective choice-zones). Up to 60% of their ca-

pacities may be filled during this round.

Round 6 Assign unassigned students to their sixth choice schools if the

schools have not filled 60% of their capacities by the end of Round 5.

Round 7 Administratively assign unassigned students to a school in

their respective choice-zones and to those that neighbor them.46

Although the Match resembles the model considered earlier, there are

significant differences. The differences include restrictions placed on the

type of schools that can be ranked at positions of the ranking and the fact

that capacities of schools that are available for assignment gradually in-

crease as the algorithm progresses. However, I show in Appendix G that

the key results from the main text still hold if we modify the definition of

truthfully reporting/EU-maximizing/simple strategies in a natural way.

46 The algorithm used in this administrative round is not fully known. The 2012
Seoul High School Match Booklet (available upon request from the author) states
that during the administrative round, ”Students’ religion, convenience of com-
mute, and the schools they ranked are going to be factored in determining the
assignments.” While it would be interesting to know how this ambiguous policy
announcement affects students ranking behavior, the topic is beyond the scope of
my paper. Instead I assume that students believe that the rankings they submit
bear no relation to the assignment probabilities in the administrative assignment.
This assumption is informed by anecdotal evidence. For example, on a Korean
equivalent of Yahoo Answers one student said in her question posted, ”to the best
I can figure out, now in the Seoul High School Match if you do not get into your
first, second, third choices and so on you will get randomly assigned to some school”
(http://kin.naver.com/qna/detail.nhn@d1id=11&dirId=113038&docId=134427583&qb=7ISc7Jq4IOqzoOq1kCDshKDtg53soJw=&enc=utf8&section=kin&rank=1&search sort=0&spq=0)
In another posting on the same website, a student asks whether she can be assigned
to schools in the administrative assignment that do not participate in the Match
(http://kin.naver.com/qna/detail.nhn?d1id=11&dirId=110308&docId=119791306&qb=7ISc7Jq4IOqzoOq1kCDshKDtg53soJw=&enc=utf8&section=kin&rank=4&search sort=0&spq=0).
This shows that students do not understand what happens in the administrative as-
signment. Hence, it is reasonable to assume that students believe that the rankings
they submit have no impact on their assignment probabilities in the administrative
assignment.
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G A Generalized Model of the Boston Mecha-

nism

This section presents a model of student ranking choice under a mecha-

nism that has the Boston mechanism and the algorithm used in Seoul as

a special case.

There is a measure one of students in a school district. Let I denote

the set of students and i a generic student. The school district consists

of finite neighborhoods and each student lives in a neighborhood. Let

G = {1, . . . , ḡ} denote the set of neighborhoods, and g a generic neigh-

borhood. Let Mg denote the measure of students living in g.

There are a finite number of schools. Let S = {s1, . . . , sm} and s de-

note the set of schools and a generic school, respectively. Each school is

endowed with a capacity. Let qs ∈ (0, 1) denote the capacity of school s.

The sum of the capacities is large enough to assign each student to some

school, i.e., ∑
s∈S

qs ≥ 1.

Each student has an education option outside those provided by the

school district (e.g., home schooling or studying abroad). Let ∅i denote

the outside option of student i.

I allow a non-trivial priority structure in which some students can

have higher priorities to some schools than other. Students in the same

neighborhood must be in the same priority class for each school. Let

L = {1, . . . , ¯̀} denote the set of possible priority classes and `(g, s) de-

note the priority class to which students from neighborhood g belong

for school s. I adopt the convention that students in lower-numbered

classes have highest priorities (i.e., the first class has the highest priority
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to a school).

Each student submits a ranking of schools. Admissible rankings can

vary across neighborhoods. Let R(g) denote the set of rankings admis-

sible by students in neighborhood g and let R denote the union of all

R(g)′s. Randomly order rankings in R so that rj denotes the jth ranking.

Each ranking consists of the following three parts:

Part 1 (Optionally rank special schools). Part 1 consists of the first n1

positions of rankings because there are n1 types of special schools.

For example, there are two types of special schools in Seoul (charter

schools and science schools), and so n1 = 2. Each position in Part

1 is associated with only one type of special school. Let S(k, g) ⊂ S

denote the set of special schools that students in neighborhood g

can rank kth. Each special school belongs to one and only one type,

i.e., S(k, g) ∪ S(k′, g) = ∅ if 1 ≤ k, k′ ≤ n1 and k 6= k′. A student

can leave any or all positions in Part 1 blank.

Part 2 (Rank regular schools without restrictions). Part 2 consists of the

(n1 + 1)th, (n1 + 2)th, . . . , nth
2 positions. In Part 2 a student can rank

any regular schools. Let Sr denote the set of regular schools. The

maximum number of different regular schools a student can rank

in Part 2 is n2− n1 + 1, but a student can rank fewer than the max-

imum allowed. I require that students not rank any school twice in

Part 2.

Part 3 (Rank regular schools within your neighborhood). Part 3 consists

of the (n2 + 1)th, (n2 + 2)th, . . . , nth
3 positions. In Part 3 a student can

rank any regular schools within his or her neighborhood and some
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adjacent neighborhoods. Let Sr(g) denote the set of regular schools

that students in neighborhood g can rank in Part 3. The maximum

number of schools a student can rank in Part 3 is n3 − n2 + 1, but

a student can rank fewer than the maximum. Again, I require that

students not rank any school twice.47

Note that n3 is the maximum number of schools that a student is allowed

to rank; this can be smaller than the number of schools m.

I allow each school to gradually increase the number of seats avail-

able for assignment as the algorithm progresses. Let q(s, ·) denote the

exogenously determined availability schedule of school s, with q(s, k) for

1 ≤ k ≤ n3 denoting the capacity of school s that can be filled with stu-

dents by the end of round k. Then I impose the following structure on

the availability schedules:

1. If s is a special school rankable on kth position only (where k ≤

n1), then s is available for assignments only in round k. That is,

q(s, 1) =, . . . ,= q(s, k − 1) = 0 and q(s, k) = q(s, k + 1) =, . . . ,=

q(s, n3) = qs.

2. If s is a regular school, then xs × 100 percent of its capacity is avail-

able for assignments in Part 2 and ys× 100 percent of its capacity is

available additionally in Part 3. That is, q(s, 1) =, . . . ,= q(s, n1) = 0,

q(s, n1 + 1) =, . . . ,= q(s, n2) = xsqs, and q(s, n2 + 1) =, . . . ,=

47 The formal definition of R(g) is as follows:

R(g) =


r∈

n1
∏

k=1
(S(k,g)∪{O})×

n2−n1+1⋃
k=0

(
(Sr)

k×{O}n2−n1+1−k
)

×
n3−n2+1⋃

k=0

(
(Sr(g))k×{O}n3−n2+1−k

)
: if n1<k,k′≤n2 or n2<k,k′≤n3, and rk ,rk′∈S, then rk 6=rk′
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q(s, n3) = (xs + ys)qs.

3. I reserve (1− xs− ys)× 100% of the capacity of regular school s for

administrative assignments, which I describe below.

Let ∆(G × R) denote the set of possible joint distributions of rankings

reported by students and neighborhoods. Formally, ∆(G × R) is the

|G| by |R|matrix; i.e.,

∆(G× R) := {(agj)g=1,...,ḡ,j=1,...,|R| : agj ∈ [0, 1],
|R|

∑
j=1

agj = Mg}

where, as previously noted, Mg denotes the measure of students who

live in neighborhood g. Let r̂ denote a generic element of ∆(G × R).

If the joint distribution of neighborhoods and the reported rankings is

equal to r̂, then the measure of students who live in neighborhood g and

report the jth ranking rj is equal to r̂gj, which is the entry on the gth row

and the jth column.

When a school is over-demanded—i.e., when the measure of appli-

cants to a school is greater than the school’s remaining capacity—students

who have higher priority to the school are assigned first. Given that

there are finitely many priority classes and infinitely many students, ties

can exist within the same class. Therefore, I let each student draw a

lottery number and break ties with it when priority classes alone cannot

resolve ties. Each student draws one lottery number independently from

a uniform distribution on [0,1]. I adopt the convention that the smaller

lottery numbers are better.

Given a joint distribution of student neighborhoods and their reported

rankings, the Boston mechanism determines each student’s assignment
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using the following algorithm.

The algorithm for a Generalized Boston Mechanism

Round -3. Student neighborhoods are determined exogenously.

Round -2. Students report rankings. The joint distribution of the neigh-

borhood and the ranking is r̂.

Round -1. Each student draws a tie-breaking lottery number indepen-

dently from the uniform distribution on [0, 1].

Round 0. Initialize q(r̂, s, 1), which is the capacity available at school s

in the beginning of round n = 1; that is, let q(r̂, s, 1) = q(s, 1), which,

according to the availability schedule, is the capacity available for assign-

ment in round one.

Round 1. Assign students to their first choice schools. If the measure

of students who apply to school s is strictly greater than q(r̂, s, 1), then

assign to s those students whose sum of the priority level and the lottery

number is not worse than the cut-off for s in round 1, which is denoted

by c(r̂, s, 1) and is defined as follows:

c(r̂, s, 1) = sup

c ∈ [1, ¯̀ + 1] : ∑
g∈G

∑
j=1,...,|R|

rj
1=s

r̂gj ·max{min{1, c− `(g, s)}, 0} ≤ q(r̂, s, 1)


(10)

Assignment is final. The remaining capacity of school s for round 2,

denoted by q(r̂, s, 2), is equal to the following:

q(r̂, s, 2) = q(s, 2)− ∑
g∈G

∑
j=1,...,|R|

rj
1=s

r̂gj ·max {min {1, c(r̂, s, 1)− `(g, s)} , 0}
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Round n, 2 ≤ n ≤ n3 If the capacity of school s available for assignment

in round n (denoted by q(r̂, s, n)) is positive, then assign to school s those

students

1. whose nth choice is school s

2. who have not been assigned to any school so far

3. and who drew a lottery number not worse than the cut-off for s in

round n, denoted by c(r̂, s, n), is equal to the following:

sup

c ∈ [1, ¯̀ + 1] : ∑
g∈G

∑
j=1,...,|R|

rj
n=s

r̂gj·

(
1− max

k=1,...,n−1
max

{
min

{
1, c(r̂, rj

k, k)− `(g, rj
k)
}

, 0
})
·

max
{

min {1, c− `(g, s)} − max
k=1,...,n−1

max
{

min
{

1, c(r̂, rj
k, k)− `(g, rj

k)
}

, 0
}

, 0
}

≤ q(r̂, s, n)}

If q(r̂, s, n) = 0, then set c(r̂, s, n) = 1. Update the quotas as follows:

q(r̂, s, n + 1) = q(s, n + 1)−

∑
g∈G

∑
j=1,...,|R|

rj
n=s

r̂gj ·
(

1− max
k=1,...,n−1

max
{

min
{

1, c(r̂, rj
k, k)− `(g, rj

k)
}

, 0
})

·max
{

min {1, c(r̂, s, n)− `(g, s)} − max
k=1,...,n−1

max
{

min
{

1, c(r̂, rj
k, k)− `(g, rj

k)
}

, 0
}

, 0
}

Round n3 + 1. Assign the remaining students to a school according to

a pre-determined administrative assignment policy α. Students living in

neighborhood g are assigned to school s with αs(r̂, g), with ∑
s∈S

αs(r̂, g) =
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1 for all r̂ ∈ ∆(G× R) and g ∈ G.

Schools are allowed to implement availability schedules. Thus, they

can have multiple rounds, during which the measure of applicants in

the round exceeds the available capacity during that round. In other

words, employing the terminology from the main text, we can have mul-

tiple critical rounds and critical cut-offs for each school. Let c(r̂, s, k, g) ≡

max {min {1, c(r̂, s, k)− `(g, s)} , 0} denote the effective cut-off of school

s in round k for students in neigborhood g. Note that c(r̂, s, k, g) ∈ [0, 1]

for all r̂, s, k, g by definition. Let C(r̂, g) denote the effective cut-off matrix

for students who reside in neighborhood g. In other words, the entry of

C(r̂, g) on the sth row and the kth column is equal to c(r̂, s, k, g).

Given an effective cut-off matrix for a neighborhood, one can cal-

culate the probability that students in the neighborhood who submit a

ranking r will be assigned to the school ranked kth on r in round k, for

k = 1, . . . , n3. Let πk(C(r̂, g), r) denote such a probability. πk(C(r̂, g), r)

is defined only for r ∈ R(g). We can conveniently express πk(C(r̂, g), r)

with a closed form as follows:

Lemma 6. Given a joint distribution r̂, a neighborhood g and a ranking r ∈

R(g), the probability of assignment to the school ranked kth on r (i.e., πk(C(r̂, g), r))

is equal to the following:

π1(C(r̂, g), r) = c(r̂, r1, 1, g)

πk(C(r̂, g), r) = max

{
c(r̂, rk, k, g)−

k−1

∑
j=1

πj(C(r̂, g), r), 0

}
if k = 2, . . . , n3

The proof is omitted because it is almost identical to the proof of

lemma 1. Last, I explain administrative assignments. An administrative
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assignment policy assigns students unmatched after round n3 to some

schools. Let A denote the set of administrative assignment policies and

α a generic one. αs(r̂, r, g) denotes the probability that students who sub-

mitted the ranking r and live in neighborhood g are assigned to school

s when the joint distribution of neighborhoods and reported rankings is

equal to r̂. For tractability I require that αs(r̂, r, g) does not depend on

r—that is, the assignment probability does not depend on the ranking

one submitted in the administrative assignment. Only the joint distribu-

tion and the neighborhood matter. From now on we fix an administra-

tive assignment policy α.

Student i’s Von Neumann-Morgenstern (vNM) utilities for being as-

signed to school s and her outside option are denoted by vis and v∅i ∈ R,

respectively. For notational simplicity, let V ≡ R
m+1 denote the set of

vNM utility vectors and let vi denote student i’s vector of utilities—that

is, vi ≡
(
vis1 , vis2 , . . . , vism , v∅i

)
.

Prior to submitting a ranking, students form a belief about the joint

distribution of other students’ neighborhoods and the rankings that they

will report. Formally, a belief is a member of the set ∆(G × R) and a

generic belief is denoted by r̂. If a student has a belief r̂, then he be-

lieves that the measure of students in neighborhood g who will submit

jth ranking rj will be r̂gj.

Given a utility vector and a belief, each student employs a reporting

strategy to determine which ranking to submit. Formally, a reporting

strategy ψ maps a given neighborhood, utility vector and a belief to a

probability distribution over the set of rankings; that is, ψ : G × V ×

∆(G × R) → ∆R (∆R is defined in the main text). Let ψj(g, v, r̂) denote
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the probability with which a student

1. who lives in neighborhood g

2. whose utility vector is equal to v;

3. whose belief is equal to r̂;

4. and whose reporting strategy is equal to ψ

submits the jth ranking rj. We say rj is recommended if rj is submitted

with a positive probability (i.e., ψj(g, v, r̂) > 0). Let Ψ denote the set

of all possible reporting strategies. I require that no reporting strategies

ever recommend to students in neighborhood g rankings that they are

not allowed to submit; i.e., ψj(g, v, r̂) = 0 for all rj 6∈ R(g).

My definition of the three reporting strategies is modified for this

generalized version of the Boston mechanism:

Definition 7 (Truthfully Reporting Strategies). A student in neighborhood

g whose utility vector is v and whose belief is r̂ is said to use a truthfully report-

ing strategy if she chooses a ranking r using the following algorithm:

Step k, 1 ≤ k ≤ n1. If you like a special school in S(k, g) better than all the

schools you can rank kth or lower and your outside option, then rank it

kth. Otherwise leave the kth position blank.

Step k, n1 + 1 ≤ k ≤ n2. If you prefer your (k− n1)
th favorite school among

schools rankable in Part 2 to your outside option, then rank it kth. Other-

wise leave the kth position blank.

Step k, n2 + 1 ≤ k ≤ n3. If you prefer your (k− n2)
th favorite school among

schools rankable in Part 3 to your outside option, then rank it kth. Other-

wise leave the kth position blank.
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Let ΨTR denote the set of all truthfully reporting strategies.

Definition 8 (Expected-utility-maximizing (EU-max) Reporting Strate-

gies). A student in neighborhood g whose utility vector is v and belief is r̂ is

said to use a EU-max reporting strategy if she chooses an admissible ranking

that maximizes her expected utility. That is

ψMAX
j (g, v, r̂) > 0

⇒ rj ∈ R(g) and ∀r ∈ R(g),
n3+1

∑
k=1

πk(C(r̂, g), rj)vrk ≥
n3+1

∑
k=1

πk(C(r̂, g), r)vrk

where for all r ∈ R(g), vrn3+1 denotes the larger of the expected utility from

administrative assignments and the student’s outside option, i.e., vrn3+1 =

max
{

∑
s∈S

αs(r̂, g)vs, v∅

}
.

Let ΨMAX denote the set of all EU-max reporting strategies.

Definition 9 (Simple Strategies). A Simple Strategy never recommends rank-

ings that violate the following Simple Rule:

Simple Rule: Do not submit a ranking that is not allowed for your neighbor-

hood. Also, in Part 3, do not rank a school s kth 1) if you believe that by doing

so you will be assigned to it with a positive probability and 2) if there is another

school s′ that you prefer to s and to which you will be assigned with a higher

probability if you rank it kth instead. Formally, given a utility vector v and a be-

lief r̂, a ranking r is never recommended by a simple strategy ψSIM to a student

in neighborhood g if r 6∈ R(g) or

∃k ∈ {n2 + 1, . . . , n3} such that πk(C(r̂, g), r) > 0 and

∃s ∈ Sr(g) such that vs > vrk and c(r̂, s, k, g) > c(r̂, rk, k, g)
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Also, a simple strategy never recommends a ranking r that has either of the

following properties:

Property 1. A special school s is ranked kth and you believe you will be as-

signed to it with a positive probability. Also, there is at least one school

ranked lower than kth that you believe you will be assigned to with a posi-

tive probability. You like s less than all schools that you believe you would

be assigned to with higher probabilities if you dropped s.

Property 2. The kth position for a type of special schools is left blank. There

is a school s of the type that you believe you will be assigned to with a

positive probability if you ranked it kth. You prefer s to all the schools that

you believe you will be assigned with smaller probabilities if you ranked

s kth, which must include the school ranked `th such that ` > k and no

school is ranked between kth and `th position.

Let ΨSIM denote the set of all simple strategies.

The relationship between ΨTR, ΨMAX and ΨSIM in the main text holds

under these modified definitions. That is, truthfully reporting strategies

and EU-max reporting strategies are simple strategies.

Proposition 3. Truthfully reporting strategies are simple strategies (ΨTR ⊂

ΨSIM).

Proof. I first show that you can never break the Simple Rule if you fol-

low the steps that are provided in the definition of Truthfully Report-

ing Strategy. Suppose you are at step k for some n2 + 1 ≤ k ≤ n3. If

k = n2 + 1, then you rank your favorite school among Sr(g). You can-

not break the Simple Rule because there is no other school you prefer
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to your favorite school. So suppose that n2 + 1 < k ≤ n3. You kth-rank

the (k − n2)
th favorite school among Sr(g). Let s denote such a school.

For you to violate the Simple Rule there has to be a school that you pre-

fer to s. Let s′ denote this school. If you believe that you would be as-

signed to s′ with a higher probability if you rank it kth than you do s,

you believe with certainty that you will be assigned to it if you rank it

n2 + 1th, n2 + 2th, . . . , or (k − 1)th, which you must have done because

you prefer s′ to s and you are ranking truthfully. In other words, you

believe that you will be assigned to s with zero probability. Hence the

Simple Rule cannot be violated.

Now I show that if ranking r is recommended by a Truthfully Report-

ing Strategy, r will have neither Properties 1 nor 2. Suppose a special

school s is ranked kth. You must have preferred it to all schools that you

can rank in k, (k + 1), (k + 2), . . . , nth
3 positions. Therefore, you should

prefer it to all schools that are ranked below s, including the schools that

you might be assigned to with a higher probability if you dropped s.

Now suppose the kth position for a type of special schools is left blank

on r. Let s denote your favorite special school of that type. Let s′ denote

a school that is ranked `th with ` > k and no school is ranked between

the kth and `th positions. Assume also that you believe that you will be

assigned to s′ with a positive probability. Note that s′ is your favorite

school among the ones you may rank `th, (`+ 1)th, . . . , nth
3 . There can be

two cases. First, suppose that ` = k + 1. Suppose you prefer s to s′. This

means that you prefer s to all the schools you can rank kth, (`)th, . . . , nth
3 ,

in which case truthfully reporting strategies should have recommended

that you rank s kth. But it did not, so you do not prefer s to s′. Hence
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r does not have Property 2. In the second case, ` > k + 1. Because we

assume that there are no schools ranked between s and s′, the (k + 1)th,

(k + 2)th, . . . , (`− 1)th positions are left blank. In other words, you pre-

fer s′ to the schools that are rankable at these positions. Now suppose

you prefer s to s′. This means that you prefer s to all schools that are

rankable on kth, (k + 1)th, . . . , nth
3 positions, in which case truthfully re-

porting strategies should have recommended that you rank s kth. But it

did not, and consequently, you do not prefer s to s′. Hence r does not

have Property 2.

Proposition 4. EU-max reporting strategies are simple strategies (ΨMAX ⊂

ΨSIM).

Proof. Suppose a ranking r is recommended by an EU-max reporting

strategy. The fact that r never breaks the Simple Rules follows directly

from Proposition 2.

Now I show that the r can never have the Property 1. Suppose it has

Property 1. Let s denote the special school that is ranked kth on r such

that there is another school ranked lower than kth and you believe you

will be assigned to it with a positive probability. Let s′ denote the high-

est ranked such school and ` its position on r. If r has Property 1, you

like s less than all the schools that you believe you will be assigned to

with higher probabilities should you drop s. Note that because of the

single tie-breaking assumption, the schools you believe you will be as-

signed to with higher probabilities if you dropped s are ranked `th and

higher.48 In other words, even if you dropped s, your probability of be-

48 Under multiple tie-breaking, dropping s will weakly increase the probability of
being assigned to ALL schools ranked below kth, including the administrative assign-
ment/outside option.
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ing administratively assigned to or choosing your outside option does

not increase.49 Therefore, dropping s raises the expected utility, which

contradicts the fact that r is recommended by a EU-max reporting strat-

egy.

Now suppose r has Property 2. This contradicts the fact that r maxi-

mizes the expected utility: let s be the special school described in Prop-

erty 2. Ranking it kth would raise the expected utility.

Finally, I assume that students independently draw their types—a

quadruple of a neighborhood, a utility vector, a belief, and a report-

ing strategy—from a common distribution. Formally, let D̃ ≡ G × V ×

∆(G × R) × Ψ denote the set of types and (D̃, D̃, µ̃) denote a measure

space. Given any measurable set D̃′, the measure of students whose

types belong to D̃′ is equal to µ̃(D̃′).

As I did in the main text, I assume, on the one hand, the researcher

observes factors that can influence students’ vNM utilities and, on the

other hand, that some factors are not observable. I also assume that the

researcher observes students’ neighborhoods.50 Let X denote the finite

set of observables other than the neighborhood of students and E ⊆ Rp

the set of unobservables with some finite p. Let D ≡ G×X× E×∆(G×
49 If kth−ranking s reduced the probability of administrative assignment or outside

options (as it would under the multiple tie-breaking scheme), then it matters whether
you prefer s to the administrative assignment and/or outside options for us to deter-
mine ranking s would be recommended by a Simple Strategy. Doing this would require
modeling student beliefs about the administrative assignment. I do not attempt this
because, as mentioned previously, in Seoul the administrative assignment algorithm is
not well defined. For this reason I require that there is a school ranked lower than kth

that you believe you would be assigned to with a positive probability. Dropping s does
not change the probability of the administrative assignment/outside option under the
single tie-breaking scheme.

50 The address of each student is usually included in the data set that has been used
by authors in the literature.
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R) × Ψ and let (D,D) be the product space. I make the following as-

sumptions about the measure µ on (D,D).

Assumption 13 (Utility function is known up to a vector of parameters).

There exists a measurable utility function h : G×X×E→ V, parametrized by

a vector of parameters θ, that satisfies the following: for any given D̃−measurable

set D̃′,

µ̃
(

D̃′
)
= µ

({
(g, x, ε, r̂, ψ) : (g, h(g, x, ε), r̂, ψ) ∈ D̃′

})

Assumption 14 (Unobservables are independent). For any D−measurable

set D′,

µ(D′) = µG×X×∆(G×R)×Ψ(D′E)× µE(D′G×X×∆(G×R)×Ψ)

where µG×X×∆(G×R)×Ψ and µE are marginals and D′E and DG×X×∆(G×R)×Ψ

are E− and (G× X× ∆(G× R)×Ψ)−sections of D′.

We observe the measure P on the set of neighborhoods, observables

and reported rankings. Let PG×R denote the marginal of P on G × R.

Abusing the notation, let it also be an element of ∆(G× R).

Now we are ready to state our data generating process as follows:

Data Generating Process G.1 (DGP G.1)

Each student i draws her neighborhood, observables, unobservables, be-

lief, and reporting strategy independently from the measure µ. More pre-

cisely, P(g0, x0, rj), which denotes the measure of students whose neigh-

borhood is equal to g0 ∈ G, whose observables are equal to x0 ∈ X and
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who reports the ranking rj, is equal to the following:

P(g0, x0, rj) =
∫

D(g0,x0)

ψj(g, h(g, x, ε), r̂)dµ

where D(g0,x0) ≡ {g0}× {x0}× E×∆(G× R)×Ψ. The DGP G.1 is well-

defined in the sense that whatever data we observe, there exists a prim-

itive of the model µ that could have generated the data. The following

Lemma precisely states the well-definedness of the DGP G.1:

Lemma 7. Given any data P, there exists a measure µ such that for each g0 ∈

G, x0 ∈ X and jth ranking rj, the following holds:

P(g0, x0, rj) =
∫

D(g0,x0)

ψj(g, h(g, x, ε), r̂)dµ

The proof of Lemma 7 is omitted because it is almost identical to

the proof of Lemma 2. To ensure that the DGP G.1 is well-defined in

the sense of Lemma 7, we need to allow the possibility that students

draw truthfully reporting strategies. This is guaranteed by the following

assumption:

Assumption 15. Let Ψ(j) denote the set of reporting strategies that recom-

mends the jth ranking when recommending it violates the Simple Rule or when

the jth ranking has Property 1 and/or 2. Then µΨ(Ψ(j)) = 0 for all j =

1, . . . , |R|.

This assumption ensures that students draw only simple strategies.

By virtue of proposition 3 and proposition 4, Assumption assumption 15

allows the possibility that students draw truthfully reporting and/or
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EU-max strategies. However, this does not necessarily mean that there

would be a positive measure of students who draw truthfully reporting

strategies or EU-max strategies. Other than Assumption 15, I remain ag-

nostic about µΨ. It is possible, for example, that under the true µ, no one

actually plays truthfully reporting strategies (i.e., µΨ(ΨTR) = 0).

Next I make an assumption about the correctness of student beliefs

regarding the distribution of rankings that others will report. In the gen-

eralized Boston mechanism, for each school there can be multiple critical

rounds and critical cutoffs. I assume that students are correct about the

critical rounds of each school and the ranking of all critical cut-offs, both

within and across schools. However, I do not assume that students are

correct about specific values of critical cut-offs. Formally:

Assumption 16. Given a data P, let Bround(P) denote the set of beliefs un-

der which the critical rounds for each school are the same as under P, and let

Brank(P) denote the set of beliefs under which the ranking of critical cut-offs,

both within and across schools, is the same as under P. Then µ∆(G×R)(Bround(P)∩

Brank(P)) = 1.

Following assumption 15 and 16, I demonstrate how to construct mo-

ment inequalities that partially identify θ∗, which is the true value of the

utility function’s parameters. The Simple Strategies under the general-

ized Boston mechanism have three common features:

Feature 1. They never recommend rankings that break the Simple Rule;

Feature 2. They never recommend rankings that have Property 1; and

Feature 3. They never recommend rankings that have Property 2.
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Using Feature 1 I construct momoent inequalities using the same method

that I employed in the main text, which I omit here. In this appendix I

demonstrate how to construct moment inequalities using Feature 2 (ones

that use Feature 3 can be constructed analogously).

Let the data P be given. Suppose there exists a special school s0 that

is rankable on the kth position and a neighborhood g0 that satisfies the

following conditions: there exists an r ∈ R(g0) such that

Condition G.1 s0 is ranked kth on r (i.e., rk = s0);

Condition G.2 If one submits r, then she is assigned to s0 with a positive

probability (i.e., πk(C(PG×R, g0), r) > 0); and

Condition G.3 If one submits r, then she is assigned to a school other

than s0 that is ranked lower than kth with a positive probability

(i.e., ∃` ∈ {k+ 1, . . . , n3} such that r` ∈ S and π`(C(PG×R, g0), r) >

0)

Now consider a student who lives in neighborhood g0 and has a belief

r̂. Let R(r̂, s0, g0) denote the set of rankings that satisfy the following

conditions:

Condition G.1 s0 is ranked kth on r (i.e., rk = s0);

Condition G.2’ The student believes that if she submits r she will be

assigned to s0 with a positive probability (i.e., πk(C(r̂, g0), r) > 0);

and

Condition G.3’ The student believes that if she submits r she will be

assigned to a school other than s0 that is ranked lower than kth
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with a positive probability (i.e., ∃` ∈ {k + 1, . . . , n3} such that r` ∈

S and π`(C(r̂, g0), r) > 0)

For each r ∈ R(r̂, s0, g0), let r−s0 denote the ranking that is identical to r

except that s0 is dropped. Given a r ∈ R(r̂, s0, g0), let S(r̂, s0, g0, r) denote

the set of schools that the student believes she will be assigned to with

higher probabilities if she drops s0. That is,

S(r̂, s0, g0, r) = {r` ∈ S : k < ` ≤ n3 and

π`(C(r̂, g0), r)− π`(C(r̂, g0), r−s0) > 0}

Then consider the following inequality: given a ranking rj ∈ R(r̂, s0, g0)

for some j,

1{g = g0} · ψj(g, h(g, x, ε), r̂) ≤ 1{g = g0} · 1
{

hs0(g, x, ε) ≥ min
s∈S(r̂,s0,g0,rj)

hs(g, x, ε)

}
(11)

Inequality 11 holds for each realization of the type (g, x, ε, r̂, ψ). If the

realization of the type is such that g 6= g0, 11 trivially holds. Assume,

then, that g = g0. If the type is such that the RHS of 11 is 1, then 11 holds

trivially because by definition the LHS of 11 is a probability—that is, it

is less than one.

Now consider the type for which the RHS of 11 is 0. If s0 is less

preferred to all schools that one would be assigned to with higher prob-

abilities if she drops s0, rj possesses Property 1. Given that simple strate-

gies never recommend rankings that have Property 1, it follows from

assumption 15 that rj will not be recommended, i.e., the LHS of 11 will
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be zero. Therefore, the inequality 11 holds for all realizations of types.

It is possible that there is more than one ranking in R(r̂, s0, g0). In this

case, think of the following inequality:

1{g = g0} · ∑
rj∈R(r̂,s0,g0)

ψj(g, h(g, x, ε), r̂)

≤1{g = g0} · 1

hs0(g, x, ε) ≥ min
s∈ ⋃

r∈R(r̂,s0,g0)
S(r̂,s0,g0,r)

hs(g, x, ε)

 (12)

Using the logic described above, I find that 12 holds for all realizations

of types, and, thus, it should hold in expectation. Given any observable

x0,

∫
Dx0

1{g = g0} · ∑
rj∈R(r̂,s0,g0)

ψj(g, h(g, x, ε), r̂)dµ

=
∫

D(g0,x0)

∑
rj∈R(r̂,s0,g0)

ψj(g, h(g, x, ε), r̂)dµ

≤
∫

Dx0

1{g = g0} · 1

hs0(g, x, ε) ≥ min
s∈ ⋃

r∈R(r̂,s0,g0)
S(r̂,s0,g0,r)

hs(g, x, ε)

 dµ

=
∫

D(g0,x0)

1

hs0(g, x, ε) ≥ min
s∈ ⋃

r∈R(r̂,s0,g0)
S(r̂,s0,g0,r)

hs(g, x, ε)

 dµ (13)

Now we use assumption 16 to replace R(r̂, s0, g0) and S(r̂, s0, g0, r) with

R(PG×R, s0, g0) and S(PG×R, s0, g0, r). This is possible because rankings

in R(r̂, s0, g0) and schools in S(r̂, s0, g0, r) depend only on the critical

rounds and critical cutoffs of schools. According to assumption 16, stu-

dent beliefs about these are correct. Therefore, 13 can be rewritten as
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follows:

∑
rj∈R(P,s0,g0)

P(g0, x0, rj)

≤µG×X({g0, x0}) · µE


ε ∈ E : hs0(g0, x0, ε) ≥ min

s∈ ⋃
r∈R(P,s0,g0)

S(r̂,s0,g0,r)
hs(g0, x0, ε)




=PG×X(g0, x0) · Prε

hs0(g0, x0, ε) ≥ min
s∈ ⋃

r∈R(P,s0,g0)
S(r̂,s0,g0,r)

hs(g0, x0, ε)


where the second equality follows from the DGP G. The moment in-

equalities can be rewritten as follows:

EP [1{g = g0, x = x0, r ∈ R(PG×R, s0, g0)}]

≤EP

1{g = g0, x = x0} · Prε

hs0(g0, x0, ε) ≥ min
s∈ ⋃

r∈R(PG×R ,s0,g0)
S(PG×R,s0,g0,r)

hs(g0, x0, ε)
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