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Abstract
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1 Introduction

Economists have long sought to find appropriate ways to estimate structural models,

which today is considered an essential tool in establishing a link between theoretical

models and empirical evidence. Over recent years, thanks to the rapid development

both in econometric theory and computational power, econometricians have been able to

estimate more complicated structural models. Despite this success, heavy calculations

continue to be time consuming. For instance, in many structural estimations, the

criterion function includes numerical solutions for the structural model and the time

to complete these estimations can take several days. As a result, this time delay,

prevents a theory from moving forward. In this paper, we provide a method to simplify

computations and the coding process that currently deters researchers in their attempts

at estimating structural models.

In this paper, we provide a two-step estimator for structural models using the ap-

proximation method. This method has the following advantages. The first is versatility:

this estimator is applicable to a wide class of structural models in which there is a (some)

“nuisance” component (components), such as discrete choice, matching or DSGE mod-

els, among others. The second advantage is saving time: this estimator reduces the

time required to calculate structural models, especially those with complex numerical

solutions. The third is tractability: the estimation framework can be very easily imple-

mented in statistical software (R for example) without requiring sophisticated coding

techniques. Under mild conditions and without loss of generality, we provide a sufficient

condition that ensures root-n consistency of this estimator, and this condition further

ensures that the estimator’s asymptotic covariance matrix has a closed form expression.

These points will be examined further when discussing the methodology and related

literature.

We consider a general framework in which the criterion function contains a (some)

“nuisance” component (components) that can only be evaluated numerically. For in-
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stance, in dynamic discrete choice models (see, for example, Rust (1987) for and Bajari,

Benkard, and Levin (2007) for a more complicated extension), the choice probability

depends on the value function for given parameters and state variables. This calcula-

tion requires an additional loop of a nested fixed point search routine in the estimation

procedure. In the case of structural estimation of matching models (e.g., Chiappori

and Salanie (2014)), the model solution depends on the construction of algorithms that

solve the matching problem under specific requirements. In the literature on labor eco-

nomics, structural models with cumbersome numerical solutions have also been widely

used in empirical studies. For example, in the paper of Bontemps, Robin, and Van den

Berg (2000), the likelihood function is highly nonlinear and depends on the inverse of

a function mapping from a firm’s type to the wage. Since the mapping function it-

self contains an integral, the inverse function is determined numerically only. Another

well-known example in industrial organization is provided by Berry, Levinsohn, and

Pakes (1995), who derived the market shares as the solution of a nonlinear system of

equations.

In this paper, our method consists of two steps. First, we simulate components

that determine the cumbersome nuisance function and look for an appropriate func-

tional approximation using approximation over parameter and/or data space. Second,

we replace the true function with its approximate predictor and estimate parameters.

An important departure from the previous literature is that this approximation step

does not depend on the “nature” of the nuisance function. The only prerequisite is the

mild smoothness conditions on the nuisance function. As a result, the approximated

nuisance function that facilitates the estimation process can either be a model-derived

policy function (see Fernández-Villaverde, Rubio-Ramírez, and Santos (2006), Acker-

berg, Geweke, and Hahn (2009) and Fernández-Villaverde, Ramírez, and Schorfheide

(2016)), a model specified probability function (a leading example is given by Hotz

and Miller (1993)), a value function (e.g., in Imai, Jain, and Ching (2009), who pro-
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vide a Bayesian approximation of value function for dynamic discrete choice models),

a frontier function (see Florens and Simar (2005) for an example using nonparametric

approximation), or any other possible function. This endows the methodology with

versatile applicability into a number of different scenarios.

Another important feature is that the first step consists of simulating both param-

eters and data that determine the nuisance function, which is purely model based.

Since the nuisance component is assumed to be determined entirely by the correspond-

ing structural model, there is no need to use the real data when approximating the

functional shape of the component, which differs from previous research. Instead of

simulating data and taking parameters as given (see the literature on indirect inference

e.g., Smith (1990), Gourieroux and Monfort (1997) and Magnac, Robin, and Visser

(1995)), the quality of approximation does not depend on the information provided by

data, but relies on the selected distribution/grids of simulated parameters and data as

well as the number of simulations. An effective choice of simulation distribution could

require knowledge of the true parameters. This makes the paper (somewhat) related

to the literature on Bayesian estimation (see Keane and Smith (2003) as an applica-

tion in DSGE model estimation, and Beaumont, Zhang, and Balding (2002) for a SBIL

approach that is similar to this method but more intensive).

The asymptotic theories in our paper draw from general theories of two-step semi-

parametric estimation. Earlier research conducted by Andrews (1994) and Newey and

McFadden (1994) provided sufficient conditions ensuring the asymptotic normal dis-

tribution when the objective functions to be minimized or maximized are continuous

and twice differentiable. Later, Chen, Linton, and Van Keilegom (2003) and Chen

(2007) followed the idea of Pakes and Pollard (1989) and Van der Vaart (2000). Using

sieve approximation, they provided general sufficient conditions that are applicable to

GMM estimation for both smooth and non-smooth objective functions. More recently,

Ichimura and Lee (2010) characterized conditions under which the first stage estima-
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tion does not affect the asymptotic distribution, and Ackerberg, Chen, and Hahn (2012)

provided a numerical equivalence result that simplifies the estimation of semiparamet-

ric asymptotic variances. Kristensen and Salanié (2015) mainly studied methods for

reducing the bias and the efficiency loss when using approximations, but they restricted

the criterion function to be smooth. In this paper, we restrict my analysis to the case

in which we are able to calculate the exact criterion function and the approximation

method is a mixture of numerical and simulation methods. The proposed method does

not depend on the uniform convergence of approximation and sample criterion, which

is often imposed in the literature in order to obtain root-n consistency. Under some

regularity conditions and without loss of generality, we provide a sufficient condition

ensuring root-n consistency, and this condition further ensures that the asymptotic co-

variance matrix of the approximate estimator exists and has a closed form expression,

thus facilitating the computation of confidence intervals.

Lastly, and as a first step in understanding the asymptotic properties of pure model-

based approximation, this paper reiterates that there is a trade-off between estimation

accuracy and computational intensiveness. Consequently, we find that our framework,

which allows for more than one source of approximation, is not as time-consuming,

even when using a relatively large number of simulations, thus avoiding the resampling

based bias correction procedure. We illustrate the trade-off between estimation accu-

racy and computational intensiveness with Monte Carlo experiments. We use a parallel

implementation executed on eight processor cores (Intel® Core™ i7-4770 CPU) in R

software. First, we consider a simple example provided by Han (2015), in which the

model assumes that a student has to learn his/her ability, and that the optimal effort is

derived from the theoretical model. We estimate grade equations using the exact condi-

tional likelihood function as a benchmark model and compare the results of estimation

to those of approximate estimation using both the Nadaraya-Watson type approxima-

tion associated with Gaussian kernel and the Local Polynomials type approximation.
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Monte Carlo experiments show that the approximate estimation results are similar to

those of the benchmark model. Moreover, we find that this method is attractive when

the algorithm that determines the solution of the nuisance function is complicated or

when the number of simulations is relatively small (which amounts to the fact that

the nuisance function only depends on a few parameters). We also simulate the famous

Rust (1996) model based on bus engine replacement. We find that the time to complete

the model estimation has been sharply reduced from the initial one hour to one minute.

In the meantime, the fact that our approximation method achieves lower levels of Root

Mean Squared Error (RMSE) shows its powerful finite-sample performance.

The remainder of the paper is organized as follows. Section 2 presents the gen-

eral framework of the two step estimator. Section 3 provides sufficient conditions and

provides the asymptotic theorems. Section 4 contains a Monte Carlo simulation by

implementing the estimation framework in Section 2. Section 5 concludes.

2 Framework

We describe the general framework as follows. We assume that the data {zi}i=1,...,n

is randomly sampled from a probability distribution PZ and Z is a compact set of

Rdz . It is often the case that zi = (yi, xi)
′. Let θ be a vector of parameters that

the econometricians are interested in. Qn (θ) is a real-valued criterion function of data

z1, ..., zn ∈ Z and θ ∈ Θ. In general, θ could be estimated by using extremum estimator:

θ̂n ∈ arg min
θ∈Θ

Qn (θ) .

In the case of Maximum likelihood estimation, −Qn (θ) = 1
n

∑n
i=1 log f (zi|θ) is the em-

pirical average of the log of probability density function f (zi|θ). In the case of Least

Square estimation, Qn (θ) =
∑n

i=1 (yi − E (yi|xi, θ))2 represents the sum of squared

residual. More generally, in the case of GMM estimation, Qn (θ) =
[

1
n

∑n
i=1 g (zi|θ)

]′
Wn

[
1
n

∑n
i=1 g (zi|θ)

]
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is the sum square of weighted empirical moments, such that E
(

1
n

∑n
i=1 g (zi|θ)

)
= 0 at

θ = θ0 and θ0 is the true value of θ.

When estimating structural models, the objective function is often complicated and

contains some numerical solutions of function a complex function γ0, which yields that

the objective function can be rewritten as:

Qn (θ) = Q̃n (θ, γ0) .

Namely, the objective function depends on data, unknown coefficients contained in θ,

and a function γ0 (z, θ) : Z ×Θ→ R, the calculation of which is usually burdensome.

In this paper, we propose to replace the function γ0 by an approximation. Let γ̂S

be an “approximator” of γ0 depending on an order of approximation S. Instead of

minimizing the exact objective function, a feasible estimator θ̂n,S is the minimizer of

the approximate criterion function:

θ̂n,S ∈ arg min
θ∈Θ

Q̃n (θ, γ̂S) .

The estimation method simply consists of two steps. The first step constructs a

feasible approximation of γ0, which allows us to approximate the functional shape of

γ0 and to draw out the prediction of γ0 for any given value of θ ∈ Θ and z ∈ Z. A key

departure from the previous literature is that the first step is purely model-based, and

the approximation relies on the knowledge of the given structural model. The first step

is described in detail by following procedure:

First step

1. Reparametrize the functional representation of γ0 from (z, θ) ∈ Z×Θ to ψ (z, θ) ∈

Rd, where 1 ≤ d ≤ dim (Θ) + dim (Z) is the dimension of ψ. In many cases of

structural estimation, the function γ0 completely relies on the model-structure.
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As a result, it is possible to find a function ψ such that ψ : Z × Θ 7→ Rd. The

transformation formula depends on the knowledge and the construction of the

function γ0.

In the simplest case where the function γ0 does not depend on Z, we have ψ = θ

(a corresponding example is given in Section 4.2). Another typical example is

that when γ is a function of z′θ, we suggest setting ψ = z′θ and d = 1. A more

concrete example is that, when estimating a utility function, the instantaneous

payoff is often assumed to be a linear function of z (e.g. z′θ). In that case, we can

simply simulate the value of ψ ≡ z′θ rather than z and θ (an illustrative example

is given in 4.1). Generally, the transformation formula may change according to

specific cases. For instance, if θ = (θ1, θ2, θ3)′ and z = (z1, z2)′, and assuming that

the calculation of γ completely relies on the value of θ1, θ2z1 and exp
(
θ3
z2

)
, it is

possible to set ψ = (ψ1, ψ2, ψ3)′ with ψ1 = θ1, ψ2 = θ2z1 and ψ3 = exp
(
θ3
z2

)
.

2. Drawing S possible values of ψ from a given random distribution fΨ, the selection

of fΨ is arbitrary, but it affects the quality of approximation of the function γ0

around the neighborhood of true theta θ0. The choice of fΨ is somewhat related

to the econometrian’s initial knowledge of θ0 and z. We suggest simulating ψ from

the empirical distribution of data and a selected distribution of θ. The selection

of distribution of θ can refer to a broad literature covering Bayesian inference and

its applications for macroeconomics (e.g., Fernández-Villaverde, Ramírez, and

Schorfheide (2016)). Alternatively, one can take uniform distributions for all ψs

on a cube in Rd if z is exogenously given and Θ is a compact set. Under this

circumstance, our nonparametric approach is very similar to the approximation

over grids points.

3. {γ0 (ψs)}s=1,...,S is computed numerically using corresponding numerical algorithms

(e.g., Nested Fixed Point Algorithm in Rust (1987), where the unknown function

is a value function, optimization algorithm for the model solutions, algorithm
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solving nonlinear systems as in Pakes and Pollard (1989), algorithm computing

theoretical moments using DGP in Smith (1990) and Gourieroux and Monfort

(1997), etc.).

4. Construct a suitable approximator of γ0 as a function of ψ . We herein propose a

practical Nadaraya-Watson type approximation associated with a selected kernel

KH and a bandwidth H, where the approximator takes the following closed-form

expression:

γ̂S,H (z, θ) ≡ γ̂S,H (ψ (z, θ)) =

∑S
s=1KH (ψs − ψ (z, θ)) γ0 (ψs)∑S

s=1KH (ψs − ψ (z, θ))
,

where KH is the selected kernel with a bandwidth H. For example, if we take the

Gaussian kernel, KH is the multivariate Gaussian density function with mean 0

and variance-covariance matrix H. This approximation approach is similar to the

Bayesian method described in Beaumont, Zhang, and Balding (2002). In contrast

with their paper where they simulate θ and compute for each θ the corresponding

statistics based on the sample simulations, this method is less computationally

intensive, as it is not necessary to simulate samples, and the approximation depend

purely on the algorithm used to calculate the function γ0.

Under mild conditions, when S goes to infinity, γ̂S,H (z, θ) is asymptotically consistent

with the rate of convergence
√
S|H|. In practice, we propose to fix the value of H

as a function of S such that H (S) goes to 0 when S goes to infinity. Next, we select

S sufficiently large such that S|H| > n (see Section 3.2 for a discussion on why it

is important to have S|H| > n in the context of NW approximation). To illustrate,

if we use the “optimal” rate for the bandwidth that minimizes the Asymptotic Mean

Integrated Squared Error (AMISE) of approximation, we have H = diag
(
{Cqhq}dq=1

)
and |H| =

(∏d
q=1Cq

)
S−d/(d+4), where Cqs are constant terms and hq = S−1/(d+4). The

9



condition S|H| > n becomes:

(
d∏
q=1

Cq

)
S

4
d+4 > n⇐⇒ S >

(
n∏d

q=1 Cq

) d+4
4

.

Taking Cq = 1 for all q = 1, ..., d, n = 100, and d = 3, we can set S = n2 = 10, 000

which is an appropriate number satisfying the condition above. After choosing S, hq

is determined by n−2/7 ≈ 0.26 . This result shows that our approximation method is

comparatively more attractive when γ depends only on a few parameters after repa-

rameterization (in other words, when d is small), and/or when n is small, which allows

us to choose a relatively small number S, and to reduce the total execution time of the

estimation program (that is, the second step).

We note that the sieve approximation and other approximation methods are also

possible genres. This is especially so, because when using the sieve approximation we

avoid the trade-off between approximation accuracy and computation time. Unlike

the Nadaraya-Watson type approximation for which the predictor depends upon each

simulated value of ψs and γ0 (ψs), the sieve predictor offers a much easier prediction

than kernel methods; that is, the predictor depends only on the estimated coefficients

of the sieve regression.

Second step The second step is to plug γ̂S,H(S) ≡ γ̂S into the optimization loop,

thereby obtaining the approximate estimator θ̂n,S, that is:

θ̂n,S ∈ arg min
θ∈Θ

Q̃n (θ, γ̂S (ψ)) .

As a result of γ̂S (z, θ), the approximated criterion function Q̃n (θ, γ̂S) has a closed-

form expression and can be easily minimized, which yields a consistent estimator of θ.

The intuition is that when S goes to infinity and |H| goes to 0, we have ‖γ̂S − γ0‖∞
p→ 0.

Under some conditions, the approximate criterion function converges in probability to
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the true criterion function, that is Q̃n (θ, γ0) (see Section 3.1 for more details or Newey

and McFadden (1994) for a simple case where the objective function is smooth enough).

Compared with the traditional estimation methods (e.g., maximum likelihood esti-

mation incorporating model solutions), our estimator is computationally less expensive

and saves considerable time. In fact, instead of using the NW type approximation in

the first step, the approximation method can be very flexible. Based on the smooth-

ness assumption of the true function γ0 (where we often need to assume that the true

function γ0 is in the Hölder smoothness class), it is possible to approximate γ0 by using

any sieve estimators (e.g., see Li and Racine (2007)). Moreover, since the predictor of

γ0, for any given (z, θ), is expressed analytically, the gradient matrix and the hessian

matrix are easily provided, which further improves the computational efficiency.

In contrast with the classic two step approximate estimators (see Newey and McFad-

den (1994), Chen, Linton, and Van Keilegom (2003), Chen (2007)), the approximation

step is completely performed outside of the estimation loop. As a direct consequence,

when we solve the optimization problem in the second step, we no longer have to call the

true function γ0, the calculation of which is cumbersome. Moreover, once the first step

is complete, the approximate formula of γ0 is applicable to any data and parameters

derived from the same structural model.

3 Properties of the approximate estimator

3.1 Consistency of the estimator

We assume that the function γ0 is in a functional space Γ equipped with the supremum

norm ||.||∞, and Z ×Θ represents a Cartesian product of Z and Θ. More precisely, we

admit that for any γ ∈ Γ, we have ‖γ (z, θ)‖∞ ≡ supz∈Z,θ∈Θ |γ (z, θ)|, and we denote

||M || = (tr (M ′M))1/2 for any given matrix M .

We assume that Q̃n (θ, γ0) is differentiable with respect to θ, and define its first
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order derivative by a random vector-valued function Gn (θ, γ0), that is:

Gn (θ, γ0) =
∂Q̃n

∂θ
(θ, γ0) =

1

n

n∑
i=1

g (z, θ, γ0) ;

where we suppose that G (θ, γ0) = EZ (g (z, θ, γ0)) is a non-random measurable vector-

valued function G (θ, γ0) : Θ × Γ → Rp and θ0 is an interior point of Θ such that

G (θ0, γ0) = 0. We suppress the arguments of the function γ0 (z, θ) for notational

convenience, thus, (θ, γ0) ≡ (θ, γ0 (z, θ)). We use on,p (1) to denote n × op (1/n) and

oS,p (1) to denote S × op (1/S). Namely, if xn (respectively xS) is on,p (1) (respectively

oS,p (1)), we have plimn→∞xn = 0 (respectively plimS→∞xS = 0).

Assumption 1. i) Θ is defined by a compact of Rp, θ0 ∈ Θ is the unique solution of

G (θ, γ0) = 0. ;

ii) For all δ > 0, there exists ε > 0 such that inf ||θ−θ0||≥δ ||G (θ, γ0) || ≥ ε;

iii) There exist some λ > 0 such that for any θ ∈ Θ, ‖G (θ, γ)−G (θ, γ)‖ ≤

λ ‖γ − γ0‖∞ for any γ ∈ Γ;

iv) ‖γ̂S − γ0‖∞ = oS,p (1);

v) For all δS positive such that δS = oS (1), supθ∈Θ,‖γ−γ0‖∞<δS
‖Gn(θ,γ)−G(θ,γ)‖

1+‖Gn(θ,γ)‖+‖G(θ,γ)‖ =

on,p (1) + oS,p (1).

The above assumptions are similar to those in Chen, Linton, and Van Keilegom

(2003) and Pakes and Pollard (1989), where the assumptions are usually satisfied when

observations are i.i.d. and G (θ, γ0) is smooth enough. Assumption 1 i) simply assumes

that the model can be globally point identified. Assumption 1 ii) assumes that the

function G (θ, γ0) is well behaved around the true parameter θ0. Assumption 1 iii) is

a Lipshitz contidion that imposes the uniform continuity for function G with respect

to the function γ. Assumption 1 iv) imposes that the approximator γ̂S converges to γ0

when S goes to infinity, which ensures the consistency of the approximator γ̂S. Assump-

tion 1 v) is an equicontinuity condition that simply imposes that for all positive sequence
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δS = o (1), supθ∈Θ,‖γ−γ0‖∞<δS
‖Gn (θ, γ)−G (θ, γ)‖ = on∧S,p (1) which is satisfied when

the class of measurable function {g (z, θ, γ) ; θ ∈ Θ, γ ∈ Γ} is PZ-Glivenko-Cantelli (see

Van der Vaart (2000)).

Theorem 1. If conditions in Assumption 1 are satisfied, then we have θ̂n,S − θ0 =

on∧S,p(1).

A proof of Theorem 1 is given in Appendix. Since S can be arbitrarily chosen, we

often take S ≥ n in practice. The result in Theorem 1 is intuitive because when S is

very large, the approximator γ̂S converges in probability to γ0 for any θ ∈ Θ. Therefore,

the approximate function Q̃n (θ, γ̂S) converges to Q̃n (θ, γ0), and Q̃n (θ, γ0) converges to

EZ (q (z, θ, γ0)).

3.2 Asymptotic normality

We now consider the asymptotic normality of the approximate estimator. We denote

for δ > 0, Θδ ≡ {θ ∈ Θ : ‖θ − θ0‖ ≤ δ} and Γδ ≡ {γ ∈ Γ : ||γ − γ0||∞ ≤ δ}. We use

D1 (θ, γ) to denote the partial Fréchet derivative of G (θ, γ) with respect to θ, and

D2 (θ, γ) to denote the partial Fréchet derivative (or pathwise derivative which is of-

ten used for semiparametric and nonparametric models, e.g., in Chen, Linton, and

Van Keilegom (2003) and Kristensen and Salanié (2015), they all used pathwise deriva-

tive. Whereas in Ichimura and Lee (2010), they used Fréchet derivative that is more

restrictive.) of G (θ, γ) with respect to γ at γ ∈ Γδ.

Assumption 2. i) D1 (θ, γ0) exists for θ ∈ Θδ, is continuous at θ = θ0, and D1 (θ0, γ0)

is full rank;

ii) For all θ ∈ Θδ, D2 (θ, γ0) [γ − γ0] exists in all γ − γ0 ∈ Γ, and for all γ ∈ ΓδS ,

we have ‖D2 (θ0, γ0) [γ − γ0]‖ = O
(
S−2β

)
;

iii) For all (θ, γ) ∈ Θ(δn+δS) × ΓδS with two positive sequences δn = on (1) and

δS = oS (1):
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‖G (θ, γ)−G (θ, γ0)−D2 (θ, γ0) [γ − γ0]‖ ≤ c ‖γ − γ0‖2
∞ for a constant c ≥ 0; and

‖D2 (θ, γ0) [γ − γ0]−D2 (θ0, γ0) [γ − γ0]‖ ≤ on (1) + oS (1);

iv) γ̂S with probability tending to one, and ‖γ̂S − γ0‖∞ = op
(
S−β

)
;

v) For all sequences of positive numbers δn and δS with δn = on (1), δS = oS (1):

sup
‖θ−θ0‖≤δn+δS ,‖γ−γ0‖∞≤δS

√
n ‖Gn (θ, γ)−G (θ, γ)−Gn (θ0, γ0)‖

1 +
√
n ‖Gn (θ, γ)‖+ ‖G (θ, γ)‖

= on∧S,p(1);

vi)
√
nGn (θ0, γ0)

d−→ N (0, V ), where V = EZ
(
g (z, θ0, γ0) g (z, θ0, γ0)′

)
.

Comparing Assumption 2 to those used in Chen, Linton, and Van Keilegom (2003),

the difference is that we do not insist on the uniform convergence rate of γ̂S and Gn. In

the case of classic two step semiparametric estimation, we often impose β = 1/4 as the

convergence rate in order to remove the second order terms. On the other hand, unlike

Chen, Linton, and Van Keilegom (2003), this method relaxes the dependence between

S and n and does not require a specific convergence rate of γ̂. In Assumption 2 ii),

we further assume that ‖D2 (θ0, γ0) [γ̂S − γ0]‖ = Op

(
S−2β

)
, in which the condition is

usually satisfied when using kernel or sieve approximation. In contrast with Assumption

1 v), Assumption 2 v) proposes a equicontinuity condition that simply imposes that for

all sequences of positive numbers δn and δS with δn = on (1) and δS = oS (1):

sup
‖θ−θ0‖≤δn+δS ,‖γ−γ0‖∞≤δS

√
n ‖Gn (θ, γ)−G (θ, γ)−Gn (θ0, γ0)‖ = on∧S,p(1),

which is satisfied when the class of measurable function {g (z, θ, γ) ; θ ∈ Θ, γ ∈ Γ} is

PZ-Donsker (see Van der Vaart (2000)), and Assumption 2 vi) ensures that Gn (θ0, γ0)

is Op

(
n−1/2

)
and
√
nGn (θ0, γ0) is asymptotically normal.

Before proving the asymptotic normality of this estimator, we look at the stochastic

bound of the estimator.

Lemma. Under assumption 1 and 2,
∥∥∥θ̂n,S − θ0

∥∥∥ = Op

(
n−1/2 ∨ S−2β

)
.
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Assumption 3. We assume that S2β > n1/2.

Without loss of generality, we can always take S > n or S = n and β > 1/4 such that

Assumption 3 can be easily satisfied, which ensures that the approximate estimator is

asymptotically first-order equivalent to the exact estimator. As a consequence, θ̂n,S −

θ0 is on,p(1) and
∥∥∥θ̂n,S − θ0

∥∥∥ is Op

(
n−1/2

)
, which allows us to find the classic root-n

consistency of the approximate estimator.

Theorem 2. Denote D1 ≡ D1 (θ0, γ0), under previous Assumption 1, 2 and 3, we have:

√
n
(
θ̂n,S − θ0

)
d−→ N

(
0, (D′1D1)

−1
D′1V D1 (D′1D1)

−1
)
.

A proof of Theorem 2 is given in Appendix. Theorem 2 suggests that we can in-

tentionally select an appropriate approximation method (namely the value of S and

β) such that Sβ is larger than n. In that case, the asymptotic variance becomes

(D′1D1)−1D′1V D1 (D′1D1)−1, that is the original “sandwich” formula for the asymp-

totic variance of extremal estimators. For example, in the case of likelihood estimation,

when S goes to infinity and Qn is smooth, the approximate estimator is asymptotically

equivalent to the exact estimator that is asymptotically efficient.

To estimate the variance, since the true value of θ that is unknown, it is possible to

estimate the asymptotic variance by:

(
D̂′1D̂1

)−1

D̂′1V̂ D̂1

(
D̂′1D̂1

)−1

,

under the self consistency property (see Tsai and Crowley (1985)) and by chain rule,

we have:

D̂1 =
1

n

n∑
i=1

[
∂

∂θ
g (zi, θ, γ̂S)

]
θ=θ̂n,S

V̂ =
1

n

n∑
i=1

[g (zi, θ, γ̂S) g′ (zi, θ, γ̂S)]θ=θ̂n,S .
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Otherwise, we can estimate the asymptotic variance more generally by using the boot-

strap method.

4 Monte Carlo simulation

4.1 Dynamic learning model

We start by using a simple parametric model to illustrate how this estimation method

works. We use the model in Han (2015) as an example, where the effects of grade

incentives are studied by considering a structural dynamic learning model in which a

student makes decisions about effort e1 and e2 at two periods in order to maximize

expected utility. The student does not know his true ability χ and revises parameter χ

at the end of each period. The instantaneous payoff at period one (respectively, two)

is κg1 (rep. (1− κ) g2), and the cost function at each period t is given by ct = c
2
e2
t . We

calibrate and fix κ = 0.5, c = 1 in the example.

This student considers the dynamic decision problem below, and chooses his optimal

level of effort at each period:

max
{e1,e2}∈R2

+

1
2
E1

{
g1 − 1

2
e2

1

}
+ 1

2
E2

{
g2 − 1

2
e2

2

}
s.t. gt = α + χ

(∑t
τ=1 eτ

)
+ εt, t = 1, 2

χ ∼ N
(
χ̄, σ2

χ

)
, εt ∼ N

(
0, σ2

εt

)
χ̄ = β + y,

where ε1 and ε2 are distributed independently and normally with mean zero and vari-

ance σε1 = 1, σε2 = 2. The student’s ability χ is normally distributed but is unobserved

by the student, and an exogenous variable y represents the student’s personal charac-

teristics.
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According to the results given in Han (2015), the optimization problem at t = 1 is:

e∗1 ∈ arg maxe1∈R+ χ̄e1 −
1

2
e2

1 +
(1− 1/2)2

2
Eχ1

[
χ2

11 {χ1 ≥ 0}
]

s.t. χ1 ∼ N
(
χ̄s,

σ4
χe

2
1

σ2
χe

2
1 + σ2

ε1

)
, (1)

where χ1 is normally distributed. Due to the existence of the expectation of a cen-

sored normal variable, we can only solve the equation numerically, and this makes the

estimation procedure computationally burdensome.

Let θ = (α, β, σε1 , σε2 , σχ)′ be the unknown parameters of interest to us. In a real

dataset example, the full likelihood function is:

Q̃n (g, y; θ) =
n∑
i=1

log

∫
χi

exp

−1

2

2∑
t=1

(
gi,t − α− χi

(∑t
τ=1 e

∗
i,τ

)
σ2
εt

)2
 dF (χi) .

Set $1 = σε2σχ, $2 = σε1σχ and $3 = σε1σε2 , and let:

fi = gi,1 − α1, ki = gi,2 − α2

ϕ1,i = $2
1e

2
i,1 +$2

2

(
e∗i,1 + e∗i,2

)2
+$2

3

ϕ2,i = $2
1ei,1fi +$2

2

(
e∗i,1 + e∗i,2

)
ki +$2

3 (β + y)

ϕ3,i = $2
1f

2
i +$2

2k
2
i +$2

3 (β + y)2 .

The criterion function above has a simpler explicit expression, that is:

Q̃n (g1, g2, y; θ, e1 (y; θ)) = −1

2

n∑
i=1

log (ϕ1,i) +
ϕ3,i −

ϕ2
2,i

ϕ1,i

$1$2$3

 .

In this specific example, the unknown function is e1 (y; θ) and can only be obtained

numerically. Furthermore, due to the linearity of the instantaneous payoff function g1

and g2, e1 can be rewritten as a function of (χ̄, σε1 , σχ), which roughly reduces the
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dimension of e1’s parametric space.

Data generation process For the Monte Carlo exercise, we choose the true θ as

given below:

θ0 = (α = 1, β = 2, σε1 = 1, σε2 = 1.5, σχ = 1)′ ,

where the observed variable y is assumed to be normally distributed with mean 5 and

variance 1. We generate R random samples of size n. In each sample, we simulate y,

χ, ε1 and ε2. We first compute the optimal value of e1 using Equation 1, then generate

g1. Once g1 is obtained, the augmented value of χ is given by:

χ1 = χ̄+
σ2
χe1

σ2
χe

2
1 + σ2

ε1

(g1 − α1 − χ̄e1) ,

which gives the optimal value of e2 = 1
2
χ̄11 {χ̄1 ≥ 0}, and generates g2. Finally, a total

number of n×R vectors of (g1, g2, y) are drawn from the DGP.

Approximation step According to this method, in the first step, we randomly and

independently draw S simulated values of ψ = (χ̄, σε1 , σχ)′ where χ̄ ≡ y + β is a linear

function of (y, β). We choose:

χ̄ ∼ Unif (0, 10) , σε1 ∼ Unif (0.5, 5) , σχ ∼ Unif (0.5, 5) .

Let ψs = (χ̄s, σε1,s, σχ,s)
′ be s’th generated value of ψ, and for each given ψs we compute

the true value of e∗1 (ψs) by solving the optimization problem below:

e∗1 (ψs) ∈ arg max
e1∈R+

χ̄se1 −
1

2
e2

1 +
1

8
Eχ1

[
χ2

11 {χ1 ≥ 0}
]

s.t. χ1 ∼ N
(
χ̄s,

σ4
χ,se

2
1

σ2
χ,se

2
1 + σ2

ε1,s

)
. (2)
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Using a Nadaraya-Watson type approximation, we can obtain a nonparametric approx-

imator of e1 as a function of ψ, S and H. The effort approximator is represented as a

function of weighted mean:

ê1 (ψ, S,H) =
S∑
s=1

KH (ψs − ψ)∑S
s=1KH (ψs − ψ)

e∗1 (ψs) ,

where H is a “bandwidth matrix” that is diagonal and diagonal terms are hγ̄, hσε1 and

hσγ ; K is a multivariate Gaussian kernel function.

The selection of bandwidths follow the rules described in Section 2, while Section 3.2

shows that the asymptotic distribution relies on the condition that S×hχ̄×hσε1×hσχ >

n. The values of bandwidth depend on n and the dimension of ψ (which in this case

is 3). In this example, we suggest taking hq = σqS
−1/(d+4), for q ∈ {χ̄, σε1 , σχ} and

σq = (max q−min q)2

12
. This setting is similar to the rule in Scott (2015) that approximately

minimizes AMISE. Thus, the previous condition becomes Πq∈{χ̄,σε1 ,σχ}σqS
4/7 > n. For

example, if n = 100, we have n/Πq∈{χ̄,σε1 ,σχ}σq = 1.89. One can take S = 1, 000,

hχ̄ = 3.10, hσε1 = hσχ = 0.93 and S × hχ̄ × hσε1 × hσχ = 2742� n.

Estimation step We estimate the model by using the “approximate” criterion func-

tion:

Q̃n (g1, g2, y; θ, ê1 (ψ (θ) , S)) = −1

2

n∑
i=1

log (ψ1,i) +
ϕ3,i −

ϕ̂2
2,i

ϕ̂1,i

$1$2$3

 ,

and the approximate estimator θ̂n,S is given by:

θ̂n,S ∈ Q̃n (g1, g2, y; θ, ê1 (ψ (θ) , S)) .

According to Theorem 2, we deduce that θ̂n,S is asymptotically distributed as:

√
n
(
θ̂n,S − θ0

)
`−→ N

(
0, (D′1D1)

−1
D′1V D1 (D′1D1)

−1
)
,
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where the unknown matrix D1 can be estimated by:

D̂1 =
∂

∂θ∂θ′
Q̃2
n (g1, g2, y; θ, ê1 (ψ (θ) , S)) |θ=θ̂n,S ,

and V is estimated by:

V̂ =

[
∂

∂θ′
Q̃n (g1, g2, y; θ, ê1 (ψ (θ) , S))

∂

∂θ
Q̃n (g1, g2, y; θ, ê1 (ψ (θ) , S))

]
θ=θ̂n,S

.

Based on the self-consistency properties, we can estimate the partial derivatives of

e1 with respect to to θ by differentiating KH(ψs−ψ(θ))∑S
s=1KH(ψs−ψ(θ))

from ê1 (ψ (θ) , S) (e.g., see

Charnigo and Srinivasan (2011)).

Monte Carlo results We consider various sample sizes n and numbers of simulations

S. In each sample, we estimate parameters using Exact Maximum Likelihood (EML)

estimation, Approximate Estimation (AE) using the Nadaraya-Watson (NW) and the

Local Polynomial (LP) type approximations. The Exact Maximum Likelihood uses the

exact solution of e1 by solving the optimization problem in Equation 2. The Nadaraya-

Watson type estimation is based on the estimation procedure described previously. The

Local Polynomial type estimation is along the same lines as the Nadaraya-Watson type

estimation, but here we approximate the value of e1 using Local Polynomial nonpara-

metric regression with the degree of smoothing h = 0.5 (see Fan and Gijbels (1996)).

We use the Nelder–Mead optimization algorithm (see Nelder and Mead (1965)),

that is, we use the default method in the R software to calculate the true value of

e1, and we print out the results of estimation (including the 95% confidence level) and

the computation time consumed for the calculation for all methods. Table 1 reports

the results for n = 100, 200 and 300. In the meantime, we test for different numbers

of simulations with S =1,000 , 2,000 and 2,500 . Compared with the EML, for the

estimation results, we find that both types of approximation (NW and LP) hare similar
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estimation results when the number of simulations are high enough. In terms of time

cost, the computational time of the estimation program in R sharply reduces when

using approximation methods. Thus, LP approximation is less time-consuming and NW

approximation takes more time when the number of simulations S increases, because

the NW predicted value of γ is fixed by each simulated value of ψ and its corresponding

value of γ (ψ).

4.2 Rust model

Another leading example that helps to illustrate this estimation framework is the well-

known Rust (1987) model of bus engine replacement. An agent decides at each period

t ∈ {1, ..., T} whether he will replace the engine (yt = 1) or not (yt = 0). Both econo-

metrician and agent can observe the cumulative mileage denoted by xt ∈ {0, ..., 80}. We

assume that the evolution of mileage is stochastic and discretely distributed such that

∆xt+1 = (xt+1 − xt) follows a multinomial distribution on {0, 1, 2} when maintaining

the engine (yt = 0). Otherwise (yt = 1), the bus is as good as new and xt = 0. There-

fore, the conditional probability distribution of the next period’s mileage is described

as follows:

P (xt+1 = xt + j|xt, yt = 0) = πj∑
j∈{0,1,2}

πj = 1.

We fix the value of π′js as given by π = (0.3489; 0.6394; 0.0117).

We further define the instantaneous payoff by taking the following parametric struc-

ture:

u (xt, εt, yt; θ) = −c× xt × (1− yt)−RC × yt + εy,t,

where c is the marginal a cost of one unit increase in mileage, RC stands for the fixed

costs of adjustment and εy,t for y = 0, 1 represents structural errors that are assumed to
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n = 100, S = 1000 n = 100, S = 2000

Coef Value AE (NW) AE (LP) EML AE (NW) AE (LP) EML
α 1 1.51 1.49 1.35 1.0068 1.095 1.35

(1.09,1.66) (1.11,1.63) (0.86,1.63) (0.64,1.47) (0.64,1.56) (0.86,1.63)
β 2 1.97 1.95 1.94 1.93 1.94 1.94

(1.92,2.06) (1.93,2.011) (1.92,1.99) (1.88,1.95) (1.89,1.97) (1.92,1.99)
σε1 1 1.63 1.006 0.71 1.21 1.22 0.71

(1.027,1.89) (0.46,1.66) (0.031,1.67) (0.28,1.69) (0.64,1.69) (0.031,1.67)
σε2 1.5 0.31 1.41 1.65 1.61 1.12 1.65

(0.0012,1.69) (0.46,1.66) (0.0013,2.40) (0.0012,3.36) (0.0011,2.25) (0.0013,2.40)
σγ 1 1.046 1.012 1.035 1.27 1.085 1.035

(0.89,1.20) (0.89,1.14) (0.833,1.20) (0.83,1.38) (0.87.1.23) (0.833,1.20)
Time (second) 22.96 30.75 63.64 59.027 45.39 63.64

n = 200, S = 2000 n = 300, S = 2500

Coef Value AE (NW) AE (LP) EML AE (NW) AE (LP) EML
α 1 1.14 1.38 1.41 1.38 1.44 1.32

(0.83.1.51) (0.59,1.64) (1.069,1.64) (1.081,1.63) (1.11,1.63) (1.049,1.071)
β 2 1.94 1.97 1.95 1.94 1.94 1.94

(1.90,1.98) (1.93,2.093) (1.93,1.98) (1.92,1.96) (1.94,1.96) (1.93,1.95)
σε1 1 1.31 1.59 1.18 0.64 0.31 0.37

(0.83,1.69) (0.86,1.67) (0.52,1.66) (0.031,1.67) (0.01,1.67) (0.031,1.66)
σε2 1.5 0.89 0.15 1.04 1.89 2.07 1.99

(0.001,1.94) (0.001,1.69) (0.001,1.94) (0.001,2.51) (0.01,2.51) (0.0011,2.000)
σγ 1 1.05 0.97 1.001 1.001 1.04 1.037

(0.94,1.203) (0.89,1.077) (0.89,1.14) (0.83,1.67) (0.93,1.20) (0.93,1.21)
Time (seconds) 75.51 55.78 147.81 143.052 110.22 214.35

Table 1: Monte Carlo Simulation Results (1,000 replications)
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be Gumbel distributed. Thus, an agent considers the following problem at each period

t:

max
yt

u (xt, εt, yt; θ) + βEV (xt, yt; θ) ,

where EV (xt, yt; θ) ≡ Ext+1,εt+1|xt,ytV (xt, yt; θ) is the expected value function that is

evaluated numerically only, and we fix the discount factor β to β = 0.99.

Let θ = (c, RC)′ be the unknown parameters of interest. In a real dataset example,

the exact log likelihood function is additively separable in the two parts:

Q̃n

(
{xit}t=1,...,T

i=1,n , {yit}t=1,...,T
i=1,n ,EV ; θ

)
=

n∑
i=1

T∑
t=1

logP (yit|xit, θ) +
n∑
i=1

T∑
t=1

logP (xit|xit−1, yit−1, θ) ,

where the choice specific probability takes the form:

P (yit|xit, θ) =
exp (−c× xit × (1− yit)−RC × yit + βEV (xit, yit; θ))∑
j=0,1 {exp (−c× xit × (1− j)−RC × j + βEV (xit, j; θ))}

.

Since the parameters of the Markov transition probabilities for mileage π are presumed

to be given, the unknown parameter θ is estimated using the first component, that

is,
∑n

i=1

∑T
t=1 logP (yit|xit, θ). If π is unknown, we can first estimate π conditional on

xit−1 and yit−1, and thereby plug π̂ into the first component to estimate θ.

For the Monte Carlo exercise, we select the true θ as given below:

θ0 = (c = 0.0394, RC = 9.7558)′ .

These values are indeed similar to the estimates in Rust (1987). We set x0 = 0 for

all buses, and generate 1,000 random samples of size n × 500. In each sample, we

sequentially simulate x, ε and y. The expected value function EV (xt, yt; θ) is evaluated
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using the numerical iteration below:

EV (x, y = 0; θ) =
2∑

k=0

πk log

{∑
j=0,1

exp [u (zk, j; θ) + βEV (zk, j)]

}

EV (x, y = 1; θ) = log

{∑
j=0,1

exp [u (0, j; θ) + βEV (0, j)]

}
u (zk, j; θ) = −c× zk × (1− j)−RC × j.

We remove the first n × (500− T ) samples as burn-ins in order to get stationarity of

the distribution of cumulative mileage. Finally, n× T samples are generated.

The value function iteration is usually time consuming. In this example, we look

to approximate the function EV by randomly and independently drawing S simulated

values of (c, RC)′;

c ∼ Unif (0.01, 0.1) , RC ∼ Unif (5, 15) .

For each value of (cs, RCs), we iterate the expected value function using the value

function iteration algorithm and obtain EV (x, y; cs, RCs) for each x ∈ {0, ..., 80} and

for y ∈ {0, 1}.

Let ψs ≡ θ = (cs, RCs) be the reparametrized parameter set. We define the NW

type nonparametric approximation of EV (x, y; c, RC) for each y ∈ {0, 1} and x ∈

{0, 1, 2, ..., 80}:

ÊV (x, y; c, RC) ≡ ÊV (x, y; θ) =
S∑
s=1

KH (ψs − θ)∑S
s=1KH (ψs − θ)

EV (x, y;ψs) .

As the weight component KH (ψs − θ) does not depend on the state variable x, approx-

imations ÊV (x, y; c, RC) computed as the weighted mean of the evaluated expected

value function have the same weight components. The choice of S and H = (hc, hRC) is

along the same lines as previously described, thus, we suggest selecting hc = σc (S)−1/6

and hRC = σRC (S)−1/6. In this example, σc = 0.014 and σRC = 4.36, when S =1,000,
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n = 150, T = 20, S = 1000 n = 200, T = 25, S = 1000

Coef Value AE (NW) AE (LP) AE (NW) AE (LP)
θ 0.034 0.055 0.050 0.041 0.035

(0.030,0.090) (0.033,0.069) (0.025,0.058) (0.028,0.045)
RMSE 0.026 0.019 0.011 0.0047
RC 9.7558 10.24 12.16 10.15 10.56

(9.095,11.67) (9.71,14.14) (9.39,11.086) (9.38,12.074)
RMSE 0.82 2.74 0.58 1.063
Time (second) 23.27 60.45 25.076 59.57

Table 2: Monte Carlo Simulation Results (Rust model and 1,000 replications)

the corresponding bandwidths are hc = 0.0044 and hRC = 1.37.

We estimate the function by using the approximate criteria function:

Q̃n

(
x, y; θ, ÊV (x, y; θ)

)
=

n∑
i=1

T∑
t=1

log
exp

(
−c× xit × (1− yit)−RC × yit + βÊV (xit, yit; θ)

)
∑

j=0,1

{
exp

(
−c× xit × (1− j)−RC × j + βÊV (xit, j; θ)

)}
and report the estimation result in Table 2. We do not report the estimation result

using exact likelihood because it takes approximately one hour for a single estimation.

We find that when n is small, estimations of the model are usually biased due to the

unbalanced samples. The frequency of choosing d = 1 as the optimal decision is less

than 2%, which also increases the computational time of the optimal search. Our

approximation reaches a lower level of RMSE.

5 Conclusion

This paper simplifies structural estimation in which the criterion function contains nu-

merical solutions. Motivated by increasing computational efficiency, we introduce a

general approximation method as a way to estimate structural models. Unlike the pre-

vious literature on structural estimation with approximation method, this method can

be generally applied to a large class of structural models, is attractive in several ways.
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First, by approximating numerical solutions as functions of reparametrized parameters,

this method helps avoid burdensome computations. Moreover, plugging closed form

approximations into the criterion function allows us to analytically compute Jacobians

and Hessian matrices. In comparison with other methods that simplify structural esti-

mation (e.g., Su and Judd (2012)), this method accelerates not only the computational

time but also the coding time. Second, the approximation step does not depend on

real data, thereby it is purely model-based. Consequently, the approximation step is

easily implemented, and is completely performed outside the estimation loop. Third,

in comparison with other methods that approximate functions using numerical or/and

iterative methods (e.g., Jones, Schonlau, and Welch (1998) and Jones (2001), and Stoye,

Kaido, and Molinari (2016) for a recent application), this method does not depend on

the iteration. However, it does achieve a similar quality of estimation.

We believe that our method provides a flexible means of estimating structural mod-

els with complex functional forms. The method combines the tools of simulation and

approximation, and uses either kernel or sieve type approximation to estimate models.

We study the asymptotic properties of the estimator, provide sufficient conditions en-

suring consistency and asymptotic normality for the final estimates, and illustrate the

finite sample behavior with Monte Carlo numerical studies.

Kristensen and Salanié (2015) state that choosing a sufficiently fine approximation

reduces the negative effect of using approximation, but increases computational time

in the meanwhile. In this paper, however, we roughly assume that the number of

simulations is large enough to avoid additional biases and/or lose efficiency. We do not

suggest using a very small number of simulations, as this may lead to a violation of the

asymptotic normality of the estimator. For some values of S that affect approximation

biases but not asymptotic efficiency, a solution using resampling techniques is provided

by Kristensen and Salanié (2015). However, using resampling techniques again increases

computational time and makes this method less attractive.
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A future interesting direction may be to discuss the “best” match for a given struc-

tural model. In practice, we find that not all types of approximation are suitable for

all kinds of structural models. For example, in the dynamic discrete choice model

(Rust (1987)) and when approximating expected value function, the Monte Carlo re-

sults show that LP approximation behaves better than NW approximation in terms of

computational time and estimation accuracy. However, both types of approximation

are suitable for the model estimation of Han (2015). Another interesting direction may

be to study the correlation between approximation errors. Since the numerical solution

of the nuisance function is deterministic, any lack of fit would be solely due to model-

ing errors. Thus, error terms are not independent: studying the correlations between

approximation error terms helps to improve the approximation quality and enhances

the estimation efficiency.
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Appendix:

PROOF OF THEOREM 1. The proof is similar to those in Pakes and Pollard (1989)

Corollary 3.2 and Chen, Linton, and Van Keilegom (2003) Theorem 1. Condition ii)

ensures:

P
(∥∥∥θ̂n,S − θ0

∥∥∥ > δ
)
≤ P

(∥∥∥G(θ̂n,S, γ0

)∥∥∥ ≥ ε(δ)
)
.

We notice that both Gn

(
θ̂n,S, γ̂S

)
and G (θ0, γ0) are equal to 0. By the triangle in-

equality, we have:

∥∥∥G(θ̂n,S, γ0

)∥∥∥ ≤ ∥∥∥G(θ̂n,S, γ0

)
−G

(
θ̂n,S, γ̂S

)∥∥∥+
∥∥∥G(θ̂n,S, γ̂S)−Gn

(
θ̂n,S, γ̂S

)∥∥∥ .
It is obvious that the first term

∥∥∥G(θ̂n,S, γ0

)
−G

(
θ̂n,S, γ̂S

)∥∥∥ is oS,p (1), because by

Assumption 1 iii) and iv), we have:

∥∥∥G(θ̂n,S, γ0

)
−G

(
θ̂n,S, γ̂S

)∥∥∥ ≤ λ ‖γ0 − γ̂S‖ = oS,p (1) .

By Assumption 1 v), with probability tending to one as S tends to infinity, the

second term is bounded by:

∥∥∥G(θ̂n,S, γ̂S)−Gn

(
θ̂n,S, γ̂S

)∥∥∥ ≤ on∧S,p(1) + on∧S,p(1)
∥∥∥G(θ̂n,S, γ̂S)∥∥∥+ 0,

which rearranges to:

∥∥∥G(θ̂n,S, γ̂S)∥∥∥ (1− on∧S,p(1)) ≤ on∧S,p(1),

By the Taylor expansion we have 1/(1−on∧S,p(1)) = 1+on∧S,p(1), which yields that∥∥∥G(θ̂n,S, γ̂S)∥∥∥ ≤ on∧S,p(1), thus
∥∥∥G(θ̂n,S, γ0

)∥∥∥ ≤ on∧S,p(1).
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PROOF OF LEMMA. By Theorem 1, the consistency allows us to choose two se-

quences δn = op (1) and δS = oS (1) such that:

P
(∥∥∥θ̂n,S − θ0

∥∥∥ ≥ δn + δS, ‖γ̂S − γ0‖∞ ≥ δS

)
→ 0.

By Assumption 2 i), the differentiability states the existence of a positive constant

C for which:

‖G (θ0, γ0)−G (θ, γ0)‖ ≥ C ‖θ − θ0‖ for θ ∈ Θδ,

therefore G (θ0, γ0) = 0 implies
∥∥∥G(θ̂n,S, γ0

)∥∥∥ ≥ C
∥∥∥θ̂n,S − θ0

∥∥∥ (see Pakes and Pollard

(1989), p16).

By the triangle inequality we have:

∥∥∥G(θ̂n,S, γ0

)∥∥∥ ≤ ∥∥∥G(θ̂n,S, γ0

)
−G

(
θ̂n,S, γ̂S

)∥∥∥+ ‖Gn (θ0, γ0)‖

+
∥∥∥G(θ̂n,S, γ̂S)−Gn

(
θ̂n,S, γ̂S

)
−Gn (θ0, γ0)

∥∥∥ ,
whereby Assumption 2 vi) the second term is ||Gn (θ0, γ0) || = Op

(
n−1/2

)
.

It is clear to see that the supremum Assumption 2 v) ensures that:

∥∥∥Gn

(
θ̂n,S, γ̂S

)
−G

(
θ̂n,S, γ̂S

)
−Gn (θ0, γ0)

∥∥∥
≤ on∧S,p(1)× op

(√
n+

∥∥∥G(θ̂n,S, γ̂S)∥∥∥+ 0
)

≤ on∧S,p(1)op

(√
n+

∥∥∥G(θ̂n,S, γ̂S)−G(θ̂n,S, γ0

)∥∥∥+
∥∥∥G(θ̂n,S, γ0

)∥∥∥) .
We now consider

∥∥∥G(θ̂n,S, γ0

)
−G

(
θ̂n,S, γ̂S

)∥∥∥. By the triangle inequality we have:

∥∥∥G(θ̂n,S, γ0

)
−G

(
θ̂n,S, γ̂S

)∥∥∥
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≤
∥∥∥G(θ̂n,S, γ0

)
−G

(
θ̂n,S, γ̂S

)
−D2

(
θ̂n,S, γ0

)
[γ̂S − γ0]

∥∥∥
+

∥∥∥D2

(
θ̂n,S, γ0

)
[γ̂S − γ0]−D2 (θ0, γ0) [γ̂S − γ0]

∥∥∥+ ‖D2 (θ0, γ0) [γ̂S − γ0]‖ ,

where by Assumption 2 iii), and along with Assumption 2 iv), the first term on the

right hand side is bounded by:

∥∥∥G(θ̂n,S, γ0

)
−G

(
ˆθn,S, γ̂S

)
−D2

(
θ̂n,S, γ0

)
[γ̂S − γ0]

∥∥∥ ≤ c ‖γ − γ0‖2
∞

= op(S
−2β),

and the second term
∥∥∥D2

(
θ̂n,S, γ0

)
[γ̂S − γ0]−D2 (θ0, γ0) [γ̂S − γ0]

∥∥∥ is bounded by:

∥∥∥D2

(
θ̂n,S, γ0

)
[γ̂S − γ0]−D2 (θ0, γ0) [γ̂S − γ0]

∥∥∥ ≤ on (1) + oS (1) .

By condition ii), ‖D2 (θ0, γ0) [γ̂S − γ0]‖, with probability tending to one as S tends

to infinity, the last term is bounded by Op

(
S−2β

)
.

Hence, we obtain:

∥∥∥G(θ̂n,S, γ0

)
−G

(
θ̂n,S, γ̂S

)∥∥∥ ≤ op
(
S−2β

)
+ (on (1) + oS (1)) +Op

(
S−2β

)
= Op

(
S−2β

)
,

and plugging this results into the previous inequality, we now know that:

‖Gn (θ0, γ0)‖ = Op

(
n−1/2

)
∥∥∥G(θ̂n,S, γ0

)
−G

(
θ̂n,S, γ̂S

)∥∥∥ ≤ Op

(
S−2β

)
,

and:

∥∥∥Gn

(
θ̂n,S, γ̂S

)
−G

(
θ̂n,S, γ̂S

)
−Gn (θ0, γ0)

∥∥∥ ≤ on∧S,p(1)×
(
n−1/2 +Op

(
S−2β

)
+
∥∥∥G(θ̂n,S, γ0

)∥∥∥)
= op

(
n−1/2 ∧ S−2β

)
+ on∧S,p(1)

∥∥∥G(θ̂n,S, γ0

)∥∥∥ .
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Thus, we have:

∥∥∥G(θ̂n,S, γ0

)∥∥∥ ≤ Op

(
n−1/2

)
+ op

(
n−1/2 ∧ S−2β

)
+ on∧S,p(1)

∥∥∥G(θ̂n,S, γ0

)∥∥∥+Op

(
S−2β

)
,

which can be rearranged by:

∥∥∥G(θ̂n,S, γ0

)∥∥∥ (1− on∧S,p(1)) ≤ Op

(
n−1/2

)
+ op

(
n−1/2 ∧ S−2β

)
+Op

(
S−2β

)
= Op

(
n−1/2 ∨ S−2β

)
.

Thus, we have:

C
∥∥∥θ̂n,S − θ0

∥∥∥ ≤ ∥∥∥G(θ̂n,S, γ0

)∥∥∥ ≤ Op

(
n−1/2 ∨ S−2β

)
,

and Lemma holds.

PROOF OF THEOREM 2. Now define a function:

Jn,S (θ) = Gn (θ0, γ0) +D1 [θ − θ0] +D2 (θ0, γ0) [γ̂S − γ0] ,

we have:

∥∥∥Gn

(
θ̂n,S, γ̂S

)
− Jn,S

(
θ̂n,S

)∥∥∥ =

∥∥∥∥Gn

(
θ̂n,S, γ̂S

)
+Gn (θ0, γ0) +G

(
θ̂n,S, γ̂S

)
−G

(
θ̂n,S, γ̂S

)
−Gn (θ0, γ0)− Jn,S

(
θ̂n,S

)∥∥∥∥
≤

∥∥∥G(θ̂n,S, γ̂S)−G(θ̂n,S, γ0

)
−D2 (θ0, γ0) [γ̂S − γ0]

∥∥∥
+

∥∥∥G(θ̂n,S, γ0

)
−D1

[
θ̂n,S − θ0

]∥∥∥
+

∥∥∥Gn

(
θ̂n,S, γ̂S

)
−G

(
θ̂n,S, γ̂S

)
−Gn (θ0, γ0)

∥∥∥ .
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It is clear that by Assumption 2 ii), iii) and iv) and Assumption 3, that the first term

on the previous equation’s right-hand side is bounded by:

∥∥∥G(θ̂n,S, γ̂S)−G(θ̂n,S, γ0

)
−D2

(
θ̂n,S, γ0

)
[γ̂S − γ0]

∥∥∥
+

∥∥∥D2 (θ0, γ0) [γ̂S − γ0]−D2

(
θ̂n,S, γ0

)
[γ̂S − γ0]

∥∥∥
≤ op

(
S−2β

)
+ on∧S,p (1) .

Using Taylor expansion, the second term is:

∥∥∥G(θ̂n,S, γ0

)
−D1

[
θ̂n,S − θ0

]∥∥∥ =
∥∥∥G(θ̂n,S, γ0

)
−G (θ0, γ0)−D1

[
θ̂n,S − θ0

]∥∥∥
= o

(∥∥∥θ̂n,S − θ0

∥∥∥) = on∧S,p(1),

and by Assumption 2 v), Lemma 1 and Assumption 3, the last term is bounded by:

∥∥∥Gn

(
θ̂n,S, γ̂S

)
−G

(
θ̂n,S, γ̂S

)
−Gn (θ0, γ0)

∥∥∥ ≤ on∧S,p (1)×
(
n−1/2 +

∥∥∥G(θ̂n,S, γ̂S)∥∥∥+ 0
)

≤ op(n
−1/2).

Thus

∥∥∥∥∥∥∥Gn

(
θ̂n,S, γ̂S

)
︸ ︷︷ ︸

=0

− Jn,S
(
θ̂n,S

)∥∥∥∥∥∥∥ is op
(
n−1/2

)
, which allows us to construct an ap-

proximation error of order op
(
n−1/2

)
and let θ∗n,S be the global minimizer ‖Jn,S (θ)‖.

Hence the least square estimator gives:

(
n1/2

) (
θ∗n,S − θ0

)
= −

(
n1/2

)
(D′1D1)

−1
D′1 {Gn (θ0, γ0) +D2 (θ0, γ0) [γ̂S − γ0]}

+op
(
n−1/2

)
.

By Assumption 2 vi) and 3, we have that D2 (θ0) [γ̂S − γ0] converges in probability to

36



0 when S−2β goes to infinity, which gives that:

√
n {Gn (θ0, γ0) +D2 (θ0, γ0) [γ̂S − γ0]} `−→ N (0, V ) .

Analogously we can prove that:

∥∥Gn

(
θ∗n,S, γ̂S

)
− Jn,S

(
θ∗n,S

)∥∥ = op
(
n−1/2

)
,

since Gn (θ, γ̂S) and Jn,S (θ) are close at both θ̂n,S and θ∗n,S. Moreover, θ̂n,S minimizes

‖Gn (θ, γ̂S)‖ and θ∗n,S minimizes ‖Jn,S (θ)‖, thus, for θ̂n,S closed to minimizing Jn,S (θ),

we have:

∥∥Jn,S (θ∗n,S)∥∥ =
∥∥∥Jn,S (θ̂n,S)∥∥∥+ op

(
n−1/2

)
,

which yields that:

∥∥∥Jn,S (θ̂n,S)∥∥∥2

=
∥∥Jn,S (θ∗n,S)∥∥2

+ 2op
(
n−1/2

) ∥∥Jn,S (θ∗n,S)∥∥+ op
(
n−1/2

)2

=
∥∥Jn,S (θ∗n,S)∥∥2

+ 2op
(
n−1/2

)
op
(
n−1/2

)
+ op

(
n−1/2

)
=

∥∥Jn,S (θ∗n,S)∥∥2
+ op

(
n−1/2

)
,

besides θ∗n,S minimizes ‖Jn,S (θ)‖, by orthogonal decomposition we have, for any θ ∈ Θδ:

‖Jn,S (θ)‖2 =
∥∥Jn,S (θ∗n,S) ||2 + ||Jn,S (θ)− Jn,S

(
θ∗n,S

)∥∥2

=
∥∥Jn,S (θ∗n,S)∥∥2

+
∥∥D1

[
θ − θ∗n,S

]∥∥2
.

Thus, one can deduce that

∥∥∥D1

[
θ̂n,S − θ∗n,S

]∥∥∥2

= op
(
n−1/2

)
,
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and it is equivalent to

θ̂n,S − θ0 =
(
θ̂n,S − θ∗n,S + θ∗n,S − θ0

)
= op

(
n−1/2

)
+
(
θ∗n,S − θ0

)
,

and:

(
n1/2

) (
θ̂n,S − θ0

)
=

(
n1/2

) (
θ∗n,S − θ0

)
+ op (1) ,

from which the central limit theorem follows.
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