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Abstract

We introduce the notion of dynamically useless factors: factors that may be useless (inde-
pendent of assets returns) at some periods of time, while relevant at other periods of time. The
notion of dynamically useless factors bridges the literature on classical empirical asset pricing
and the more recent literature on useless factors. Both of these literatures assume the relevance
of every factor is constant throughout the time span of the data.

The notion of dynamically useless factors is a natural extension to models with time-varying
betas and time-varying risk premia. In this new framework, we propose the following modified
Fama-Macbeth procedure to estimate the risk premia. In the first step, we estimate betas at
every time period using high frequency data. This step allows us to identify the time periods,
for which any factor is useless. This in turn allows us to define a penalty function for the second
step. The second step uses this penalty function to estimate a parametric dynamic model for
risk premia, while also imposing the cross-sectional asset pricing restrictions. We use daily and
monthly observations over 1964-2015 to apply our methodology to the Fama-French five-factor
model and 255 Fama-French portfolios, and we find that none of these factors is redundant.
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1 Introduction

Following the initial CAPM model of Sharpe (1964) and Lintner (1965), numerous
papers emphasize evidence in favour of time variation in betas, see, e.g. Bollerslev et al.
(1988) and Jagannathan and Wang (1996).1 As stressed by Engle et al. (1987), the time-
variation of uncertainty in assets returns leads to a variation of compensation required by
risk averse agents, as the payoff of the risky assets change though time. Time-varying betas
are usually modeled together with time-varying risk premia. For example, some papers
develop this link by using the bond pricing framework where ARCH models capture the
dynamics of the model (Engle et al., 1987; Evans, 1994). Other papers use the arbitrage
pricing framework together with linear factor models, see, e.g., Lettau and Ludvigson
(2001b) and Gagliardini et al. (2016) (hereafter GOS).

Linear factor models have been widely used in finance in order to explain cross-
sectional returns of assets. The initial approach has been to use the market return as
the single factor, see, e.g., Fama and MacBeth (1973) or Black (1972). Many additional
factors have been proposed based on either empirical or theoretical analysis (Ferson and
Harvey, 1991; Fama and French, 1993; Lettau and Ludvigson, 2001b). Over the years,
hundreds of factors have been used to explain assets returns; Harvey et al. (2015) list more
than 300 of these factors. Unfortunately, many factors presented as important in some
papers appear to display insignificant covariances with assets returns.2 When a factor has
negligible covariances with all asset returns, the rank condition of the factor model fails,
and inference becomes unreliable. Such factor is referred to as a useless factor, following
the definition of Kan and Zhang (1999): it is a a factor that is independent of all the
assets returns. As the agents update their beliefs, the returns are continuously updated
and the sensitivity of the assets with respect to risk factors changes accordingly over
time. Then because of phenomena like crisis, asymmetries or momentum, it is entirely
possible to have a factor which is not useless in a given time period (we call such a factor
a useful factor), and useless in another one. A portfolio manager may regularly update
his information on the relevant set of risk factors in order to update his optimal portfolio;
all the risk factors are not necessarily important at the same time. This motivates us to
introduce the notion of dynamically useless factors: risk factors that are useless at least
in one time period.

We propose a method to infer the time-varying risk premia in the presence of a
(dynamically) useless factor. To do so, we adopt a conditional factor model. Note that

1For additional evidence, see also Ferson and Harvey (1991), Petkova and Zhang (2005) and Ang and
Chen (2007).

2 Gospodinov et al. (2014a) show for example that the consumption-wealth, the durable and the non
durable consumption factors of Lettau and Ludvigson (2001a), are not priced at the 5% significance level.
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standard estimation procedures fail in the presence of (dynamically) useless factors. We
adapt the shrinking procedure introduced by Bryzgalova (2014) to the conditional factor
models in order to consistently estimate the time-varying risk premia of factors (for periods
where they are useful), and achieve robustness to the presence of potential (dynamically)
useless factors. In our theoretical framework, the number of assets is large. The advantage
of our approach is that we can use large equity data sets such as individual asset data,
which allows us to avoid biases induced by grouping assets into portfolios (see for example
Lo and Mackinlay, 1990). We use two types of data according to their sampling frequency:
a low-frequency, e.g., monthly, data set for the estimation of the risk premia at a low
frequency, as well as a high-frequency data set. The high frequency data is used to
estimate the betas every month, and the low frequency data is used to estimate the
conditional risk premia. In a framework of a large number of assets, a large number of
periods (months), and a large number of high-frequency observations in every period,
our estimator consistently estimates the risk premia of any factor when it is useful, and
shrinks to zero its risk premium when the factor is useless. Importantly, this result is
robust to the presence of a potential (dynamically) useless factor

In our empirical application, we consider three models: the three-factor model of
Fama and French (1993), the four-factor model of Carhart (1997), and the five-factor
model of Fama and French (2015). We estimate monthly risk premia by using both daily
data and monthly data. Our results show that all the factors from the aforementioned
models display months where they are not priced, even if they are all found to be rele-
vant. Overall, we find that none of the five factors of the Fama-French five-factor model is
redundant when daily information on factors is taken into account. This result is partic-
ularly interesting, as the main argument used again the Fama-French five-factor model is
that some factors would become redundant when we add the operating profitability factor
(RMW) and the investment factor (CMA) to the original Fama-French three factors.

This paper is related to the literature that studies the effect of useless factors on the
Fama-MacBeth estimation of risk premium in the arbitrage pricing theory framework.
As Kan and Zhang (1999) point out, the risk premium estimation by the Fama-MacBeth
method is erroneous when there are factors with null betas. Moreover, Kleibergen (2009)
shows that in the presence of such factors or when the number of assets is large, linear
factor models based on the Fama-MacBeth estimator give misleading results. This finding
is confirmed by Kleibergen and Zhan (2015) and Burnside (2015), as they document
that when the model includes factors weakly correlated with the assets being priced,
the standard estimation methods lead to unreliable risk premia estimation. Likewise,
Gospodinov et al. (2014a) analyze the effect of misspecification and factor irrelevance
on asset-pricing models. They show that the inclusion of factors uncorrelated with the
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priced assets leads to unreliable statistical inference. Gospodinov et al. (2014b) show that
using optimal and invariant estimators like GMM does not solve the inference problem
stressed above, but rather makes estimations worse. All the papers referred above assume
constant betas in their theoretical framework; from this perspective, they are different
from this paper. Very few papers propose methods to estimate risk premia of useful factors
in the presence of useless ones. Under the assumption of constant betas, Gospodinov
et al. (2014a) and Feng et al. (2017) propose a selection procedure which eliminates
the useless factors from the model and restores the inference properties of the useful
ones. Bryzgalova (2014) proposes an improvement of the Fama-MacBeth approach by
considering a penalized Lasso as second step, and by penalizing according to the nature
of the factors. Finally, Giglio and Xiu (2017) propose a three-pass method in order to
recover information from omitted factors and to have valid risk premia estimations.

The next of the paper is organized as follows: we motivate in section 2, why it is
important to consider that some factors could be dymamically useless. Section 3 presents
the model, the estimation procedures and the asymptotic properties of our estimator.
Section 4 presents the results of the Monte-Carlo simulations. Section 5 presents the
results of the empirical applications. Section 6 concludes.

2 Dynamically useless factors: motivation

We present here the reasons of considering dynamically useless factors in a condi-
tional estimation of the risk premium.

2.1 Empirical motivation

In the arbitrage pricing theory of Ross (1976), the expected return of an asset is
explained by a linear combination of macroeconomic variables (risk factors) with their
respective betas. One of the main empirical constraint of this theory is that there is no
predetermined factors to use; so it is difficult to say how many factors do we need, and
which factors have to be considered. Many papers analyze this issue and try to propose
a pattern for the choice of the factors which best explain the returns (see for example
Fama and French (1993), Carhart (1997) and Fama and French (2015)). The difficulty
to choose the right factors becomes more important when we consider that the agents
continuously update their beliefs and accordingly, their risk premia. Moreover because of
anomalies like momentum in stocks or asymmetries 3, the set of risk factors which explain

3The “leverage effect” is for example a source of asymmetries on the market. A negative shock to an
equity market leads to a much more important movement of the volatility than a positive shock. The
reader can refer to Black (1976), Engle and Ng (1993) and Bekaert and Wu (2000) for a deeper analysis
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the equity returns may change across time. A factor which explains the returns today
may not have the same explanatory power tomorrow and vice versa. Let us illustrate
this behavior by analyzing the explanatory power of some raw materials on equity returns
(as we know that raw materials are macroeconomic variables that have a recurring effect
on the financial markets). For that purpose, we look at the dynamics of the correlation
between the change in oil prices and some market portfolios. The change in oil prices has
been used as risk factor by Chen et al. (1986) and Ferson and Harvey (1993, 1994). We
use the changes in crude oil prices of the WTI as proxy for this factor. The data are from
the Federal reserve bank of St. Louis.

FIGURE 1 AND TABLE 1 HERE

Figures 1 shows the evolution of the covariances between the change in oil prices
and the returns of 6 Fama-French portfolios sorted on size and book-to-market. The
covariances are estimated from January 1986 to December 2015 and are updated every
60 days. We see that across time, the change in oil prices displays small covariances with
the returns of the portfolios; however, there are periods where some jumps occur. Let
us see if this leads to a modification of the explanatory power of the chosen factor on
the returns. For that purpose we perform, in every period, an OLS regression of each
portfolio returns on the factor. According to the p-values of the coefficients (see table
1), it appears that the change in oil prices generally displays non significant correlations
with each of the 6 portfolios. However around 2008 (following the financial crisis), these
correlations have been quite important. In that period the change in oil price had a
explanatory power on the 6 portfolios returns; this was not true between 07/12/2007 and
09/06/2008 for example. This example gives us an illustration of what we call in this
paper a dynamically useless factor. 4

The previous illustration helped us to introduce the notion of dynamically useless
factors. Now we propose a general illustration of how the set of factors which explain
equity returns may change across time. For that purpose, we consider 25 Fama-French
portfolios sorted on size and book-to-market and perform a principal component analysis
on their daily returns from July 1964 to December 2015. Then we select the three firsts
principal components, and do analyze theirs correlations with the four empirical factors
of Carhart (1997) (the Fama-French three factors plus the momentum). The figure 2
gives the evolution of the correlations between the two firsts principal components and
the selected empirical factors (the correlations are updated every 60 days). It appears

of the “leverage effect” on markets
4In order to add some diversification into the portfolios, we follow Lewellen et al. (2010) and add five

industry portfolios to the first six portfolios; we obtain similar results by doing so
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that the first principal component is highly correlated to the market excess return, and
this correlation does not fluctuate. So the market excess return is always an useful factor
when comes time to explain the returns of the chosen 25 Fama-French portfolios. In
the other hand, the second principal component displays volatile correlations with all
the four empirical factors, even if the correlations with the market excess return and the
momentum seem to be lesser than those with the two others factors (SMB and HML).
In order to have a more accurate information about how much the factors SMB and
HML are linearly linked to the second principal component (regardless of the sign of the
correlation), we represent the absolute values of the correlations in figure 6. There, we
see that the magnitude of the correlation with the size factor SMB is generally higher.
Nonetheless, there are some periods where this magnitude is very low (the lowest value is
0.08), and some others where the correlation with the value factor HML is higher (from
1964 to 1965). So unlike the first principal component, the second one does not clearly
have a perfect matching with one of the four empirical factors. So if we want for example
to build an empirical two-factor model with the explanation of the returns of the selected
25 Fama-French portfolios as goal, the first factor has to be the excess market return and
the second one has to be, depending on the period, the size factor SMB, or the value
factor HML, or another one that we can not clearly identify. This means that the second
empirical factor should not be the same across time. Therefore, if we build a two-factor
model by taking the market excess return as the first factor and a given factor as the
second, the second factor could be dynamically useless. This result is confirmed by figure
7 which presents the evolution of the adjusted R squares from the ols regressions of the
principal components on the fours selected empirical factors (we perform rolling windows
regressions on 60 days windows). The four empirical factors seem to explain quite well
the first principal component, as the smallest adjusted R square is 0.83. In the other
hand, the four empirical factors do not always explain very well the second and the third
principal components; the smallest adjusted R square is -0.06 for the second and -0.07 for
the third. This result tells us that if we are looking for a second and a third empirical
factor to explain the dynamics of our 25 portfolio returns from July 1964 to December
2015 (in addition to the market excess return), the other three factors from Carhart (1997)
may not be always exhaustive.

FIGURES 2, 6 and 7 HERE

Following the two previous empirical facts, let us look if some of the Carheart factors
are dynamically useless. We consider again for that purpose the daily returns of 25 Fama-
French portfolios sorted on size and book-to-market, from July 1964 to December 2015.
We subdivide data into several time-periods where the number of days in each period
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is fixed. Then we analyze the correlations between the portfolio returns and the factors
in each period, and determine the number of periods where each factor is useless 5 (see
table 2). We see that among the four factors, only the Momentum is dynamically useless.
We see moreover, by varying the number of days in each periods, that the probability of
being useless (defined here as the ratio between the number of periods where a factor is
useless and the total number of periods) declines as the number of days in each period
grows. This result tells us that we have to work with relatively small data periods in
order to analyze the “dynamically useless property” of factors. That is why we need for
that purpose high frequencies data.

TABLE 2 HERE

The illustrations above show that if we consider a linear factor model, it is possible
to have among the factors a dynamically useless one, since all the factors may not be im-
portant at the same time. For robustness check in the second and the third ones, we have
added 30 industry portfolios to the initial 25 Fama-French portfolios and have obtained
very similar results. Now let us present how we formalize the idea of a dynamically useless
factor.

Definition 1. A dynamically useless factors is a factor that is useless at least in one
time period (a month, a quarter, a year...).

By this definition and following the argument presented above, we can argue that
all the risk factors are actually dynamically useless. However, we use this definition here
assuming that there is at least one factor that is always useful when comes time to explain
equity returns (the market return is likely to have this property). We need now to present
how the ideas of useless factors and useful factors are defined in this paper.

Let us consider a factor f ≡ {ft}t=1...T with ft ∈ R, and let us suppose that the
model has n given assets. The beta (sensitivity) of the asset i w.r.t factor in time period
t is bit. Following Kan and Zhang (1999), the factor f is useless in period t if for all assets
i,

bit = 0.

So if in a given time period the excess returns of all assets are independent of a factor,
this factor will be said useless at this period. Contrary to the classical (static) definition,
a factor can be useless here in period t and not anymore in period t+ 1.

5In every period, we estimate the betas of each factor, and we test at the 5% significance level (using
a Bonferroni correction to avoid multi-tests bias), if each beta is zero or not. A factor is useless at a given
period if all his betas are not significantly different to zero
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Empirically the assumption of having a null correlation between returns and risk
factors is very strong. Actually, we can always have a very small correlation between at
least one return and the factor. Therefore we extend the definition of a “useless factors”
in the sense of Kan and Zhang (1999) to factors that exhibit very small sensitivities
to all the assets. Kleibergen (2009) shows that when such kind of factors are included
in the factor model, the asymptotic properties of the Fama-MacBeth estimator become
unreliable. Following Kleibergen (2009) and Bryzgalova (2014), we assume that when
the number of periods T is large, a factor has a small correlation with an asset i in time
period t if

bit = cit√
T
,

where cit is a scalar. Then we consider the following definitions.

Definition 2. Assuming that the number of periods T is large, a factor f is
(i) strongly useless at t if bit = 0 for all assets i;
(ii) weakly useless at t if bit = 1√

T
cit for all assets i (with cit a scalar that does not depend

on T and non-null at least for one asset);
(iii) useful at t if bit = Op(1) at least for one asset i.

Definition 3. A factor will be presented as useless at t if it is weakly useless or strongly
useless at t.

2.2 Link with the theory of risk premium estimation

In a recent paper, GOS propose a method to infer the time-varying properties of the
risk premia in an arbitrage pricing framework. Their model assumes that there is non-
degeneracy in the factor sensitivities across assets. So in the presence of a (dynamically)
useless factor, their estimator will not be consistent as the rank condition will not be
satisfied. We show this here with a simplified version of their model (A summary of the
GOS theoretical framework is presented in appendix B).

Let us take the simplified case with k = 1, p = 1 and q = 0; where k is the number
of factors, p is the number of common instruments, and q is the number of specific
instruments. So we just have one factor and there are no asset-specific instruments. We
can use the setting q = 0 because the model presented by the authors has the classical
time-invariant coefficients model as a particular case (this one corresponds to the setting
Zt = 1 and Zi,t = 0 for all t); therefore their model is still valid even when q = 0. With k =
1, p = 1 and q = 0, the model B2 becomes more easy to write with x′it =

(
Z2
t−1; ftZt−1

)
,

β
′
i = (Biν;Bi) and ft, Zt−1, Bi ∈ R. Here β2i = β3i = Bi.

Let us suppose that the considered factor is strongly useless at time period t0. The
sensitivity of the asset i w.r.t this factor at t0 is bit0 = 0. From assumption FS.1, it
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follows that for any asset i, Bi = 0. Let us consider now any time period t, which
is not necessarily a period where the factor is useless. From the first step regression,
we obtain β̂

′
i = (β̂1i; β̂2i)

′ , and then perform the second step regression on the model
β̂1i = β̂3iν + ζi. For simplicity, we estimate ν through an OLS estimation, so we have

ν̂ =
1
n

∑
i β̂3iβ̂1i

1
n

∑
i β̂

2
3i

(we can use the OLS instead of the WLS as GOS, since we just look at

the consistency of the final estimator). From the Lemma 3 of GOS, we have as n, T →∞
(with n = O(T γ), γ > 0),

1
n

∑
i

β̂2
3i = 1

n

∑
i

β2
3i + op(1) = 1

n

∑
i

B2
i + op(1) = op(1).

This implies that as T → ∞ the model displays an asymptotic multicolinearity on
the dependent variable; so we can not say anything about the consistency of ν̂. Having a
(dynamically) useless factor leads to singular loadings matrix and therefore to identifica-
tion issues for the GOS estimator.

We obtain the same result if the factor is (dynamically) weakly useless. Indeed in
that case for all assets i, Bi = Ci√

T
(with Ci non-null at least for one asset). So when

n and T go to infinity, we will have from the lemma 3 of GOS as n, T → ∞ (with
n = O(T γ), γ > 0),

1
n

∑
i

β̂2
3i = 1

n

∑
i

β2
3i + op(1) = 1

nT

∑
i

C2
i + op(1) = op(1).

3 The model

We present in this section our theoretical framework. The objective of this paper
is not to propose an asset pricing model. Then inspired by Kan and Zhang (1999) and
Cosemans et al. (2015), we will work with a two factor model for simplicity.6 However,
the results are still valid for general models with more than 2 factors.

3.1 The dynamics

Let (Ω,F ?, P ) be a probability space. The flow of information available on the
market is represented by the filtration F ?

d , d = 1, 2, . . . (d defined in a high frequency rate);
so we start here with some high frequency data. We consider that these high frequency
data are grouped in higher time periods samples, let’s say at a monthly frequency. So
every month, we have a sub-sample of our high-frequency data. We want to estimate the
risk premium every month.

6Both articles actually use a one factor model; we use a two-factor model as we want to consider a
model with a always useful factor and a dynamically useless one
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Denote by Dt the number of observations in the sub-sample obtained in mouth t.
For precision, let us suppose that our high frequency data are sampled following a daily
frequency;7 then Dt is the number of days in the month t. Throughout the paper, the
subscript t refers to months and the subscript d to days. For convenience we denote Ft,d

the information available at the day d of the month t, and Ft the information available
at the end of the month t. So we have for every month t and for any day d in the chosen
month:

Ft,d ≡ F ?
D1+···+Dt−1+d

Ft ≡ Ft,Dt .

There are K = 2 factors named us and ūs. We assume that the factor us is useful
at every period, and the factor ūs is dynamically useless. The objective is to consistently
estimate the risk premia of us at every period, and do the same for the factor ūs at
periods where it is useful. Throughout the paper, us is considered as the factor 1, and
ūs as the factor 2. There are n assets observed through T months (periods); n and T are
both assumed large.

Assumption 1. The excess return Ri
t of the asset i in month t is defined by:

Ri
t = φ0

t + ait + bi,ust · fust + bi,ūst · f ūst + εit

= φ0
t + ait + (bit)

′ · ft + εit,
(1)

where ait, bit, ft and εit are random variables; with ait and εit admitting values in R, whereas
bit = (bi,1t , bi,2t )′ and ft = (f 1

t , f
2
t )′ both admit values in R2. ait and bit are Ft−1-measurable.

In the other hand, ft and εit are Ft-measurable. For any month t, all the processes
in model (1) are covariance stationary and ergodic. Moreover, E(εit|Ft−1) = 0 and
Cov(εit, ft|Ft−1) = 0 for any assets i and for any month t. The pricing error φ0

t is Ft−1-
measurable and is included each month in order to consider a potential misspecification of
the model.

In our framework, the intercept ait captures measurement errors of the risk-free rate
for any asset i. We can see it as a difference between the zero-beta rate and the risk free
rate. Kan et al. (2013) consider that this difference appears following a disequilibrium on
the risk-free borrowing/lending market in the economy (when the risk-free borrowing rate
is different of the risk-free lending rate). Assumption 1 follows the idea of GOS about the
dynamics of the excess returns and allows the coefficients to vary over time.

In order to know every month, whether a factor is useless or not and evaluate the price
of the risk, we need to estimate the time-varying values of the sensitivities. In order to do

7We will use daily data in our simulations.
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so, we have to fill in the lack of monthly information due to the monthly unobservability.8

Therefore, we use the daily data to overcome this lack of information, and use monthly
rolling window estimates in order to get the betas. So we build daily frequency models
each month, by assuming that the loadings and the intercepts are constant in each of
these models. The link between the daily data and the monthly data is set so that the
monthly information is captured from the beginning to the last day of the month.

Assumption 2. Every month t, we have the following daily model for each asset i:

Ri
t,d = ait + (bit)

′ · ft,d + ηit,d; (2)

where ait, bit, ft,d and ηit,d are random variables; with ait and ηit,d admitting values in R,
whereas bit = (bi,1t , bi,2t )′ and ft,d = (f 1

t,d, f
2
t,d)

′ both admit values in R2. ait and bit are
assumed constant over any month t and are Ft−1-measurable. In the other hand, ft,d
and ηit,d are Ft,d-measurable. For any month t, ft,d and ηit,d are covariance stationary
and ergodic, conditionally to the information available up to the month t− 1. Moreover,
E(ηit,d|Ft−1) = 0 and Cov(ηit,d, ft,d|Ft−1) = 0 for any assets i and for any month t;
also, E(ηit,d|ft,d) = 0 as the loadings are obtained every month through a monthly OLS
regression.

By the assumption 2, we can estimate the betas every month, using a monthly-
window estimation. By doing the monthly regression on daily data, we assume that
the daily values of the factors are observed. Under some restrictions on the factors, the
monthly model can be seen as an aggregation of the daily model; we present this link in
the appendix A. Now let us consider the following additional assumptions.

Assumption 3. For any month t, n−1eigmax(Σε,t)
L2→ 0 when n → ∞; where Σε,t =

Cov(εit, ε
j
t |Ft−1) is the conditional covariance matrix of the errors εit given Ft−1 and

eigmax(Σε,t) its largest eigenvalue.

Assumption 4. There are no asymptotic arbitrage opportunities in the economy. So there
is no portfolio (pn) such that and lim

n→∞
P (C(pn) = 0, pn ≥ 0) = 1 and lim inf

n→∞
P (pn > 0) >

0; (with C(pn) the cost of the portfolio).

Assumption 5. There exist constants Ma > 0 and Mb > 0 such that for any i, t and d;
‖bit‖2 ≤Mb, and |ait| ≤Ma

8Generally, we can estimate the betas following three procedures: (i) by using rolling sample esti-
mates (Fama and MacBeth, 1973), (ii) by using macroeconomics variables as conditional instruments
(Gagliardini et al., 2016), (iii) by mixing the two previous procedures, using prior information on firms
characteristics (Cosemans et al., 2015).
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Assumptions 3 and 4 are assumptions APR.3 and APR.4 from GOS. Assumption
5 says that the sensitivities and the intercepts are bounded. The boundedness of the
sensitivities is the assumption APR.2(ii) of GOS.

Proposition 1. (GOS) Under assumptions 1-4, if the two factors are useful in month
t then there exists a unique Ft−1-measurable random variable νt in R2 such that for all
assets i,

ait = (bit)
′
νt.

The proposition 1 says that for any month t, for any asset i and under the assump-
tions 1-4, the difference between the zero-beta rate and the risk free rate (ait) is linearly
linked to the sensitivity of assets w.r.t. the useful factors. So with no asymptotic arbi-
trage opportunities, the non-idiosyncratic parts of the excess returns are fully explained
by the systematic risk measured by the betas. The proposition 1 is an asset pricing re-
striction from which we have the conditional risk premium of GOS. By introducing this
restriction into (1), we have E(Ri

t|Ft−1) = φ0
t + (bit)

′ (νt + E(ft|Ft−1)) in any months t
where the two factors are useful. So for those months the real conditional risk premium
is λt = νt + E(ft|Ft−1).

In months where the dynamically useless factor ūs is useless, its risk premium is not
identified. In order to estimate the risk premium of the useful factor us in this case, we
consider the following proposition.

Proposition 2. Under assumptions 1-4, if the factor us is the only useful factor in month
t, then there exists an unique (up to a Op( 1√

T
) term) Ft−1-measurable random variable

νust in R such that for all assets i:

ait = bi,ust νust +Op(
1√
T

)

As for the proposition 1, the proposition 2 gives a linear relation between the inter-
cepts and the loadings of the useful factor. Here because the factor ūs is useless, there is
a term witch vanished as the number of months T becomes large.

3.2 Functional specification

The dynamics of the variables depend on a available information. We assume that
the last day of any month t, all the information from the month can be summarized into
an unique monthly variable Zt ∈ Rp, which is common to all assets. So Z is defined such
that for any variable x, E(x|Ft−1,Dt−1) = E(x|Ft−1) = E(x|Zt−1). Let us now consider
the following assumption, which states the link between the dynamics of the factors and
the instrument Z.
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Assumption 6. At any period t, E(ft|Ft−1) = E(ft|Zt−1) = FZt−1, with F ∈M (2×p),
the set of matrix with 2 rows and p columns.

Assumption 6 is assumption FS.2 of GOS. This assumption gives some restrictions
about which kind of instruments we have to chose for Z (see GOS for more details). If
the two factors are useful in month t, νt = λt − E(ft|Ft−1) = λt − FZt−1. So we can
rewrite the model (1) as follows (for the months t where the two factors are useful):

Ri
t = φ0

t + (bit)
′(λt − FZt−1 + ft) + εit. (3)

Let us denote F j the row j of the matrix F (j = 1, 2). In the other hand, if in month
t the factor ūs is useless, then νust = λust − E(fust |Ft−1) = λust − F 1Zt−1; and ν ūst is not
identified as T is large. In that particular case as T →∞, the equation (1) becomes:

Ri
t = (φ0

t +Op(
1√
T

)) + bi,ust (λust − F 1Zt−1 + fust ) + εit. (4)

Let us consider at each period t the variable φt such that φt = λt − FZt−1 + ft =
(λust − F 1Zt−1 + fust , λ

ūs
t − F 2Zt−1 + f ūst )′ if the two factors are useful at t, and φt =

(λust − F 1Zt−1 + fust , 0)′ if the factor ūs is useless at t. Then if the factor ūs is useless in
month t, the equation (1) can take the following formulation ( as T →∞ );

Ri
t = (φ0

t +Op(
1√
T

)) + (bit)
′
φt + εit. (5)

When the two factors are useful at t, the Op( 1√
T

) term is equal to 0, following the propo-
sition 1. In that particular case, we have as given in equation (3): Ri

t = φ0
t + (bit)

′
φt + εit.

3.3 Risk premium with a (dynamically) useless factor

We propose a two-step estimation procedure; for that purpose we define some ad-
ditional quantities. Let us consider at any month t, the (n × 2) matrix of betas Bt =
(b1
t , · · · , bnt )′ and denote Bj the jth column of B. We also consider the quantities

‖Bus
t ‖ = ‖B1

t ‖ = sup
i=1,...,n

|bi,ust | ‖Būs
t ‖ = ‖B2

t ‖ = sup
i=1,...,n

|bi,ūst |.

By the definition 2 we have the following corollary;

Corollary 1.
(i) The factor ūs is strongly useless at t if ‖Būs

t ‖ = 0
(ii) The factor ūs is weakly useless at t if ‖Būs

t ‖ = Op( 1√
T

) (as T →∞)
(iii) The factor ūs is useful at t if ‖Būs

t ‖ = Op(1).
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First step

We estimate the betas every month from the model (2). So we use a discrete-time
model sampled at an increasing frequency over the months. This approach is similar to
the one proposed by Ang and Kristensen (2012), except we consider here that the betas
are constant in each period.

b̂it =
(

1
Dt

∑
d

(
ft,d − f̄t

) (
ft,d − f̄t

)′)−1 (
1
Dt

∑
d

(
ft,d − f̄t

)
·
(
Ri
t,d − R̄i

t

))
is the estimated

sensitivity of the factor to the asset i (the elements with the bar represent the means on
the daily data9). We replace the real betas in the model (5) by the estimated ones. So
we have the following feasible monthly model:

Ri
t = φ0

t + (b̂it)
′
φt + εit. (6)

Second step

We propose a shrinkage estimator for φt whose the second component takes the
value 0 in months where the factor ūs is useless. So we introduce from the model (6)
the following Lasso-modified estimator with Φt = (φ0

t , φ
us
t , φ

ūs
t )′ = (φ0

t , (φt)
′)′ , τn > 0 and

s > 2 two tuning parameters.

Φ̂t =
φ̂0

t

φ̂t

 = argmin
Φ

 n∑
i=1

(
Ri
t − (1...(b̂it)′)Φ

)2
+ τn
T s/2

2∑
j=1

|φj|
‖B̂j

t ‖s

 . (7)

This estimator uses the shrinkage mechanism proposed by Bryzgalova (2014). The driving
force of the penalty term relies on the nature of the factor; so every month t where the
factor ūs is useless, we have Φ̂t = (φ̂0

t , φ̂
us
t , 0)′ .

Since E(ft|Ft−1) = FZt−1, we consider the model ft = FZt−1 + ut, with ut the
idiosyncratic error such that E(ut|Ft−1) = 0. We can then estimate F trough an OLS

regression as F̂ =
(

1
T

∑
t
ftZ

′
t−1

)(
1
T

∑
t
Zt−1Z

′
t−1

)−1
. The same way, by considering the

model fust = F 1Zt−1 + uust (for the months where the factor ūs is useless), we have

F̂ 1 =
(

1
T

∑
t
fust Z

′
t−1

)(
1
T

∑
t
Zt−1Z

′
t−1

)−1
.

From the previous and following the definition of φt, our estimated risk premium in
month t is given as following:

λ̂t = φ̂t + F̂Zt−1 − ft if φ̂ūst 6= 0

λ̂t =
λ̂ust
λ̂ūst

 =
φ̂ust + F̂ 1Zt−1 − fust

0

 if φ̂ūst = 0

9We have f̄t = 1
Dt

∑
d

ft,d and R̄i
t = 1

Dt

∑
d

Ri
t,d.
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As the months where the dynamically useless factor ūs is useless are identified
through the value of φ̂ūst , our estimated risk premium in month t can be summarized
as bellow:  λ̂t = φ̂t + F̂Zt−1 − ft if the two factors are usfel at t

λ̂ust = φ̂ust + F̂ 1Zt−1 − fust if the factor ūs is useless at t
(8)

When the factor ūs is useless, its risk premium is not identified. We aim to consistently
estimate the risk premium of the factor us at every month t, and to consistently estimate
the risk premium of the dynamically useless factor ūs in months where it is useful.

In the unconditional or static framework the month t does not bring any additional
information,10 then E(ft|Ft−1) = ft and the estimated risk premium presented here
coincides with the risk premium of Bryzgalova (2014) estimated month by month.

3.4 Asymptotic properties

We present here the asymptotic properties of the time-varying risk premium estima-
tor. For that purpose, we use some additional assumptions

Assumption 7. When the number of assets n is going to infinity, a factor is useless in
the month t if his beta is such that sup

i
|bit| = op(1).

Assumption 8. There exist α ∈ [0.25; 0.5), ρ1 > 0 and ρ2,t > 0 such that for each month
t,
(i) n2α

T
→ ρ1 as n→∞.

(ii) n
Dt
→ ρ2,t as n→∞.

Assumption 9. For any given month t, we have as n→∞

(i) 1
n

∑
i
bitε

i
t

p→ 0, 1
n

∑
i
bit(bit)

′ p→ Qt and 1
n

∑
i
bit

p→ qt; with Qt and Q̃t =
1 (qt)

′

qt Qt

 two

non singular finite matrices .

(ii) 1
n

∑
i
bi,ust (bi,ust )′ p→ Qus

t and 1
n

∑
i
bi,ust

p→ qust ; with Qus
t and Q̃us

t =
 1 qust

qust Qus
t

 two non

singular finite matrices.
(iii) 1√

n

∑
i
βitε

i
t
d→ N(0,Σβt) with Σβt = lim

n→∞

(
1
n

∑
i

(εit)2βit(βit)
′
)
, and (βit)

′ = ( 1...(bit)
′ ).

(iv) 1
n

∑
i
εit

p→ 0, and 1
n

∑
i

(εit)
2 p→ σ2

t ; with σ2
t a finite scalar.

Assumption 10. As T →∞,
(i) 1√

T

∑
t

(Zt−1 ⊗ I2)ut d→ N(0,Σu), with Σu = lim
T→∞

(
1
T

∑
t

(Zt−1 ⊗ I2)utu
′
t(Z

′
t−1 ⊗ I2)

)
.

(ii) 1√
T

∑
t
Zt−1u

us
t

d→ N(0,Σus
u ), with Σus

u = lim
T→∞

(
1
T

∑
t

(uust )2Zt−1Z
′
t−1

)
10In that case Ft = Ft−1 and ft would be Ft−1 measurable
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Assumption 8 links the parameters n, T and Dt. The three parameters are large as
soon as n is large.

Proposition 3. Under assumptions 1-9, if τn
n
→ τ0 > 0 as n → ∞, then we have at

every month t:
φ̂t = φt + op(1).

From the assumptions 8 and 10 and by applying the LLN, we have F̂ = F + op(1)
as n→∞. Then by the proposition 3 and by the definition of φt we have as n→∞,

λ̂t
p→ λt if the two factors are useful at t

λ̂t
p→

λust
0

 if the factor ūs is useless at t.
(9)

At every date t, the consistency holds for the useful factor. When the dynamically
useless factor ūs is useless in a given month t its estimated risk premium is shrunk to 0.
This value is just a target value, as the risk premium of the factor ūs is not identified in
months where this factor is useless.

For the next proposition, we denote QZ ≡ E
(
Zt−1Z

′
t−1 ⊗ I2

)
, Qus

Z ≡ E
(
Zt−1Z

′
t−1

)
,

ΣF ≡ Q−1
Z ΣuQ

−1
z and Σus

F ≡ (Qus
Z )−1Σus

u (Qus
z )−1; with Σu and Σus

u defined as in the
assumption 10.

Proposition 4. Under assumptions 1-10, if τn√
n
→ τ0 > 0 as n → ∞, then we have at

every month t:
(i) if the two factors are useful at t;

nα(λ̂t − λt) d→ N
(
0, ρ1(Z ′t−1 ⊗ I2)ΣF (Zt−1 ⊗ I2)

)
,

(ii) if the factor ūs is useless at t;

nα(λ̂ust − λust ) d→ N
(
0, ρ1Z

′

t−1Σus
F Zt−1

)
.

The standard error of the risk premium is influenced by the error in variable from
the first step; that is why the convergence rate of the second-step estimator is of the order
of α ∈ [0.25, 0.5).

4 Simulations

We present the performances of our estimator with three main points. The first
point is to evaluate its stability when the tuning parameters are changing. The second
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point is to evaluate for the dynamically useless factor, its capacity to shrink to zero the
value of the risk premium at periods where this factors is useless. The last point is to
evaluate its ability to restore, for the useful factor, the asymptotic properties of the risk
premium after the shrinking procedure.

For the points one and two, we consider the 255 portfolios used in our empirical
analysis (see the description of the data below), we perform a pca on them and we select
the two firsts principal components (as our theoretical framework rely on two factors). We
simulate an useless factor from a normal distribution with parameters calibrated on the
mean and the variance of the real consumption per capita. We then randomly selectNspur
dates and we replace the second principal component by the simulated useless factor at
those dates. So we have now a new second factor, which is constructed by replacing at
the selected months, the second principal component by the simulated useless factor. As
the simulated factor is independent of the others, the randomly selected dates will be
those where the new second factor will be useless. Thereafter, we assume that the model
with the first principal component and the new second factor are defining the true DGP,
and estimate the betas, the risk premia and the covariance of the residuals. We use these
results as parameters for calibration purpose, and perform 1000 replications where each
time we simulate 255 returns following the DGP; we then estimate again the risk premia
and compare the results with the true values.

TABLES 3 AND 4 HERE

Tables 3 and 4 give the shrinkage probabilities during the Monte-Carlo process. We
see that the estimator performs very well for detecting dates where the second factor is
useless. Also, these probabilities are independent of the value of the tuning parameters τ
and s. Furthermore, the shrinkage ability of the estimator is not reduced when the number
of “spurious dates” vary. This result confirms the robustness of the shrinking procedure
to tuning parameters variation, as presented by Bryzgalova (2014). In order to see how
the shrinkage probabilities are depending on the scale of the noises used to generate the
useless factors, we represent the dynamics of the shrinkage probabilities following the
evolution of the scale of the noise (we also look at the evolution of the ratio between
the standard error of the initial second factor, and the standard error of the noise). As
presented in figure 5, the estimator perfectly shrink the risk premia to 0 as soon as the
standard error of the noise is 10 time larger than the standard error of the factor. In our
illustration, the shrinkage probability is greater than 0.9 as soon as std err factor

std err noise
= 0.102.

In order to know exactly which value τ we have to choose in our simulations, we
have estimated for each candidate value of τ , the cumulative density functions of the
Mean Square Errors for different values of Nspur (not presented here). It appears that
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we can choose any value of τ as soon as this value is relatively large; we will use τ = 50
and s = 3 in our next simulations.

For the last goal, we proceed exactly as in the previous simulation setting, except
that in each replication, the daily data of the factors are simulated from a normal dis-
tribution with parameters calibrated on the mean and the covariance of the real factors
(the useless factor is simulated and introduced in these simulated factors as previously,
in each replication). So in this new setting, all the returns and all the factors are simu-
lated. We perform 1000 replications and test at every step the null H0 : λ̂us = λus and
H0 : λ̂ūs = λūs. The simulations are performed for various values of n (50, 150, 255),
in order to see the importance of the number of assets in our model. At each period,
the probabilities of rejection are estimated through the Monte-Carlo process; so we have
at the end of the process T rejection probabilities (as T is the number of periods in the
sample). The table 5 gives the mean and some percentiles of the probabilities of rejection
across the T periods and for different levels of significance. It appears that the null is
never rejected for the test on the dynamically useless factor. This confirms the result we
had on the firsts simulations setting, where we have shown that the estimator is able to
shrink the risk premia of the dynamically useless factor to zero in every period where this
factor is useless. So for the dynamically useless factor, the estimation of risk premia is not
affected by the “spurious dates”. This is not the case for the useful factor, as the rejection
probabilities are certainly affected by the misspecification induced by the dynamically
useless factor. However, we see that these probabilities are quite reasonable and more
interesting, they are getting smaller as n increase. This confirms that the asymptotic
properties of our estimator is more suitable for large equity datasets.

5 Empirical analysis

5.1 Data

As we assume that n is large, our setting is suitable for large equity dataset. For
this purpose we can both apply it on individual assets or portfolios. For our analysis we
consider 255 portfolios: 25 portfolios sorted by size and investment, 25 portfolios sorted
by book-to-market and investment, 25 portfolios sorted by book-to-market and operating
profitability, 25 portfolios sorted by operating profitability and investment, 25 portfolios
sorted by size and book-to-market, 25 portfolios sorted by size and long-term reversal,
25 portfolios sorted by size and momentum, 25 portfolios sorted by size and operating
profitability, 25 portfolios sorted by size and short term reversal and 30 industry portfolios.
Moreover, we consider the five Fama-French factors, and the momentum factor. All those
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portfolios and those factors are from Kenneth french website; we both use the daily data
from 01/07/1964 to 31/12/2015, and the monthly data from July 1964 to December 2015.
We also consider for the same frequencies and for the same span, the real consumption per
capita (using the consumer price index for all urban consumers as deflator); this variable
is used in simulations to calibrate the properties of the dynamically useless factor. In the
other hand, we consider as instruments the term spread (with proxy the difference between
the yield on 10-year treasury and 3-month treasury bill), and the default spread (with
proxy the difference between the Moody’s BAA bonds and AAA bonds). The instruments
and the consumption’s variable are all from the Federal Reserve Bank of St-Louis.

As stressed above, we need factors observed at a high frequency to look at the
“dynamically useless” property. So the factors have to be displayed at least in a daily
frequency. For reason of availability, we then just analyze three empirical models here:
the three factors model of Fama and French (1993), the four factors model of Carhart
(1997) and the five factors model of Fama and French (2015). We group the daily data
in monthly periods and estimate for each model, the risk premium of each factor.

5.2 Dynamics of the risk premia

The table 6 presents the dynamics of the time-varying risk premia in the selected
models. In each of these models, the shrinkage probability is zero for every factor. So
there is no month over the 617 months of the sample, where the sensitivities of any factor
have been either null or very small. This tells us that all the factors in the three models
have been important in every month from July 1964 to December 2015; therefore none
of these factors has been redundant 11. This result is particularly interesting for the
Fama-French five-factor model, as the main argument used again this model is that some
factors would become redundant when we add the operating profitability factor (RMW)
and the investment factor (CMA) to the original three factors from Fama and French
(1993). 12 We also note that each factor displays some months where its risk premium is
not significantly different to 0 (at the level of significance 5%). The Market is the factor
which is priced more often (with a zero risk premium in about 98 months over 617). In
the other hand, the size factor (SMB) is the one which is less often priced (with a zero
risk premium in about 210 months over 617). The figure 7 presents for each factor of the
five-factor model, the histograms of the number of months with a zero risk premium from

11Having a redundant factor would lead to a multicolinearity problem, since the systematic risk asso-
ciated to that factor is fully captured by some others factors. So if we assume that a redundant factor
is added to a model, his beta should be zero or very small, and this would lead to a shrinkage by our
estimator.

12See for example Hou et al. (2014)
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1964 to 2015. This number has been increasing for the size factor (SMB) since 1970, while
it has been relatively constant for the profitability factor (RMW) during this period.

As our analysis rely on a two-step estimator, we characterize the dynamically useless
factors following the shrinkage process in the second step. So unlike what we did in the
table 2, we do not test the null H0 : b̂it = 0 in the first step. Like this, we take into account
the fact that the values of the betas also depend on the sample size (drifting sequences).
As we penalize the second-step estimator according to whether the betas are small or not,
this is important in the sense that in our setting, a beta might be small for a sample size
T/2 and not anymore for a sample size T (remember that a factor is useless not only
when all its betas are 0, but also when all its betas are small). However, the standard
error from the first step is taken into account in the second step, even if the part of the
asymptotic variance which comes from the first step regression disappears as n goes to
infinity.

6 Conclusion

There are several factors that have been used in the literature in order to explain
assets returns. Following the dynamics on the markets and because of specific phenomena
as shocks, asymmetries or momentum, the correlations of these factors with assets returns
continuously change through time. So the set of factors that explain assets returns might
also change through time. In this paper, we take into account this eventuality and show
that following a prior selection of factors, all of them are not always important at the same
time. Hence, we show that a factor can be useless in a given period and no longer be so
in another one. We introduce the notion of dynamically useless factor, as a factor that is
useless at least in one time period (assuming that there is at least one factor that is always
useful, like for example the market return). Then we propose a method to consistently
estimate the conditional risk premium of a factor in all the periods in which this factor
is useful, assuming that there may be some dynamically useless factors in the model. We
consider two sets of data in our theoretical framework: a periodic dataset as we estimate
the risk premium every period, and a high-frequency dataset which helps us to overcome
the periodic unobservabilities and to characterize the factors. Assuming that the number
of periods, the number of assets and the number of high-frequency dates in each period
are all large, our estimator is consistent every period the factor is useful, and equal to 0
when the factor is useless. Empirically, we show through the shrinking mechanism of our
estimator, that none of the five factors of the Fama-French five-factor model is redundant,
even if all of them display some periods with a risk premium non-significantly different
to zero.
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Figure 1: 60 days covariances between 6 Fama-French portfolios and the change in oil price

Table 1: Coefficients from the ols regressions of 6 Fama-French portfolio returns on the factor
change in oil prices

Date Port1 Port2 Port3 Port4 Port5 Port6
07/12/2007–11/03/2008 4.15 0.37 -3.98 10.53 2.02 8.18
12/03/2008–09/06/2008 1.78 -0.49 -1.01 -2.69 0.74 -2.39
10/06/2008–05/09/2008 −32.29∗∗∗ −34.04∗∗∗ −53.80∗∗∗ −20.08∗∗∗ -20.01 −39.26∗∗∗

08/09/2008–02/12/2008 34.09∗ 29.57 29.42 34.67∗∗ 40.28∗∗ 45.23
03/12/2008–06/03/2009 9.26 9.41 8.28 8.57 12.50∗ 14.14
09/03/2009–04/06/2009 38.23∗∗∗ 43.17∗∗∗ 49.22∗∗∗ 25.27∗∗∗ 40.09∗∗∗ 52.17∗∗∗

The portfolios are 6 Fama-French portfolios formed on size and book-to-market We estimate 6 linear models where the change in
oil prices is the independent variable in each model, and the returns of the portfolio i is the dependent variable in the model i
(i = 1, . . . , 6). The stars give the degree of significance under the null hypothesis that the coefficient is zero (we use the Bonferroni
correction by dividing each significance level by 6, in order to avoid multi-test bias). The factor is useless with regard to the 6
portfolios if all the coefficients are not significantly different to 0. The standard errors are estimated using heteroscedasticity and
autocorrelation consistent covariance estimators, following Newey and West (1987)
The 6 portfolios are the 6 Fama-French sorted by size and book-to-market; Port1=SMALL/LoBM, Port2=ME1/BM2,
Port3=SMALL/HiBM, Port4=BIG/LoBM, Port5=ME2/BM2, Port6=BIG/HiBM.
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Figure 2: Correlations between the principal components and some empirical factors

(a) First principal component (b) Second principal component

Figure 3: Magnitudes of the correlations

(a) First principal component (b) Second principal component

Figure 4: Adjusted R squares from the linear regression of the principal components on the 4
empirical factors
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Table 2: Probability of being useless according to the number of days in each period

30 days 60 days 120 days 252 days 1260 days
(432 periods) (216 periods) (108 periods) (51 periods) (10 periods)

Rm-Rf 0 0 0 0 0
SMB 0 0 0 0 0
HML 0 0 0 0 0
Mom 0.61 0.48 0.29 0.27 0

We regress in every period, the daily returns of 25 Fama-French portfolios sorted on size and book-to-market on the
four factors. The periods are obtained by grouping the initial data (12965 days) into fixed sized windows. We have a
different number of periods following the number of days in each period. For each factor, the probability of being useless
is estimated as the number of periods where the factor is useless divided by the total number of periods. A factor is
considered as useless in a given period if for all the portfolios,his betas are not significantly different to zero at 5%. We
use the Bonferroni correction to avoid multi-test bias, by taking 0.05/25 as size of the tests.

Table 3: Shrinkage probabilities when the tuning parameter τ vary (with s = 3)

Nspur=50 Nspur=100 Nspur=200
τ = 1 τ = 50 τ = 200 τ = 1 τ = 50 τ = 200 τ = 1 τ = 50 τ = 200

Nsim=250 0.99 1 1 0.99 1 1 0.99 1 1
Nsim=500 0.99 1 1 0.99 1 1 1 1 1
Nsim=1000 0.99 1 1 0.99 1 1 1 1 1

We randomly select Nspur number of periods where we put a simulated useless factor as the second factor of the model. Then we perform Nsim

Monte-Carlo replications where at each replication we estimate a shrinkage probability as the number of periods where the estimator properly
shrinks the risk premium divided by Nspur. The probabilities presented in this table are the mean of these shrinkage probabilities across the
Monte-Carlo experiment.

Table 4: Shrinkage probabilities when the tuning parameter s vary (with τ = 50)

Nspur=50 Nspur=100 Nspur=200
s = 6 s = 9 s = 12 s = 6 s = 9 s = 12 s = 6 s = 9 s = 12

Nsim=250 1 0.98 0.98 1 0.99 0.99 1 0.99 0.99
Nsim=500 1 0.98 0.98 1 0.99 0.99 1 0.99 0.99
Nsim=1000 1 0.98 0.98 1 0.99 0.99 1 0.99 0.99

We randomly select Nspur number of periods where we put a simulated useless factor as the second factor of the model. Then we
perform Nsim Monte-Carlo replications where at each replication we estimate a shrinkage probability as the number of periods where
the estimator properly shrinks the risk premium divided by Nspur. The probabilities presented in this table are the mean of these
shrinkage probabilities across the Monte-Carlo experiment.
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Figure 5: Evolution of the shrinkage probability following the standard error of the noise

Figure 6: Dynamics of the risk premia

(a) Fama-French 3 factors (b) Carhart 4 factors

Figure 7: Number of months with a zero risk premium from 1964 to 2015 (five-factor model)
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Table 5: Rejection probabilities over the periods

H0 : λ̂us = λus (panel A)
1% 5% 10%
percentile percentile percentile

mean 60 70 80 90 mean 60 70 80 90 mean 60 70 80 90
n=50 0.098 0.037 0.082 0.179 0.327 0.154 0.109 0.184 0.315 0.465 0.198 0.182 0.265 0.399 0.531
n=150 0.059 0.003 0.016 0.055 0.237 0.098 0.021 0.073 0.150 0.386 0.131 0.058 0.134 0.233 0.465
n=255 0.038 0 0.001 0.011 0.102 0.066 0.002 0.012 0.062 0.239 0.090 0.007 0.040 0.131 0.320

H0 : λ̂ūs = λūs (panel B)
1% 5% 10%
percentile percentile percentile

mean 60 70 80 90 mean 60 70 80 90 mean 60 70 80 90
n=50 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
n=150 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
n=255 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

The table present the rejection probabilities from the Monte-Carlo experiments. At each period, 1000 replications are performed and at each replication, the
t-statistics are compared to the critical values from a normal distribution. So we have at each of the 617 time period, a different rejection probability. The means
and the percentiles are estimated through these 617 time-periods. The results are reported for different levels of significance (1%, 5% and 10%) and for different
number of assets in the sample (50,150 and 255). Panel A gives the results for the useful factor while panel B gives those for the dynamically useless one.
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Table 6: Empirical risk premia

risk premium (x100) std. error (x100)
shrinkage
probability

null risk premia
(number of months

over 617)
percentile percentile

mean 20 40 60 80 mean 20 40 60 80

Fama-French (1993)
Mkt-Rf -0.16 -2.81 -1.05 0.55 2.49 1.23 0.88 1.03 1.17 1.40 0 96
SMB 0.13 -0.61 -0.09 0.34 0.83 0.79 0.58 0.69 0.79 0.92 0 208
HML 0.12 -0.93 -0.17 0.43 1.23 0.81 0.58 0.68 0.79 0.94 0 151

Carhart (1997)

Mkt-Rf -0.15 -2.70 -0.96 0.47 2.36 1.23 0.88 1.03 1.17 1.40 0 98
SMB 0.14 -0.57 -0.08 0.34 0.83 0.80 0.58 0.69 0.79 0.92 0 207
HML 0.13 -0.86 -0.17 0.42 1.20 0.82 0.58 0.68 0.79 0.94 0 153
Mom 0.11 -1.51 -0.37 0.57 1.64 1.33 0.87 1.05 1.23 1.50 0 164

Fama-French (2015)

Mkt-Rf -0.11 -2.71 -1.05 0.56 2.41 1.23 0.88 1.03 1.17 1.40 0 90
SMB 0.15 -0.56 -0.04 0.38 0.85 0.79 0.58 0.68 0.78 0.92 0 210
HML 0.12 -0.91 -0.17 0.47 1.16 0.82 0.57 0.68 0.78 0.94 0 149
RMW 0.06 -0.84 -0.22 0.29 0.95 0.57 0.42 0.50 0.58 0.68 0 139
CMA 0.08 -0.76 -0.14 0.35 0.92 0.53 0.38 0.44 0.52 0.63 0 121

The table gives the dynamics of the risk premia in chosen models. The shrinkage probability is estimated as the number of months where the risk premium is shrunk to zero, divided by the
number of months in the sample (617). The last column of the table gives the number of months over the 617, where the risk premium of the factor is not significantly different to 0. The tests
are performed with the level of significance 5%.
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A Link between the daily and the monthly models

As presented by equations (1) and (2), we use two models with two different data
frequencies. The main motivation for doing so is that we can overcome the issues of inob-
servabilities at monthly level by using the daily data in order to estimate the betas. When
the factors are gross returns, there is a theoretical link between the monthly model and
the daily model, as the first can be see as a monthly aggregation of the second. This theo-
retical link can be used in order to complete the formalization of our model, even if it may
not be applicable when some factors are macroeconomics variables (since the aggregation
of such variables is different from the aggregation of log-returns). What is important here
is to know how the errors terms may be linked in order to avoid contradictory hypothesis
when we associate the two models.

As we strictly focus on a theoretical analysis in this section, we assume that the
two models are well specified 13, and that there is no error in the measurement of the
zero-beta rate 14. By doing so, the two models will be reduced to the classical form of the
APT model. We assume that the characteristics of each assets do not vary across time,
so a monthly log-return is the sum of the daily log-returns in a one-month window. So
we have for each asset i, every month t and every day d in the month,

Ri
t = (bit)

′ · ft + εit,

Ri
t,d = (bit)

′ · ft,d + ηit,d.
(A1)

Remember that we assume that the betas are constant in the month, and estimate
them through a monthly rolling-window regression. By aggregating the daily model, we
have in every month t:

Ri
t = (bit)

′ · ft +
Dt∑
d=1

ηit,d (A2)

So the two models may be associated if we have εit =
Dt∑
d=1

ηit,d. In order to have this
restriction, we consider the following assumption:

Assumption 11. For all assets i and for each month t, we have every day d in the
month,

ηit,d =

 ζ it,1 if d = 1
ζ it,d − ζ it,d−1 if 1 < d ≤ Dt

(A3)

With {ζ it,d}d a random variable such that E(ζ it,d|Ft−1) = 0, E((ζ it,d)2|Ft−1) = ς2
t and

E(ζ it,d1 , ζ
i
t,d2|Ft−1) = 0 (if d1 6= d2).

13 So φ0
t is equal to 0 in the model (1)

14We know that the zero-beta portfolio is the portfolio that earns the same expected return as the risk
free rate. So theoretically, the risk free rate should be equal to the zero-beta rate, and ai

t should be equal
to 0 in the two models, since the Ri

t and Ri
t,d are excess returns
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By the assumption 11, we have for all assets i and for each month t,

εit =
Dt∑
d=1

ηit,d = ζ it,Dt (A4)

Equations (A3) and (A4) give the theoretical link between the monthly model and
the daily model. We can verify that this relationship does not contradict any assumption
made in our model and for the asymptotic analysis.
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B Theoretical framework of GOS (2016)

We present here the outline of the theoretical framework used in GOS, and show
how the time-varying risk premium estimator is defined in that paper.

We have (Ω,F , P ) a probability space and S : Ω→ Ω the measurable function that
describes the dynamics. If ω ∈ Ω is the state of the world at time 0, St(ω) is its state at
time t with St equivalent to t successive applications of S. S is assumed to be measure-
preserving and ergodic. The flow of information available in the market is represented
by the filtration Ft, t = 1, 2, . . . , where Ft = {S−t(A), A ∈ F0} with F0 a given sub
sigma-field of F and S−t the inverse application of St. There is a large number of assets
randomly selected in the sub-space [0, 1].15 The excess return Rt(γ) is defined at date
t = 1, 2, . . . , T for a given asset γ ∈ [0, 1] by:

Rt(γ) = at(γ) + bt(γ)′ft + εt(γ). (B1)

Where (at(γ), bt(γ)′)′ ∈ R × RK with bt(γ) the sensitivity of the factor ft ∈ RK to the
asset γ. εt(γ) represent errors. All these variables are defined on the probability space
and their conditional specifications are: at(γ) = at (γ, St−1(ω)), bt(γ) = bt (γ, St−1(ω)),
εt(γ) = εt (γ, St(ω)), and ft(ω) = f(St(ω)).

Under assumptions APR.1 to APR.4 from GOS, at(γ) = bt(γ)′νt. So the real risk
premia at time t is given by

λt = νt + E (ft|Ft−1) .

Factor sensitivities and risk premia at t are defined conditionally with respect to an
instrument Zt−1 which may include past observations of the factors and some macroe-
conomoic variables. Stock-specific instruments Zt−1(γ) are also used to describe the dy-
namics of factor sensitivities. The following two assumptions show how the variables are
linked to instruments;

Assumption FS 1. For any γ ∈ {γ1, . . . , γn} and t = 1, 2, . . . , the factor loadings are
given by bt(γ) = B(γ)Zt−1 + C(γ)Zt−1(γ), with Bt(γ) ∈ RK×p and Ct(γ) ∈ RK×q.

Assumption FS 2. (i) The risk premia vector is given by λt = ΛZt−1, with Λ ∈ RK×p.
(ii) For any t, E(ft|Ft−1) = FZt−1, with F ∈ RK×p.

From the previous assumptions and by sub-scripting assets by i (assuming there are
n assets), the following notations are defined: Bi = B(γi), Ci = C(γi), Zi,t−1 = Zt−1(γi).
The initial model is rewritten as follows:

Ri
t = x

′

itβi + εit (B2)
15GOS show that under a suitable sampling mechanism, the model is robust to reordering of the assets.
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with

x
′
it =

(
x
′
1,it, x

′
2,it

)
β
′
i =

(
β
′
1,i, β

′
2,i

)
x
′
1,it =

(
[vech(Xt)]

′
, Z
′
t−1 ⊗ Z

′
i,t−1

)
β
′
1,i =

(
[Np(ν

′ ⊗ Ip)vec(B
′
i)]
′
, [(ν ′ ⊗ Iq)vec(C

′
i)]
′
)

x
′
2,it =

(
f
′
t ⊗ Z

′
t−1, f

′
t ⊗ Z

′
i,t−1

)
β
′
2,i =

(
[vec(B′i)]

′
, [vec(C ′i)]

′
)

ν = vec(Λ− F ) Np = 1
2D

+
p (Ip2 +Wp)

The duplication matrix Dp is the p × p matrix such that for every p × p matrix A,
Dpvech(A) = vec(A) (D+

p is its Moore-Penrose inverse). The commutation matrix Wp is
the p2× p2 matrix such that for every p× p matrix A, vec(A′) = Wpvec(A). Xt is a p× p
matrix such that

(Xt)k,l =

 Z2
t−1,k if k = l

2Zt−1,k · Zt−1,l if k 6= l

The estimation procedure presented by GOS is based on a two-step estimation. At
the first one, the sensitivity βi is estimated from the equation (B2) through an OLS
regression. By defining β ′3,i =

(
[Np(Ip ⊗B

′
i)]
′ ; [(Ip ⊗ C

′
i)]
′
)′
, we have β1,i = β3,iν. Then

at the second step, the parameter ν is estimated by a WLS regression of β̂2,i on β̂3,iν. At
the end, we have

vec
[
Λ̂′
]

= ν̂ + vec
[
F̂
′]
,

where F̂ is obtained by a regression of factors on instruments Zt−1. The estimated risk
premia at t is then given by

λ̂t = Λ̂Zt−1. (B3)
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C Proofs

C.1 Proof of proposition 1

Let us consider a month t where the two factors are useful. We also consider Bt =
(b1
t , · · · , bnt )′ the matrix of betas as defined previously, and At = (a1

t , · · · , ant )′ . Following
GOS, we define et as the residual of the orthogonal projection of At on Bt;

et = At −Bt(B
′

tBt)−1B
′

tAt.

As GOS, let us assume by contradiction that the relation ait = bitνt does not hold
for any νt ∈ R2. So inf

ν∈R2

n∑
i=1

(
ait − (bit)

′
ν
)2

> 0, and then
n∑
i=1

(
ait − (bit)

′
νt,∞

)2
> 0 with

νt,∞ =
(

n∑
i=1

bit(bit)
′
)−1 ( n∑

i=1
bita

i
t

)
. Therefore e′tet > 0 and ‖et‖2 > 0.

Always following GOS, we define the portfolio qt = δ0,t + δ
′
tin, with δt = et

‖et‖2 ,

δ0,t = −i′nδt, and in the n-vector of ones. Then C(qt) = 0 and following their arguments,

P (qt > 0|F0) ≥ 1−
(
n−1eigmax(Σε,t)

)
n‖et‖−2

As the two factors are useful, the assumption APR.2 from GOS is satisfied. So
following their arguments, 1

n
‖et‖2 L2→ γ, with γ 6= 0. Then by assumption 3, it follows

that P (qt > 0|F0) L2→ 1; so P (qt > 0) → 1. Therefore we have a contradiction with the
assumption 4, since (qt) displays an asymptotic arbitrage opportunity. So we conclude as
GOS that ait = (bit)

′
νt,∞, with νt,∞ uniquely defined and Ft−1-measurable. �

C.2 Proof of proposition 2

If the factor ūs is strongly useless in mouth t, then bi,ūst = 0 for all assets i. In that
case, the initial model (1) becomes

Ri
t = ait + bi,ust fust + εit, (C1)

and then we conclude following the same argument as in the proposition 1 (since the
factor us is useful).

If the factor ūs is weakly useless in mouth t then as T is large, there is for any assets
i, a scalar cit such that bi,ūst = cit√

T
. The model (1) becomes then,

Ri
t =φ0

t + ait + bi,ust fust + bi,ūst f ūst + εit

=φ0
t +

(
ait + cit√

T
f ūst

)
+ bi,ust fust + εit

(C2)
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Let us consider the following model, where for each month t and for any asset i, lit
is a given scalar;

Ri
t = φ0

t +
(
ait + lit√

T

)
+ bi,ust fust + ξit (C3)

The conditional covariance matrix of this auxiliary model is Σξ,t = cov(ξit, ξ
j
t |Ft−1). As

T → ∞, we have Σξ,t ≡ Σε,t + op(1); so n−1eigmax(Σξ,t)
L2→ 0 as n → ∞. By the same

argument as in proposition 1, there is an unique Ft−1-measurable random variable νust ∈ R
such that ait + lit√

T
= bi,ust νust . Therefore ait = bi,ust νust +Op( 1√

T
). �

C.3 Proof of proposition 3

We look at the properties of φ̂t depending of whether the dynamically useless factor
ūs is useless or not at t. In the following parts of the proofs, we denote (βit)

′ = (1 ...(bit)
′ ).

We have Φ̂t =
φ̂0

t

φ̂t

 = argmin
Φ

LT,n,Dt(Φ), with LT,n,Dt convex for every T, n,Dt in

N∗ and given by:

LT,n,Dt(Φ) =
n∑
i=1

(
Ri
t − (βit)

′Φ
)2

+ τn
T s/2

2∑
j=1

|φj|
‖B̂j

t ‖s
.

Therefore, Φ̂t = argmin
Φ

LT,n,Dt(Φ) = argmin
Φ

1
n
LT,n,Dt(Φ). For the next, we consider the

following functions:

Ln,Dt(Φ) ≡ 1
n

n∑
i=1

(
Ri
t − (βit)

′Φ
)2

LT,n(Φ) ≡ τn
nT s/2

2∑
j=1

|φj|
‖B̂j

t ‖s
. (C4)

So we have
Φ̂t = argmin

Φ
(Ln,Dt(Φ) + LT,n(Φ)) .

C.3.1 If the two factors are useful in month t

As the two factors are useful at t, ‖B̂j
t ‖ = Op(1) as n→∞ (j = 1, 2); following the

assumption 8. So as n→∞, we have for all Φ in R3;

LT,n(Φ) = op(1). (C5)

Let us now determine the p-limit of Ln,Dt as n→∞. For that purpose, we consider
the following matrices Rt = (R1

t , . . . , R
n
t )
′
, βt = (β1

t , . . . , β
1
t )
′
and εt = (ε1

t , . . . , ε
n
t )
′
. We

have;

Ln,Dt(Φ) = 1
n

(
Rt − β̂tΦ

)′ (
Rt − β̂tΦ

)
= 1
n

(Rt − βtΦ− êtΦ)
′
(Rt − βtΦ− êtΦ) (with êt = β̂t − βt)

= 1
n

[
(Rt − βtΦ)

′
(Rt − βtΦ)− 2 (Rt − βtΦ)

′
êtΦ + Φ′ ê′têtΦ

]
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We have êt = (ê1
t , . . . , ê

n
t )
′
, with êit a R3 vector such as (êit)

′ = (β̂it)
′ − (βit)

′ for all asset i.
Let us consider the following lemma

Lemma 1. sup
i
‖êit‖ = op(1) as n→∞.

By using the Cauchy-Schwarz inequality with the previous lemma, we have as n→
∞:∣∣∣∣ 1n (Rt − βtΦ)

′
êtΦ

∣∣∣∣ ≤ 1
n

∑
i

|
(
Ri
t − (βit)

′Φ
)
| · |êitΦ| ≤ sup

i
‖êit‖

(
1
n

∑
i

∣∣∣(Ri
t − (βit)

′Φ
)∣∣∣ · ‖Φ‖) = op(1).

∣∣∣∣ 1nΦê′têtΦ
∣∣∣∣ ≤ 1

n

∑
i

|Φ′(êit)
′| · |êitΦ| ≤ ‖Φ‖

(
1
n

∑
i

‖(êit)
′‖ · ‖êit‖

)
‖Φ‖ ≤

(
sup
i
‖êit‖

)2
‖Φ‖2 = op(1).

Moreover from the equation (3), Ri
t = (βit)

′Φt + εit. So by the asumption 9, we have
as n→∞;

1
n

(Rt − βtΦ)
′
(Rt − βtΦ) = (Φ− Φt)

′
(

1
n

∑
i

βit(βit)
′
)

(Φ− Φt) + 1
n

∑
i

(εit)2 − 2(Φ− Φt)
′
(

1
n

∑
i

βitε
i
t

)

= (Φ− Φt)
′
Q̃t(Φ− Φt) + σ2

t + op(1).

Then it follows that as n→∞,

Ln,Dt(Φ) = (Φ− Φt)
′
Q̃t(Φ− Φt) + σ2

t + op(1) (C6)

By equations (C5) and (C6), we have as n→∞,

LT,n,Dt(Φ) = (Φ− Φt)
′
Q̃t(Φ− Φt) + σ2

t + op(1) (C7)

Let us denote L(Φ) = (Φ−Φt)
′
Q̃t(Φ−Φt) + σ2

t . As LT,n,Dt(Φ) is convex for all Φ in
R3, we have by the convexity lemma of Pollard (1991); sup

Φ
|LT,n,Dt(Φ) − L(Φ)| = op(1).

Therefore, Φ̂t = argmin
Φ

LT,n,Dt(Φ) p−→ argmin
Φ

L(Φ) = Φt �

C.3.2 If the dynamically useless factor ūs is useless in month t

In that case ‖B̂1
t ‖ = Op(1), ‖B̂2

t ‖ = Op( 1√
T

) (as T → ∞) and Φt = (φ0
t , φ

us
t , 0)′ by

definition. Following assumption 8, we have as n→∞

LT,n(Φ) = τ̃0|φūs| (τ̃0 > 0). (C8)

In order to find the p-limit of Ln,Dt , we consider the matrices Rt and εt as defined
previously. We also consider the matrices κt = (κ1

t , . . . , κ
n
t )
′
and būst =

(
b1,ūs
t , . . . , bn,ūst

)′
,
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with κit =
(
1, bi,ust

)′
for all i. In the next, we denote Φus = (φ0, φus)

′
. We have

Ln,Dt(Φ) = 1
n

n∑
i=1

(
Ri
t − (β̂it)

′Φ
)2

= 1
n

n∑
i=1

(
Ri
t − φ0 − b̂i,ust φus − b̂i,ūst φūs

)2

= 1
n

(
Rt − κ̂tΦus − b̂ūst φūs

)′ (
Rt − κ̂tΦus − b̂ūst φūs

)
= 1
n

(
Rt − κtΦus − ẽtΦus − b̂ūst φūs

)′ (
Rt − κtΦus − ẽtΦus − b̂ūst φūs

)
(with ẽt = κ̂t − κt)

= 1
n

[
(Rt − κtΦus)

′
(Rt − κtΦus)− 2 (Rt − κtΦus)

′ (
ẽtΦus + b̂ūst φ

ūs
)

+
(
ẽtΦus + b̂ūst φ

ūs
)′ (

ẽtΦus + b̂ūst φ
ūs
)]
.

Following the lemma 1, we have as n→∞, sup
i
‖ẽit‖ = op(1). Moreover as the factor

ūs is useless at t, sup
i
|b̂i,ūst | = op(1) by the assumption 7. So following the same argument

as previously, we have

1
n

[
−2 (Rt − κtΦus)

′ (
ẽtΦus + b̂ūst φ

ūs
)

+
(
ẽtΦus + b̂ūst φ

ūs
)′ (

ẽtΦus + b̂ūst φ
ūs
)]

= op(1).

Since Φt = (φ0
t , φ

us
t , 0)′ , we have by the equation (5) Ri

t = πiT + (βit)
′Φt + εit =

πiT + (κit)
′Φus

t + εit (with πiT an Op( 1√
T

)-term). Therefore by the assumptions 8 and 9 and
following the same argument as previously,

Ln,Dt(Φ) = (Φus − Φus
t )′Q̃us

t (Φus − Φus
t ) + σ2

t + op(1). (C9)

By equations (C8) and (C9), we have as n→∞,

LT,n,Dt(Φ) = (Φus − Φus
t )′Q̃us

t (Φus − Φus
t ) + σ2

t + τ̃0|φūs|+ op(1) (C10)

Let us denote L(Φ) = (Φus−Φus
t )′Q̃us

t (Φus−Φus
t )+σ2

t+τ̃0|φūs|. We have argmin
Φ

L(Φ) =

((Φus
t )′ , 0)′ = (φ0

t , φ
us
t , 0)′ = Φt. As LT,n,Dt is convex, we can conclude following Pollard

(1991) that Φ̂t
p−→ Φt as n→∞. �

Proof of the lemma 1

As eit is a R3 vector, let us denote for all asset i, |êi,∗t | = ‖êit‖∞ = sup
k=1,2,3

|êi,kt |, where

êi,kt is the kth element of the vector. As all the norms in R3 are equivalent, there is a scalar
c > 0 such that sup

i
‖êit‖ ≤ c|êi,∗t | for all i. Therefore by the Markov inequality, we have
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for all ξ > 0;

P
(
sup
i
‖êit‖ ≥ ξ

)
≤

n∑
i=1

P
(
c|êi,∗t | ≥ ξ

)
≤

n∑
i=1

P
(
êi,∗t ≥ ξ/c

)
1{êi,∗t >0} +

n∑
i=1

P
(
−êi,∗t ≥ ξ/c

)
1{êi,∗t <0}

≤
n∑
i=1

E(êi,∗t )
ξ/c

1{êi,∗t >0} +
n∑
i=1

E(−êi,∗t )
ξ/c

1{êi,∗t <0}

≤ 2c
ξ

n∑
i=1

∣∣∣E(êi,∗t )
∣∣∣

= 2c
ξ

n∑
i=1

∣∣∣E(E(êi,∗t |ft,d))
∣∣∣ .

(C11)

By definition (βit)
′ = (1...(bit)

′) for all i; moreover, we have

b̂it − bit =
[

1
Dt

∑
d

(ft,d − f̄t)(ft,d − f̄t)
′
]−1 [ 1

Dt

∑
d

(ft,d − f̄t)ηit,d
]
.

b̂it is obtained through an OLS regression on daily data according to the model (2). Fol-
lowing the assumption 2, we have E(ηit,d|ft,d) = 0. Therefore,

E(b̂it − bit|ft,d) =
[

1
Dt

∑
d

(ft,d − f̄t)(ft,d − f̄t)
′
]−1 [ 1

Dt

∑
d

(ft,d − f̄t)E(ηit,d|ft,d)
]

= 0
(C12)

By the definition of βit , we then have E(êit|ft,d) = E(β̂it − βit|ft,d) = 0 for all assets
i; therefore, E(êi,∗t |ft,d) = 0 for all i. So as n → ∞, we have from equation (C11),
P
(
sup
i
‖êit‖ ≥ ξ

)
= 0 for all ξ > 0. �

C.4 Proof of proposition 4

As previously we consider a given month t and proceed following whether the dy-
namically useless factor ūs is useless or not at t.

C.4.1 If the two factors are useful in month t

We are going first to present the asymptotic properties of the estimator F̂ . We have

ft = FZt−1 + ut ⇒ vec(ft) = vec(FZt−1) + vec(ut)
⇔ ft = vec(I2FZt−1) + ut

⇔ ft = (Z ′t−1 ⊗ I2)vec(F ) + ut

Then we have vec(F̂ ) − vec(F ) =
(

1
T

T∑
t=1

Zt−1Z
′
t−1 ⊗ I2

)−1 (
1
T

T∑
t=1

(Zt−1 ⊗ I2)ut
)
. So ap-

plying the CLT with assumption 10, we have as T →∞
√
T
(
vec(F̂ )− vec(F )

)
d→ N (0,ΣF ) . (C13)
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Moreover, we have

λt = φt + FZt−1 − ft
= φt + vec(I2FZt−1)− ft
= φt + (Z ′t−1 ⊗ I2)vec(F )− ft.

(C14)

Let us consider the following lemma

Lemma 2. If the two factors are useful in month t, we have as n→∞

√
n(φ̂t − φt) = Op(1).

Using the lemma and the assumption 8, we have as n→∞,

nα(λ̂t − λt) =
( 1
n0.5−α

)√
n(φ̂t − φt) +

(
nα√
T

)
(Z ′t−1 ⊗ I2)

(√
T
(
vec(F̂ )− vec(F )

))
= Op(

1
n0.5−α ) + ρ

1/2
1 N

(
0, (Z ′t−1 ⊗ I2)ΣF (Zt−1 ⊗ I2)

)
d→ N

(
0, ρ1(Z ′t−1 ⊗ I2)ΣF (Zt−1 ⊗ I2)

)
This ends the proof. �

Proof of the lemma 2

Our proof follows the arguments of Knight and Fu (2000), as they propose a frame-
work for asymptotic analysis on lasso-type estimators. We have Φt = (φ0

t , (φt)
′)′ and

(βit)
′ = (1...(bit)

′). To prove the lemma 2, it is sufficient to show that as n → ∞,
v =
√
n(Φ̂t − Φt) is Op(1).

We have the following function;

LT,n,Dt(Φ) =
n∑
i=1

(
Ri
t − (β̂it)

′Φ
)2

+ τn
T s/2

2∑
j=1

|φj|
‖B̂j

t ‖s
.

Let us consider vt =
√
n(Φ̂t−Φt). We also consider the vectors Rt, βt, εt and êt as defined

previously. We have as equation (3), Rt = βtΦt+εt; therefore by straightforward calculus,

LT,n,Dt(Φ̂t) =
(
εt − βt

vt√
n
− êt(Φt −

vt√
n

)
)′ (

εt − βt
vt√
n
− êt(Φt −

vt√
n

)
)

+ τn
T s/2

2∑
j=1

|φjt + vjt√
n
|

‖B̂j
t ‖s

= An(vt) +Bn(vt)

≡ Hn(vt).
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vt =
√
n(Φ̂t−Φt) minimizes Hn(v); so it minimizes also Hn(v)−Hn(0) = (A(v)−A(0))+

(B(v)−B(0)). As for all i, êt = op(1) when n→∞;

An(v)− An(0) =
(
εt − βt

v√
n
− êt(Φt −

v√
n

)
)′ (

εt − βt
v√
n
− êt(Φt −

v√
n

)
)
− ε′tεt

=
(
εt − βt

v√
n

)′ (
εt − βt

v√
n

)
− ε′tεt + op(1)

= − 2√
n
v
′
β
′

tεt + 1
n
v
′
β
′

tβtv + op(1)

= −2v′
(

1√
n

n∑
i=1

βitε
i
t

)
+ v

′
(

1
n

n∑
i=1

βit(βit)
′
)
v + op(1)

d→ −2v′Ã+ v
′
Q̃tv,

(C15)
where Ã is a variable such as

(
1√
n

n∑
i=1

βitε
i
t

)
d→ Ã, and Q̃t is defined as in the assumption

9. Moreover because the two factors are useful, we have as n→∞;

Bn(v)−Bn(0) = τn
T s/2

2∑
j=1

1
‖B̂j

t ‖s

(
| v

j

√
n

+ φjt | − |φjt |
)

= τn√
n

1
T s/2

2∑
j=1

1
‖B̂j

t ‖s
(
vjsign(φjt)1φjt 6=0 + |vj|1φjt

)
p→ 0

(C16)

We have Hn(v) − Hn(0) d→ −2v′Ã + v
′
Q̃tv ≡ H(v). As Hn and H are convex,

then we conclude following the argument of Knight and Fu (2000) that
√
n(Φ̂t − Φt) =

argmin
v

(Hn(v)−Hn(0)) d→ argmin
v

H(v) = Q̃−1
t Ã. �

C.4.2 If the dynamically useless factor ūs is useless in month t

Since for all t, ft = FZt−1 + ut, we also have fust = F 1Zt−1 + uust (with F 1 the first

row of the matrix F ). So (F̂ 1−F 1)′ =
(

1
T

T∑
t=1

Zt−1Z
′
t−1

)−1 (
1
T

T∑
t=1

Zt−1u
us
t

)
. As previously

by the CLT and the assumption 10, we have
√
T (F̂ 1 − F 1)′ d→ N (0,Σus

F ) (C17)

Following the same argument as previously we conclude using the following lemma;

Lemma 3. If the dynamically useless factor ūs is useless in month t, we have as n→∞

√
n(φ̂t − φt) = Op(1).

�
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Proof of the lemma 3

Let us consider the vectors Rt, Φus, κt, βūst , ẽt and εt defined as previously. We also
consider the vectors πT = (π1

T , . . . , π
n
T )
′
and vt =

√
n(Φ̂t − Φt). Following the equation

(5), vt is the minimum of Hn(v) = An(v) +Bn(v) with;

An(v) =
(
πT + εt − κt

vus√
n
− ẽt(Φus

t + vus√
n

)− b̂ūst (φūst + v2
√
n

)
)′ (

πT + εt − κt
vus√
n
− ẽt(Φus

t + vus√
n

)− b̂ūst (φūst + v2
√
n

)
)

Bn(v) = τn
T s/2

2∑
j=1

|φjt + vj√
n
|

‖B̂j
t ‖s

.

We have here v = (v0, v1, v2)′ = (v0, vus, vūs)′ and V us = (v0, vus) =
√
n(Φ̂us − Φus

t ).
Moreover by the assumption 8 we have as n→∞, b̂ūst = op(1), ẽt = op(1), and πT = op(1).
Therefore,

An(v)− An(0) d→ −2(V us)′Ã2 + (V us)′Q̃us
t V

us,

where Ã2 is a variable such as
(

1√
n

n∑
i=1

κitε
i
t

)
d→ Ã2, and Q̃us

t is defined as in the assumption
9. Moreover because the factor ūs is useless at t, we have as n→∞;

Bn(v)−Bn(0) = τn
T s/2

2∑
j=1

1
‖B̂j

t ‖s

(
| v

j

√
n

+ φjt | − |φjt |
)

= τn√
n

1
T s/2

2∑
j=1

1
‖B̂j

t ‖s
(
vjsign(φjt)1φjt 6=0 + |vj|1φjt

)
p→ τ̃0|vūs|. (τ̃0 > 0)

(C18)

Let us denote H(v) = −2(V us)′Ã2 + (V us)′Q̃us
t V

us + τ0|v2|. As vt =
√
n(Φ̂t − Φt)

minimizes Hn(v) −Hn(0), we have following the same argument as previously,
√
n(Φ̂t −

Φt) = argmin
v

(Hn(v)−Hn(0)) d→ argmin
v

H(v). �
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