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Abstract

Uncertainty about realized costs is an inherent component of construction work

projects. We consider low-price sealed-bid procurements with heterogenous bidders

preferences and ex post cost uncertainty. We show that the model primitives are

not identified in general from observed bids. Under exogenous participation, we

obtain partial identification, while parameterizations of the utility function and

the distribution of cost uncertainty achieve semiparametric identification. We then

develop a multi-step estimation procedure for the model primitives. We analyze

empirically construction procurement data. More experienced firms are found to be

almost risk neutral while less experienced firms tend to display Decreasing Absolute

Relative Aversion (DARA) preferences. The latter face a risk premium of 4%. A

robustness analysis confirms that asymmetry is due to heterogenous preferences and

not to differences in cost distributions among bidders.

KEY WORDS: Ex Post Uncertainty, Procurements, Risk Premium, Risk Aversion,

Semiparametric and Nonparametric Estimation.



Cost Uncertainty in Procurements

Y. Luo, I. Perrigne and Q. Vuong

1 Introduction

Procurements or reverse auctions are frequently used by public or private institutions

to purchase a large variety of goods and contribute to an important proportion of the

economy. The availability of data, the idiosyncrasies of used mechanisms and the variety

of empirical situations have initiated a lively research area in the structural analysis

of auction data. Starting with Bajari (1997), asymmetry among bidders is a common

feature in construction procurements because of the transportation cost of heavy material.

See also Flambard and Perrigne (2006), Jofre-Bonnet and Pesendorfer (2003) in which

asymmetry arises from bidders’ capacity constraints, and Marion (2007) where asymmetry

arises from a preference treatment to small firms. Morever, because of the complexity of

the tasks, some heterogeneity is difficult to capture leading to unobserved heterogeneity

as studied by Krasnokutskaya (2011). Lastly, a typical feature in procurements involves a

first-stage in which firms get access to technical information before submitting their bids.

This is formalized by an entry game as studied by Li and Zheng (2011) and Marmer,

Shneyerov and Xu (2013). See also Einav and Esponda (2008) and Krasnokutskaya and

Seim (2011) where firms’ entry is related to their distance in the former and to their bid

preference status in the latter.

A recent empirical literature has focused on events after the procurement. As well
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documented by Ganuza (2007), order changes in design and specifications of construction

projects are frequent due to the complexity and length of such projects causing cost

overruns and numerous delays which are known to plague this activity. Bajari, Haughton

and Tadelis (2014) view these contracts as incomplete leading to some adaptation costs due

to renegotiation, dispute resolution, etc. Their analysis of Caltrans construction bidding

data combined with information on contract alterations leads to large estimated costs of

ex post adaptations. Bajari and Tadelis (2001) highlight the many uncertainties faced

by firms due to coordination and logistics problems, the disruption of schedule between

the contractor, the subcontractor and suppliers, and delays in deliveries of material in

addition to potential changes of specification. While establishing the link between the

ex ante incentives and the ex post renegotiation costs, these authors show that cost-

plus contracts should be preferred to fixed-price contracts due to costly renegotiation on

complex projects thereby questioning the mechanisms used in procurements.

As time overruns are also another typical problem, Lewis and Bajari (2011) study the

performance of scoring procurements in which bidders are given time incentives. Their

analysis of highway construction procurements by Caltrans assesses the gain of such auc-

tions and shows that the extra reward for early completion through a larger bid is effective

and is much less than the increase in social welfare for commuters. Lewis and Bajari

(2014) model how time incentive contracts affect contractors’ work rate and completion

time. Their analysis of Minnesota highway procurement data with detailed daily infor-

mation on work plans, hours actually worked and delays shows evidence of moral hazard.

Their counterfactual analysis of switching to an optimal design suggests an increase in

welfare without increasing the risk borne by contractors such as bad weather, input de-

lays and equipment failures as considered in their model. These last two papers discuss

the benefits and accuracy of considering risk averse bidders but leave this part for future

research due to the additional complexity of considering risk averse bidders in the model

and its estimation.
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In this paper, we focus on the cost uncertainty ex post the auction. This uncertainty

can arise from not only the factors explained above such as delays, logistics problems,

equipment failures that are idiosyncratic to firms but also common factors such as weather

and fluctuations in input prices.1 We build on Eso and White (2004) model in which the

ex post unknown realized cost is the sum of the ex ante known cost estimate and an

independent random shock. Following most of the empirical literature on procurements,

we consider a private value model.2 In a private value setting with risk neutral bidders,

such an uncertainty does not affect bidding. On the other hand, when bidders are risk

averse, bidders incorporate ex post uncertainty by adjusting their bids upward by at least

the amount of the risk premium.3 When facing uncertainty, it is natural to consider

bidders’ potential risk aversion.

Bidders’ risk aversion has been recently studied in the empirical literature. Guerre,

Perrigne and Vuong (2009) show that bidders’ utility function is identified under exoge-

nous participation, i.e. the latent private value distribution does not depend on the level

of competition. The idea is to exploit exogenous variations in the number of bidders

that affect the bid distribution but not the private value distribution leading to socalled

compatibility conditions. We will exploit a similar idea here. In addition, we will consider

a model with heterogenous preferences as our preliminary bid data analysis reveals that

1For instance, during the year 2005/06, the price of asphalt doubled (despite a modest increase in

oil price) because of the transfer of activities of refineries toward higher added value products following

Katrina hurricane and an increase in demand due to a large number of road projects. More recently, the

price of gas decreased by 60% reducing the cost of transportation for companies.
2To our knowledge the only exception is Hong and Shum (2002). Their results show that large and

costly projects are more likely to be subject to common values. To avoid this issue, we will drop very

large projects from the empirical analysis in Section 4.
3In a different setting in which bidders face uncertainty on the harvested quantities of timber species,

Athey and Levin (2001) study skewed bidding, i.e. bidders adjust their bids depending on whether the

quantities are under or overestimated. Their empirical results show risk diversification across species

suggesting bidders’ risk aversion.
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firms’ experience affects positively their bids.4 This finding suggests that more experi-

enced firms might be less risk averse than recent ones. We then include in the model

bidders’ asymmetry arising through heterogenous preferences. The model can also be

easily extended to include cost differences as well to assess further the asymmetry among

firms. We show that cost uncertainty leads to peculiar boundary conditions that prevent

some risk averse firms to participate in the auction because of their high risk premium. In

addition to the utility functions and cost distribution(s), the model also contains among

its primitives the random shock distribution. Under exogeneity of the number of bidders,

we obtain partial identification. To identify the ex post shock distribution, we consider

some parameterizations of the utility functions and the shock distribution leading to a

semiparametric model. In addition to its identification, we also derive the restrictions

on observables imposed by the model. We then develop a Minimum Distance estimator

based on the compatibility conditions imposed by the model. Our estimation procedure

also involves quantiles and sieves.

In the application, we analyze procurement data from the City of Los Angeles that

we complement with information from the Contractors’ State Board to obtain the date

of the contractors’ license. We consider a Hyperbolic Absolute Risk Aversion (HARA)

specification for the utility and a rescaled Beta distribution for the random shock distri-

bution. Both specifications are flexible and cover a large possibility of functional forms.

Our empirical results show that more experienced firms tend to be risk neutral and less

experienced firms to have decreasing absolute risk aversion (DARA).5 For the latter, the

risk premium is on average 4% of the engineering estimate. As expected, the risk pre-

mium increases with this estimate but the ratio of the two tends to decrease for large

size projects. The random shock distribution has also a large variance increasing in the

4Campo (2012) finds that the coefficient of constant relative risk aversion is decreasing in firm’s

experience.
5There is an important finance and macroeconomic literature using the HARA specification. See

Perets and Yashiv (2015).
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value of the project. We perform a robustness analysis by estimating nonparametrically

the expected utilities. These results confirm the near risk neutrality of the experienced

firms and show the excellent fit of the HARA specification combined with the Beta dis-

tribution. The estimation of the model with cost differences in addition to heterogenous

preferences displays no asymmetry in cost distributions confirming that asymmetry arises

from heterogenous preferences.

The paper is organized as follows. A second section introduces the model and derives

its restrictions on observables. A third section studies identification of the model primi-

tives and introduces a semiparametric estimator. A fourth section presents the data and

discusses our estimation results. Lastly, a fifth section concludes.

2 Model and Rationalization

This section introduces the stochastic private cost model with bidders displaying het-

erogenous preferences. We then derive all the model restrictions on observables.

The Model with Cost Uncertainty

A single and indivisible project is allocated via a low-price sealed-bid procurement.

All bids are collected simultaneously and the firm submitting the lowest bid wins the

contract and pays its bid. Following Eso and White (2004), each firm is assumed to have

an ex ante estimate of the project cost, which is private information. This ex ante cost

is denoted by ci for bidder i, which is drawn independently from a distribution F (·) with

density f(·) > 0 on support [c, c]. The ex post realized cost c̃i is the sum of the ex ante

cost and a zero mean ex post shock εi, i.e. c̃i = ci + εi. The random shock is distributed

as Ψ(·) with density ψ(·) on support [ε, ε] with c+ ε > 0. The shocks are independent of

the ex ante costs, i.e. εi is independent of all costs cj including ci. On the other hand,

the model does not make any assumption on the correlation among the εis. As a matter

of fact, they could be identical and represent macroeconomic or other exogenous shocks
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common to all bidders.

Uncertainty affects bidding because bidders are risk averse. We introduce asymmetry

among bidders through heterogenous preferences. For the sake of simplicity, asymmetry

among bidders reduces to two groups 0 and 1 which differ through their utility functions

U0(·) and U1(·) with Uk(0) = 0, k = 0, 1. The utility functions Uk(·), k = 0, 1 are strictly

increasing and weakly concave. Bidders’ identities are observed. There is a total of I bid-

ders with I = I0+I1 ≥ 2 with I0 ∈ I0 and I1 ∈ I1. As discussed in Section 4, heterogenous

preferences can arise from differences in experience levels, backlogs and financial situa-

tions. The model primitives [U0(·), U1(·), F (·),Ψ(·), I0, I1] are common knowledge. We

refer to this framework as the Stochastic Private Cost (SPC) model.6

Let k(i) indicate the index of the group to which bidder i belongs. Bidder’s i problem

is to maximize his expected utility of winning the project

E[Πi(bi)] = Pr(bi ≤ bj, j 6= i)EεUk(i)(bi − ci − εi), (1)

with respect to his bid bi, where bj is the bid of competitive firm j. Here Eε[·] denotes the

expectation with respect to the random shock εi while the expected profit is taken with

respect to bj, j 6= i and εi. It is useful to note that Vk(·) ≡ EεUk(· − ε) can be interpreted

as a utility function for k = 0, 1 because Uk(·) and hence Vk(·) are strictly increasing

and weakly concave. Maskin and Riley (2000a, 2000b) analyze equilibrium properties

of asymmetric auctions within a private value paradigm. Our model and assumptions

fit in their framework by considering the quasi utility function Vk(·). We then rely on

Proposition 5 in Maskin and Riley (2000b) to establish the existence and properties of

our equilibrium strategies.

Proposition 1: There exists a pure-strategy and monotone equilibrium in the procure-

ment model with cost uncertainty.

6We can also allow for asymmetry in the cost distributions as well as in the shock distributions, in

which case the primitives are [U0(·), U1(·), F0(·), F1(·),Ψ0(·),Ψ1(·), I0, I1]. We estimate this model later

as part of a robustness analysis. See Section 4.
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Our model satisfies the assumptions of Maskin and Riley (200b, Proposition 5). Thus,

the existence of equilibrium follows. We denote by sk(·), k = 0, 1 the bidder’s equilibrium

strategy in group k.

Because of cost uncertainty, a bidder needs to have a minimum markup b − c to be

willing to participate to an auction with uncertain ex post profit. We denote by πk such

a markup, i.e. πk ≡ argminxEε[Uk(x− ε)] ≥ 0. By continuity, πk solves Eε[Uk(πk− ε)] = 0

or equivalently Vk(πk) = 0. The amount πk can be interpreted as the risk premium for

the gamble πk − ε since πk = Eε[πk − ε]−CEk, E(ε) = 0, and CEk = 0, where CEk is the

certainty equivalent defined by Eε[Uk(πk− ε)] = Uk(CEk) as Uk(0) = 0. Moreover, πk ≥ 0

under risk aversion.7 Hereafter, we consider π0 < π1 <∞.

In contrast with the independent private value model with risk aversion, cost uncer-

tainty leads to peculiar boundary conditions. Specifically, s0(c) = b and s1(cα) = b =

cα + π1 for some α-quantile cα of F (·) with α ∈ (0, 1), where

(i) b = c+π0 if I0 ≥ 2, i.e. bidders of type 0 face competition in their own group. This

case is displayed in Figure 1,

(ii) b = argmaxb[1− F (b− π1)]I1V0(b− c) with c+ π0 < b < c+ π1 if I0 = 1, i.e there is

no competition faced by the bidder of type 0 from his own group.8

The upper boundary conditions follow from Maskin and Riley (2003, Lemma 3). See

Appendix. Such boundary conditions imply some screening of bidders in group 1. Namely,

only the bidders in group 1 who have a cost estimate below cα effectively participate by

submitting a bid as shown in Figure 1. This situation is reminiscent of an auction where

bidders with private values below the reserve price do not participate. Thus, the number

of active bidders in group 1 is I∗1 ≤ I1 with I1 denoting the number of potential bidders.

7By Jensen inequality, evaluating the quasi utility at zero gives Eε[Uk(−ε)] ≤ Uk[E(−ε)] = Uk(0) = 0.

Since Uk(·) and hence Vk(·) is strictly increasing, it follows that πk ≥ 0.
8The first-order condition implies b > c + π0 using V0(π0) = 0 and V0(·)/V ′0(·) is strictly increasing.

Similarly, we can show that b < c+ π1 since V0(π0) = 0, π0 < π1 and V0(·)/V ′0(·) is strictly increasing.
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On the other hand, all potential bidders in group 0 participate. Note that the upper

bound b is common to both equilibrium bid distributions.9 In contrast, the equilibrium

bid distributions for the two groups need not have the same lower bound. Thus, the

conventional boundary condition s0(c) = s1(c) does not need to hold in our model. In

addition, b = c+ π0 does not hold in case (ii).

From Proposition 1, an equilibrium in pure strategies exists and the equilibrium strate-

gies are strictly increasing. In addition, we assume that they are symmetric within groups,

continuous and differentiable.10 Thus, (1) becomes

EΠ0(bi) = {1− F [s−10 (bi)]}I0−1{1− F [s−11 (bi)]}I1V0(bi − ci), i = 1, . . . , I0 (2)

EΠ1(bi) = {1− F [s−10 (bi)]}I0{1− F [s−11 (bi)]}I1−1V1(bi − ci), i = 1, . . . , I∗1 (3)

for groups 0 and 1, respectively. Let λk(x) = Vk(x)/V ′k(x) which is known as the fear of

ruin. See Aumann and Kurz (1977). Taking the derivatives of (2) and (3) with respect to

bi leads to the following system of differential equations for groups 0 and 1 respectively

1 =

{
f(s−10 (bi))

1− F (s−10 (bi))

I0 − 1

s′0(s
−1
0 (bi))

+
f(s−11 (bi))

1− F (s−11 (bi))

I1
s′1(s

−1
1 (bi))

}
λ0(bi − ci),

(4)

1 =

{
f(s−10 (bi))

1− F (s−10 (bi))

I0
s′0(s

−1
0 (bi))

+
f(s−11 (bi))

1− F (s−11 (bi))

I1 − 1

s′1(s
−1
1 (bi))

}
λ1(bi − ci),

with upper boundary conditions (i) or (ii) depending on the number of firms in group 0.

This system of differential equations does not lead in general to closed form solutions for

s0(·) and s1(·). Together with the boundary conditions, these equations provide the basis

for identification as studied in Section 3.

9With (say) three groups with π0 < π1 < π2, we would obtain b = cα1
+ π1 = cα2

+ π2 with α2 < α1.

See also Lemma A.1 in the Appendix.
10Since the equality at the lower bid boundary does not necessarily hold in our case, we assume

that the inverse equilibrium bidding strategy of the group with the higher lower bound has an increasing,

continuous and differentiable extension to the lower bound of the other group equilibrium bid distribution.

For the existence of such an extension with risk neutral bidders see Lebrun (2006).
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Rationalization

We characterize the restrictions imposed by the model on observables. It is useful to

recall the observables. We observe the bids (b1, . . . , bI0) and (b1, . . . , bI∗1 ) as well as the

number of bidders I0 and I∗1 . Let G0(·) be the equilibrium bid distribution for group 0 and

G∗1(·) be the truncated equilibrium bid distribution for group 1. This truncation arises

because bidders in group 1 with a cost above cα do not participate as explained previously.

Hereafter, we consider that the distributions G0(·) and G∗1(·) as well as the distribution

Φ(·) of the number I∗1 of participating bidders are known. The model is defined as a set of

structures [U0(·), U1(·), F (·),Ψ(·), I0, I1]. Rationalization is defined as follows. Given I0,

the observed distributions [G0(·), G∗1(·),Φ(·)] are rationalized by the model if there exists

a structure [U0(·), U1(·), F (·),Ψ(·), I0, I1] which leads to such distributions at equilibrium.

The rationalization problem can be viewed as the econometric analog of the existence

problem in economic theory.

Exploiting the one-to-one equilibrium mapping between the observed bid and the

unobserved cost, we express the equilibrium bid distributions in terms of the underlying

cost distributions. Specifically, G0(b) = F (s−10 (b)) with g0(b) = f(s−10 (b))/s′0(s
−1
0 (b)) on

[b0, b] for group 0 and G∗1(b) = F (s−11 (b))/F (cα) = F (s−11 (b))/α with density g∗1(b) =

f(s−11 (b))/[αs′1[s
−1
1 (b)]] on [b1, b] for group 1. The system of differential equations (4) can

be rewritten as

1 =

{
(I0 − 1)

g0(bi)

1−G0(bi)
+ I1

αg∗1(bi)

1−G∗1(bi)α

}
λ0(bi − ci),

(5)

1 =

{
I0

g0(bi)

1−G0(bi)
+ (I1 − 1)

αg∗1(bi)

1−G∗1(bi)α

}
λ1(bi − ci).

Let Hk(bi) be the expression in braces for k = 0, 1. We obtain for groups 0 and 1

ci = ξ0(bi) ≡ bi − λ−10

(
1

H0(bi)

)
,

(6)

ci = ξ1(bi) ≡ bi − λ−11

(
1

H1(bi)

)
,
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with boundary conditions as indicated above. Note that the invertibility of λk(·) comes

from the strict monotonicity and concavity of Vk(·).
Since λk(·) is determined by Vk(·) ≡ EεUk(· − ε), we first consider the quasi model

defined as the set of structures [F (·), V0(·), V1(·), I0, I1]. We make the following high-level

assumptions on the quasi utility Vk(·). Let η > 0.

Definition 1: For R ≥ 1, let VR be the set of functions V (·) satisfying

(i) ∃ 0 ≤ π <∞: V (·) : [π,+∞)→ [0,+∞), V (π) = 0 and V (π + η) = 1,

(ii) V (·) is continuous on [π,+∞) and admits R + 2 continuous derivatives on (π,+∞)

with V ′(·) > 0 and V ′′(·) ≤ 0 on (π,+∞),

(iii) limx↓π λ
(r)(x) is finite for 1 ≤ r ≤ R + 1, where λ(r)(·) is the rth derivative of λ(·).

The only difference between this definition and Definition 1 in Guerre, Perrigne and Vuong

(2009) lies in (i), where π is allowed to take a nonnegative value. Moreover, V (π+ η) = 1

is a normalization, where η > 0 can be chosen appropriately to fix the scale of the quasi

utility function V (·). Condition (ii) ensures that our model possesses an equilibrium and

together with (iii) guarantees that λ(·) has R+ 1 continuous derivatives on [0,+∞). We

also remark that rational behavior implies to bid above the risk premium, i.e. s0(c) > c+π0

for all c ∈ [c, c) and s1(c) > c + π1 for all c ∈ [c, cα). See Figure 1. The next definition

imposes some smoothness on F (·).

Definition 2: For R ≥ 1, let FR be the set of distributions F (·) satisfying

(i) F (·) is a c.d.f. on [c, c], where 0 ≤ c < c < +∞,

(ii) F (·) admits R + 1 continuous derivatives on [c, c],

(iii) f(·) > 0 on [c, c].

Theorem 1 in Guerre, Perrigne and Vuong (2009) indicates that sk(·) admits R + 1 con-

tinuous derivatives on its support for k = 0, 1 with s′k(·) > 0. We maintain this property

hereafter. The regularity assumptions on Vk(·) and F (·) imply that the equilibrium bid

distributions must satisfy the properties summarized in Definition 3.

Definition 3: For R ≥ 1, let GR be the set of distributions G(·) satisfying
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(i) G(·) is a c.d.f. with support [b, b], where 0 ≤ b < b < +∞,

(ii) G(·) has R + 1 continuous derivatives on [b, b],

(iii) g(·) > 0 on [b, b],

(iv) g(·) admits R + 1 continuous derivatives on [b, b) except possibly at one point.

In contrast to Guerre, Perrigne and Vuong (2009), gk(·) may not be R + 1 continuously

differentiable at some point in (bk, b). Specifically, if b0 < b1, then g0(·) may not be

differentiable at b1. Similarly, if b0 > b1, then g∗1(·) may not be differentiable at b0. See

Proof of Lemma 1 below. The most interesting implication of Definition 3 is that g(·) is

smoother than f(·). This property is common to a large class of auction models.

We then define the quasi model as QR = {[V0(·), V1(·), F (·), I0, I1] ∈ VR × VR ×FR ×
I0 × I1 : 0 ≤ π0 < π1}. The risk premium πk defines the lower bound of the domain of

Vk(·) for k = 0, 1.

Lemma 1: Let I0 ≥ 2, I1 ≥ 1, and R ≥ 1. Let G(·) be the joint distribution of

observed bids b = (b1, .., bI0 , bI0+1, .., bI0+I∗1 ) and Φ(·) be the distribution of the number of

actual bidders from group 1. There exists a structure [V0(·), V1(·), F (·), I0, I1] ∈ QR that

rationalizes G(·) and Φ(·) if and only if

(i) The observed bids are independent conditionally on I∗1 with G(b) =
∏I0
k=1G0(bk)

∏I∗1
j=1

G∗1(bI0+j),

(ii) ∃ λ0(·), λ1(·) and 0 ≤ π0 < π1 such that for k = 0, 1

a) λk(·) : [πk,+∞)→ [0,+∞), λk(πk) = 0 and λ′k(·) ≥ 1,

b) λk(·) has R + 1 continuous derivatives on [πk,+∞),

c) ξ′k(·) > 0 on [bk, b] and ξk(bk) ≥ 0, where ξk(b) = b− λ−1k (1/Hk(b)),

(iii) ∃ α ∈ (0, 1) such that

a) Φ(·) is binomial with parameters (I1, α),

b) For every α ∈ [0, α], the ‘within’ compatibility condition

b0α − λ−10

(
1

H0(b0α)

)
= b∗1α∗ − λ−11

(
1

H1(b∗1α∗)

)
(7)
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must hold, where α∗ = α/α and b0α and b∗1α∗ are the α and α∗ quantiles of G0(·) and G∗1(·)
respectively,

c) [G0(·), G1(·)] ∈ G2Rα, where G2Rα = {(G0, G1) ∈ GR × GR : 1/Hk(·) ∈ CR+1[bk, b] and

limb↑bHk(b) = +∞, k = 0, 1}.

Lemma 1 provides all the restrictions on observables imposed by the quasi model with

heterogenous bidders for given participation (I0, I1). These restrictions are weak except

for the socalled compatibility conditions (7). The latter arise from the monotonicity of

the equilibrium strategies, thereby implying that the α-quantiles of the two observed bid

distributions can be matched through the quantile of the cost distribution. Specifically,

the bid quantiles b0α and b∗1α∗ in (7) correspond to the same cost quantile cα of F (·),
where α∗ = α/α. See Figure 1. We call them ‘within’ because they arise from bidders’

heterogenous preferences within the same auction. These compatibility conditions will

identify the model and provide the basis for the estimation procedure as shown in Section

3. Such compatibility conditions arise each time that there is some exogenous variation in

the observed distributions while the latent distribution remains the same. For instance,

Guerre, Perrigne and Vuong (2009) exploit exogenous variations in the number of bidders

that lead to compatibility conditions with symmetric risk averse bidders. In Campo,

Guerre, Perrigne and Vuong (2011), heterogeneity in bidders’ preferences provides similar

conditions when there is no ex post uncertainty. In both papers, such conditions are

crucial to identify bidders’ utility function(s).11

We now turn to the SPC model with ex post cost uncertainty.

Definition 4: Let U and Ψ be a set of utility functions U(·) and a set of shock distribu-

tions Ψ(·) satisfying

i) U(·) is strictly increasing and weakly concave with U(0) = 0.

(ii) Ψ(·) is a c.d.f. with zero mean and a density ψ(·) on [ε, ε].

11In the context of labor contracts, D’Haultfoeuille and Fevrier (2010) exploit an exogenous variation

in the piece rate remuneration that also leads to compatibility conditions.
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Hereafter, we define the SPC model SR with heterogenous preferences and ex post cost

uncertainty as the set of structures [U0(·), U1(·), F (·),Ψ(·), I0, I1] that lead to quasi struc-

tures [V0(·), V1(·), F (·), I0, I1] ∈ QR, more precisely SR = {[U0(·), U1(·), F (·),Ψ(·), I0, I1] ∈
U2 ×FR ×Ψ× I0 × I1 : [V0(·), V1(·), F (·), I0, I1] ∈ QR where Vk(·) = EεUk(·+ ε) for k =

0, 1, and c + ε > 0}. Note that F (·) belongs to FR. On the other hand, we do not

characterize explicitly which are the triplets (U0, U1,Ψ) that lead to (V0, V1) ∈ VR with

π0 < π1. This is because the equation Vk(·) = Eε[Uk(·+ ε)] is a Fredholm Type 1 integral

equation which is notorious for its irregular behavior.

3 Identification and Estimation

This section studies the identification of the model primitives and develops an estimation

procedure for the latter. We distinguish two cases depending on whether the number

of bidders is exogenous, i.e. whether the cost distribution is independent of the level of

competition.

Identification Under Exclusion Restrictions

Identification is defined as follows. A model is (globally) identified if any of its struc-

tures [U0(·), U1(·), F (·),Ψ(·), I0, I1] can be uniquely recovered from observables. Other-

wise, we say that the model is nonidentified. The identification problem can be viewed as

the econometric analog of the uniqueness problem in economic theory. Hereafter, we drop

the number of bidders I0 from the primitives since it is observed. We assume exogenous

participation, i.e. the latent cost distribution does not depend on the level of competi-

tion (I0, I1) leading to the exclusion restrictions F (·|I0, I1) = F (·). We remark that the

identification of I1 follows from Lemma 1 ((iii).a) as the observed number of participants

in group 1 I∗1 is distributed as a Binomial with parameters I1 and α.

The system of differential equations (4) suggests that we could first focus on the

identification of the quasi model [λ0(·), λ1(·), F (·), I1] or equivalently [V0(·), V1(·), F (·), I1].

13



In the spirit of Guerre, Perrigne and Vuong (2009), exclusion restrictions lead to additional

compatibility conditions. Intuitively, the quantiles of the observed bid distributions vary

with the level of competition (I0, I1) while the quantiles of the cost distribution remain the

same. Specifically, consider the inverse equilibrium strategy for group 0 in (6) expressed

in quantiles for two levels of competition (I0, I1) and (Ĩ0, Ĩ1). From (5), the α-quantiles

of the bid distributions G0(·|I0, I1) and G0(·|Ĩ0, Ĩ1) depend on the level of competition

leading to b0α(I0, I1) and b1α(Ĩ0, Ĩ1). On the other hand, the cost α-quantile cα does not

change. This leads to ‘between’ compatibility conditions. Namely, we have for every

α ∈ [0, 1] and (I0, I1) 6= (Ĩ0, Ĩ1)

b0α(I0, I1)− λ−10

(
1

H0(b0α(I0, I1))

)
= b0α(Ĩ0, Ĩ1)− λ−10

(
1

H0(b0α(Ĩ0, Ĩ1))

)
. (8)

We call them ‘between’ because they arise from different levels of competition between

pairs of auctions.12

The next proposition establishes the identification of the quasi model QR.

Proposition 2: Under exogenous participation with two observed values of I0 ≥ 2, the

quasi structure [V0(·), V1(·), F (·), I1] ∈ QR is identified up to the risk premium π0. The

risk premium π0 is not identified.

An intuitive argument for the above result is as follows. For any α ∈ [0, 1], we can rewrite

(6) for group 0 as

b0α = cα + π0 +

[
λ−10

(
1

H0(b0α)

)
− π0

]
. (9)

The proof shows that the term within brackets is identified by exploiting variations in

I0. Thus, (9) indicates that a shift in the cost quantiles can be compensated by an equal

shift in the risk premium π0 while keeping the same bid distribution. This explains the

nonidentification of π0. Nevertheless, Proposition 2 is useful to detect risk aversion as we

12Similar ‘between’ compatibility conditions hold for group 1, where the index 0 is replaced by index

1 in (8). Because of the truncation for group 1, the latter compatibility conditions hold for α ∈ [0, α].
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identify the shape of the λk(·) and hence Vk(·) functions as well as the cost distribution

F (·) up to location.13 Proposition 2 also says that the quasi model is fully identified if the

analyst possesses additional information on group 0 such as risk neutrality so that π0 = 0.

Alternatively, a conditional quantile restriction on the cost distribution as in Campo,

Guerre, Perrigne and Vuong (2011) can identify π0. Specifically, for a given quantile α0,

the idea is to exploit some exogenous variations in Z affecting the cost distribution but

not the function V0(·). Thus, the cost quantile is replaced by cα0(z; δ) with δ ∈ IRdim δ.

This leads to equations similar to (9) with varying z thereby identifying the parameters

(δ, π0).
14

In view of Proposition 2, we may ask whether the model primitives [U1(·), U2(·),Ψ(·)]
are identified from [V0(·), V1(·)] up to π0. The next lemma states that the answer is nega-

tive in general even with some parameterizations on the primitives on either [U0(·, U1(·))]
or Ψ(·). Specifically, let U(Θk) ⊂ U be a family of utility functions parameterized

by θk ∈ Θk ⊂ IRdim θk and Ψ(Γ) ⊂ Ψ be a family of distributions parameterized by

γ ∈ Γ ⊂ IRdim γ. Define the two semiparametric models SR(Θ) and SR(Γ) similarly to

SR but with U2 replaced by U(Θ0)×U(Θ1) in the former and Ψ replaced by Ψ(Γ) in the

latter.

Lemma 2: The nonparametric model SR is not identified given the knowledge of [V0, V1].

The semiparametric models SR(Θ) and SR(Γ) are not necessarily identified given the

knowledge of [V0(·), V1(·), F (·), I1].

The nonidentification of the submodels SR(Θ) and SR(Γ) implies the first statement of

Lemma 2. We establish the nonidentification of the semiparametric models SR(Θ) and

SR(Γ) by constructing counterexamples using constant absolute risk aversion functions

and uniform distributions, respectively. We remark that identifying [U0(·), U1(·),Ψ(·)]
13Let Λ−10 (·) = λ−10 (·) − π0. Thus, Λ−10 (·) is identified by the proof of Proposition 2, while λ0(·) =

Λ0(· − π0) is identified up to location π0. Hence, V0(x) = exp
∫ x
π0+η

[1/Λ0(u− π0)]du =
∫ x−π0

η
[1/Λ0(v)]dv

showing that V0(·) is identified up to location.

14The cost quantile specification can be flexible but has to exclude an additive constant term.
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from the knowledge of [V0(·), V1(·)] is reminiscent of deconvolution with multiple indicators

as Vk(x) =
∫
Uk(x − ε)dΨ(ε). See Li and Vuong (1998). Viewing Vk(·) as similar to the

density of a random variable Vk, a major difference is that we do not have the joint

distribution of (V0, V1).

Semiparametric Identification

We allow now for endogeneity of the level of competition, i.e. the latent cost distribu-

tion may vary with (I0, I1) as F (c|I0, I1). In view of the results in Lemma 2, we need to

parameterize both the utilities [U0(·), U1(·)] and the shock distribution Ψ(·). We remark

that the identification of I1 still holds from the Binomial distribution of I∗1 . We make the

following identifying assumption.

Assumption I: For I0 ≥ 1, I1 ≥ 1 and R ≥ 1,

(i) Uk(·) = Uk(·; θk) for θk ∈ Θk ⊂ IRdim θk for k=0,1 with θ0 6= θ1,

(ii) Ψ(·) = Ψ(·; γ) for γ ∈ Γ ⊂ IRdim γ,

(iii) F (·) ∈ FR,

(iv) the ‘within’ compatibility conditions indexed by α ∈ [0, α]

b0α − λ−10

(
1

H0(b0α)
; θ0, γ

)
= b∗1α∗ − λ−11

(
1

H1(b∗1α∗)
; θ1, γ

)
(10)

have a unique solution (θ0, θ1, γ) ∈ Θ0×Θ1×Γ, where α∗ = α/α and λk(·) = Vk(·; θk, γ)/

V ′k(·; θk, γ) with Vk(·; θk, γ) =
∫
Uk(· − ε; θk)dΨ(ε; γ).

Conditions (i)-(ii) parameterize the utility functions and the ex post shock distribution,

while condition (iii) leaves F (·) unspecified up to some smoothness requirement. Note

that (i) also requires heterogenous preferences between the two groups of bidders. Con-

dition (iv) arises from the ‘within’ compatibility conditions (7) where parameters are

introduced. It is a high level parametric identifying condition that holds for a large class

of structures [U0(·), U1(·), F (·),Ψ(·)] satisfying (i)–(iii). Intuitively, this is so because

there is a continuum of ‘within’ compatibility conditions (indexed by α) to determine

a finite number of parameters. We provide an example with Constant Absolute Risk
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Aversion (CARA) utility functions and a normal ex post shock distribution satisfying

Assumption I. Let Uk(x) = (1 − exp(−akx))/(1 − exp(−ak)) for k = 0, 1, which satisfies

U(0) = 0 and U(1) = 1. Let ε ∼ N (0, σ2). This leads to the risk premium πk = 1
2
akσ

2,

while λk(·) = {exp[ak(· − πk)] − 1}/ak. Thus, λ−1k (·) = (akσ
2/2) + (1/ak) log(1 + ak·).

The appendix shows that (a0, a1, σ
2) uniquely solves the ‘within’ compatibility conditions

evaluated at three quantile values.

We define the semiparametric model SR(Θ,Γ) similarly to SR with U2 × Ψ replaced

by U(Θ0)× U(Θ1)×Ψ(Γ).

Proposition 3: The semiparametric model SR(Θ,Γ) is identified.

We omit a formal proof of Proposition 3 as its argument is standard. Specifically, H0(·)
and H1(·) are known from the bid distributions and densities. By I-(iv), (θ0, θ1, γ) are

identified. By (6), the distribution F (·) is then identified nonparametrically on [c, c].

To summarize, our identification results are twofold. Exogeneity of the number of

bidders leads to ‘between’ compatibility conditions that identify the quasi utilities Vk(·)
and the cost distribution F (·) up to location π0. This provides useful information on their

shapes. Alternatively, under endogenous participation, heterogenous preferences provide

‘within’ compatibility conditions that we combine with parameterizations of the utility

functions and the ex post shock distribution to identify the parameters. We develop next

estimators for both cases.

Estimation Overview

The data contain L auctions. In what follows we observe all the bids from low-

price sealed-bid auctions together with auction specific covariates capturing heterogeneity{
{b0i`}i=0,..,I0` , {b1j`}j=0,..,I∗

1`
, I0`, I

∗
1`, Z`

}
`=1,..,L

with Z` ∈ Z ⊂ IRd.15 Let G0(·|Z, I0, I1) and

G∗1(·|Z, I0, I1) be the conditional bid distributions for groups 0 and 1. These distributions

15The preliminary empirical analysis of Section 4 provides little room for unobserved heterogeneity

as the variability in bids is well captured by the engineering estimate, the number of bidders and other

covariates.
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are defined on [bk(Z, I0, I1), b(Z, I0, I1)] for k = 0, 1. Depending on the exogeneity of the

number of bidders, the cost distribution is written as F (·|Z) or F (·|Z, I0, I1) with support

[c(Z), c(Z)] or [c(Z, I0, I1), c(Z, I0, I1)], respectively. The estimation procedure relies on

quantiles. The α-quantiles of the distributions F (·|z), F (·|z, I0, I1), G0(·|z, I0, I1) and

G1(·|z, I0, I1) are denoted by cα(z), cα(z, I0, I1), b0α(z, I0, I1) and b1α(z, I0, I1), respectively.

Under Assumption I, the utility function is Uk(·; θk) for θk ∈ Θk ⊂ IRdim θk and the ex post

shock distribution is Ψ(·; γ) for γ ∈ Γ ⊂ IRdim γ. We discuss the choice of the parametric

families of utility functions and shock distributions in Section 4.

Our identification results suggest a multistep estimation procedure. We present the

main steps below. The fist step estimates the number of bidders I1` and the threshold

quantile α(z) or α(z, I0, I1). The second step estimates bid quantiles, the densities and

distributions at these quantiles and uses these estimates in the appropriate compatibility

conditions to estimate either Vk(·) under exogenous participation or the parameters (θk, γ)

under endogeneous participation. We remark that we can use the estimated quasi utilities

V̂k(·) to estimate the parameters (θk, γ) under exogenous participation. This second step

uses kernel estimators and minimum distance estimators. The third step uses the inverse

equilibrium strategies to estimate the cost density.

Step 1: From the observed number of bidders in group 1 I∗1` ` = 1, . . . , L, we estimate

nonparametrically I1` and α` ≡ F (cα|Z`) or α` ≡ F (cα|Z`, I0`, I1`).
Step 2: From observed bids (b0i`, b1j`), i = 1, . . . , I0`, j = 1, . . . , I∗1`, ` = 1, . . . , L, we

estimate nonparametrically for each auction ` = 1, . . . , L a number T of (conditional)

α-quantiles (b0t`, b1t`) with t = 1, . . . , T . Because of boundary effects inherent to the use

of kernel estimators and the screening of bidders of type 1 at equilibrium, the quantiles

belong to the interval [0.1, 0.9α`], where the unknown values α` are replaced by their

estimates obtained in the first step. In parallel, we use the observed bids to estimate

nonparametrically the bid densities g0`(·) ≡ g0(·|Z`, I0`, I1`) and g1`(·) ≡ g1(·|Z`, I0`, I1`)
at the previously chosen bid quantiles (b0t`, b1t`), t = 1, . . . , T, ` = 1, . . . , L. These are
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used to estimate the functions H0`(·) ≡ H0(·|Z`, I0`, I1`) and H1`(·) ≡ H1(·|Z`, I0`, I1`)
at these bid quantiles. We then apply a Minimum Distance estimator derived from the

appropriate compatibility conditions to estimate λ−1k (·) or (θ0, θ1, γ).16

Step 3: We compute the pseudo costs (ĉ0i`, ĉ1j`), i = 1, . . . , I0`, j = 1, . . . , I∗1`, ` = 1, . . . , L

using (6) replacing H0`(·), H1`(·) and λ−1k (·) or (θ0, θ1, γ) by their estimates obtained in the

previous step. Using these pseudo costs, we estimate nonparametrically the conditional

cost density f`(·) ≡ f(·|Z`) or f`(·) ≡ f(·|Z`, I0`, I1`).
We provide below detailed information on each step.

Estimation of I1` and α`

This estimation problem is reminiscent of an auction model with a reserve price acting

as a screening device for auction participation. From Lemma 1-(iii.a), we know that the

observed number of bidders I∗1` conditionally on Z` or (Z`, I0`, I1`) is distributed as a

Binomial distribution with parameters I1` and α`. To estimate I1`, we define a partition

of the auctions based on a discretization of Z` leading to subsets of auctions. See Section

4 for further details. For each subset, we estimate I1` by considering the maximum value

of I∗1`, i.e. Î1` = max`∈Ln I
∗
1`, where Ln is the number of auctions in the nth subset.

This estimator converges at a rate faster than
√
L under appropriate assumptions. Thus

we can proceed as if I1` is known. We then use the mean of the conditional Binomial

distribution to estimate the quantile α`. Namely,

α̂` =
Ê(I∗1`|Z`)

Î1`
, or α̂` =

Ê(I∗1`|Z`, I0`, Î1`)
Î1`

.

The conditional expectation is estimated using the kernel regression estimators

Ê(I∗1 |z) =

∑L
`=1 I

∗
1`K

(
z−Z`
hz

)
∑L
`=1K

(
z−Z`
hIz

) , or Ê(I∗1 |z, I0, I1) =

∑L
`=1,I0`=I0,Î1`=I1

I∗1`K
(
z−Z`
hIz

)
∑L
`=1,I0`=I0,Î1`=I1

K
(
z−Z`
hz

) ,

for arbitrary values (z, I0, I1), where K(·) is the triweight kernel, i.e. K(u) = (35/32)(1−
u2)31I(|u| ≤ 1) and hIz is a bandwidth of the form cz(logL/L)1/(2R+d) with R being the

16See Liu and Luo (2016) for a test of exogeneity for the number of bidders.
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underlying smoothness of Definitions 1 and 2 and cz chosen according to the rule of thumb,

i.e. cz = 2.978σ̂z where σ̂z is the empirical standard deviation.

Estimation of H0`(b0t`) and H1`(b1t`)

This intermediate step estimates the distributions and quantiles needed in the estima-

tion of Vk(·) or (θ0, θ1, γ). To estimate Vk(·), we use variations in (I0, Î1).

Because of boundary effects, we consider T values αt` ∈ [0.1, 0.9α̂`], t = 1, . . . , T , for

each auction `. The T values are equally spaced, i.e. αt` = 0.1 + (t/T )(0.9α̂` − 0.1), t =

1, . . . , T . We use the inverse of the estimated conditional bid distributions to estimate the

bid quantiles (b0t`, b
∗
1t`) with α∗t` = αt`/α̂`. See Bhattacharya and Gangopadhyay (1990),

Chaudhuri (1991), Yu and Jones (1998), Hall, Wolff and Yao (1999), Chernozhukov,

Fernandez-Val and Galichon (2010) and Gimenes and Guerre (2014) for methods to esti-

mate quantiles. We use kernel estimators for the conditional bid distributions giving

Ĝ0(b|z, I0, I1) =

∑L
`=1,I0`=I0,Î1`=I1

1
I0

∑I0
i=1 1I(b0i` ≤ b)K

(
z−Z`
hGz

)
∑L
`=1,I0`=I0,Î1`=I1

K
(
z−Z`
hGz

) (11)

Ĝ∗1(b|z, I0, I1) =

∑L
`=1,I0`=I0,Î1`=I1

1
I1

∑I1
i=1 1I(b1i` ≤ b)K

(
z−Z`
hGz

)
∑L
`=1,I0`=I0,Î1`=I1

K
(
z−Z`
hGz

) , (12)

for arbitrary values (b, z, I0, I1), where the bandwidth hGz is chosen following the rule

given previously with the vanishing rate (logL/L)1/(2R+d+2). We define Ĝ1(b|z, I0, I1) =

α̂Ĝ∗1(b|z, I0, I1) and ĝ1(b|z, I0, I1) = α̂ĝ∗1(b|z, I0, I1), where α̂ is obtained from the first step.

The T ×L bid quantiles are then obtained from the inversion of Ĝ0(·|·, ·, ·) and Ĝ1(·|·, ·, ·)
evaluated at the corresponding values (Z`, I0`, Î1`). These estimated quantiles are denoted

(b̂0t`, b̂1t`), t = 1, . . . , T , ` = 1, · · · , L.

The expressions forHk`(·), k = 0, 1 also contain the estimated conditional bid densities.

We use the kernel density estimators

ĝ0(b|z, I0, I1) =

1
hb0

∑L
`=1,I0`=I0,Î1`=I1

1
I0

∑I0
i=1K

(
b−b0i`
hb0

)
K
(
z−Z`
hgz

)
∑L
`=1,I0`=I0,Î1`=I1

K
(
z−Z`
hgz

)
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ĝ1(b|z, I0, I1) = α̂(z, I0, I1)

1
hb1

∑L
`=1,I0`=I0,Î1`=I1

1
I1

∑I1
i=1K

(
b−b1i`
hb1

)
K
(
z−Z`
hgz

)
∑L
`=1,I0`=I0,Î1`=I1

K
(
z−Z`
hgz

) ,

for arbitrary values (b, z, I0, I1), where hgz, h
b
0 and hb1 are bandwidths with vanishing rates

(logL/L)1/(2R+d+3). These rates follow Guerre, Perrigne and Vuong (2000) because of the

smoothness property of bid densities inherent to auction models. See Definition 3-(iv).

Thus, the estimated Hk`(·) functions expressed at the estimated bid quantiles are

Ĥ0`(b̂0t`) = (I0` − 1)
ĝ0(b̂0t`|Z`, I0`, Î1`)

1− αt`
+ Î1`

ĝ1(b̂0t`|Z`, I0`, Î1`)
1− Ĝ1(b̂0t`|Z`, I0`, Î1`)

Ĥ1`(b̂1t`) = I0`
ĝ0(b̂1αt` |Z`, I0`, Î1`)

1− Ĝ0(b̂1t`|Z`, I0`, Î1`)
+ (Î1` − 1)

ĝ1(b̂1αt` |Z`, I0`, Î1`)
1− αt`

,

t = 1, . . . , T , ` = 1, . . . , L.17

Estimation of Vk(·) and (θ0, θ1, γ)

We first present a nonparametric estimator of Vk(·) under exogenous participation. We

identify Vk(·) up to location π0 using the ‘between’ compatibility conditions (8) resulting

from variations in (I0, I1). We then use these conditions to propose a Minimum Distance

estimator. Namely, for any (Ĩ0, Ĩ1) 6= (I0, I1), we minimize the objective function

T∑
t=1

L−1∑
`=1

L∑
˜̀>`,(I0˜̀,Î1˜̀)6=(I0`,Î1`)

[
b̂0t` − Λ−10

(
1

Ĥ0`(b̂0t`)

)
− b̂0t˜̀ + Λ−10

(
1

Ĥ0`(b̂0t˜̀)

)]2
, (13)

subject to Λ−10 (·) ∈ ∆−1L which is an appropriate space of increasing and smooth func-

tions of finite dimension increasing with sampling size. See Chen (2007) for a survey

on sieve estimation. The next section discusses the choice of the sieve as well as how

to impose conditions for obtaining an increasing estimator Λ̂−10 (·). The estimated func-

tion Λ̂−10 (·) is then used to obtain an estimate of V̂0(·) as exp
∫ ·−π0
η 1/Λ̂0(x)dx. See also

footnote 13. To estimate λ−11 (·) up to π0, it suffices to use the ‘within’ compatibility con-

ditions (7) for α ∈ [0.1, 0.9α̂`]. Similarly for V̂1(·) we obtain exp
∫ ·−π0
η 1/Λ̂1(x)dx, where

17Alternatively, instead of using kernel estimator of the density, we could estimate the conditional bid

density at a quantile by the derivative of the quantile provided the latter is estimated as in Gimenes and

Guerre (2014).
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Λ̂−11 (1/Ĥ1(b̂1α)) = b̂1α − b̂0α + Λ̂−10 (1/Ĥ0(b̂0α)). This estimator belongs to a general class

of consistent estimators studied by Guerre and Vuong (2015). See also Zincenko (2014).

We next present a semiparametric estimator of (θ0, θ1, γ) under endogenous participa-

tion. We use a Minimum Distance estimator based on the parametric ‘within’ compati-

bility conditions (10). Specifically, we minimize the objective function

T∑
t=1

L∑
`=1

[
b̂0t` − λ−10

(
1

Ĥ0`(b̂0t`)
; θ0, γ

)
− b̂1t` + λ−11

(
1

Ĥ0`(b̂1t`)
; θ1, γ

)]2
(14)

leading to the estimates (θ̂0, θ̂1, γ̂). Let λ̂k(·) = λk(·; θ̂k, γ̂), k = 0, 1. We obtain estimates

of the risk premia π̂0 and π̂1 as λ̂0(π̂0) = 0 and λ̂1(π̂1) = 0. Comparison of the earlier

nonparametric estimate Λ̂−1k (·) with the parametric counterpart λ−1k (·; θ̂k, γ)−π̂k indicates

whether the parametric specifications and exogenous participation are jointly supported

by the data.

Estimation of f(c|z) or f(c|z, I0, I1)
In the case of endogenous participation, we can recover the pseudo costs for bidders

of groups 0 and 1 using the previous estimates, namely

ĉ0i` = b0i` − λ−10

(
1

Ĥ0`(b0i`)
; θ̂0, γ̂

)
for i = 1, . . . , I0`

ĉ1i` = b1i` − λ−11

(
1

Ĥ1`(b1i`)
; θ̂1, γ̂

)
, for i = 1, . . . , I∗1`.

We use the pseudo costs for bidders in group 0 only to estimate the cost density on its

support [c(z, I0, I1), c(z, I0, I1)]. In this case, we have

f̂(c|z, I0, I1) =
1

hf

∑L
`=1I0`=I0,I1`=I1

1
I0`

∑I0`
i=1Kf

(
c−ĉ0i`
hf

)
K
(
z−Z`
hfz

)
∑L
`=1I0`=I0,I1`=I1

K
(
z−Z`
hfz

) ,

for arbitrary values (c, z, I0, I1), where hf and hfz are bandwidths at vanishing rates

(logL/L)1/(2R+d+3) and (logL/L)1/(2R+d+2), respectively. The estimation of the cost den-

sity could pool the pseudo costs for group 1 as well but the expression of the pooled
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estimator should take into account the truncation at cα(z, I0, I1). In addition, correction

for boundary effects by (say) trimming would be more involved.

With exogenous participation, we follow a similar method with the exception that we

estimate the pseudo costs augmented by the risk premium, i.e. c0i` + π0 and c1i` + π1.

Here again, the comparison of the estimated cost density using the pseudo costs of group

0 only with those obtained under endogenous participation can shed some lights on the

exogeneity of the number of participants and the parameterization of the utilities and

shock distribution.

4 Empirical Analysis of Construction Procurements

After introducing the construction procurement data, this section presents our empirical

analysis in view of the model, its identification and estimation in Sections 2 and 3.

Data

We collected data from the web site of the Los Angeles Department of Public Works

(DPW).18 The DPW offers a wide variety of construction contracts covering street con-

struction and resurfacing, bridges, buildings, street lighting, sewers, storm drains and

sewage treatment facilities. It advertises such contracts at least 4 weeks before the auc-

tion date in professional journals and web sites such as the Daily Journal, the Dodge

Construction News, the Reed Construction Data, Bid America as well as their own web

site. Each project announcement contains a short description of the work to be done, the

DPW engineering estimate and the required construction licenses. There is no maximum

bid. This practice is standard in procurements since the public institution can always

reject the lowest bid if it considers it too high.

The DPW invites firms to retrieve technical details. The list of firms requesting

technical information is made publicly available before the auction. Thus, every firm can

18The web site address is https://eng.lacity.org/apps/bids. This web site contains all the bidding

information starting from February 1993.
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evaluate competition at the auction. Firms submit their bids in a sealed envelope. Once

the DPW verifies the firms’ licenses and insurance bonds, the contract is attributed to the

lowest bidder.19 The Los Angeles DPW affirms to be reluctant to ex post renegotiation

in case of unforeseen contingencies after the auction.

Our data set contains 585 auctions for a total number of 3443 bids from February 1993

to February 2003. For each auction, we observe the auction date, the project location, the

engineering estimate, the bids and the bidders’ identity as well as a brief description of the

project. Using the California Contractors State Board website and the bidders’ identities,

we have recovered information on their licenses, the date at which their license has been

first granted and their physical addresses. Such information is then used to compute the

firm’s experience at the time of bidding as well as the distance between the job location

and the firm’s main office. Since the data cover ten years, we deflate the data by using

the Los Angeles Construction Cost Index and express all nominal values in 1993 dollars.

Table 1 provides some summary statistics of the data. Bids and engineering estimates

are both expressed in thousands of dollars. The engineering estimates and hence the bids

display an important heterogeneity because the data involve a wide variety of construction

work. It is worthnoting the important heterogeneity in the bidders’ experience measured

in years from brand new firms to well established construction companies. The distance is

measured in miles. Half of the values are below 25 miles. The large mean is due to some

firms located in Hawaii.20 Table 2 contains the double logarithm regression results of the

bids on the engineering estimate, the number of bidders and the bidders’ experience.21

19We dropped a few auctions from the analysis due to (i) expired licenses, lack of insurance or bidders

failing to submit appropriate documents, (ii) multiple specifications proposed by the DWP for the same

project where bidders can choose on which specification(s) to bid, (iii) a number of bidders being smaller

than two, and (iv) large and complex projects such as construction of buildings and bridges as these can

be subject to common values as shown by Hong and Shum (2002).

20These firms are very likely to have some offices in LA but we could not find their addresses.

21For the latter, we add one to the number of years to avoid the problem with 0.
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This regression shows some interesting findings. First, bids tend to decrease with the

level of competition, i.e. bids decrease by 1.2% with a 10% increase in competition. This

evidence would tend to favor independent private values. Second, bids tend to increase

with the bidder’s experience, i.e. bids tend to increase by 0.2% with a 10% increase in

experience. Firms with more experience tend also to be larger firms. One could think

that these large and experienced firms benefit from returns to scale, higher efficiency

and learning-by-doing that could have decreased their bids relative to firms with less

experience. This does not appear to be the case. A rationale for the positive coefficient

can be found in the firm’s risk management. Older and larger firms tend to have a better

risk management by (say) diversifying contracts. Also these firms may have less financial

constraints than more recent ones. Thus, firms with more experience could be less risk

averse than their recent competitors which would lead the former to bid less aggressively

(i.e. higher). Such a finding is also noted in Campo (2012) where the coefficient of constant

relative risk aversion is decreasing in the bidder’s experience. Lastly, the adjusted R2 is

very high suggesting that unobserved heterogeneity is minor in these data once we control

for the level of competition.

The previous empirical literature on procurements has detected two other potential

sources of asymmetries among bidders that are worth investigating. Because construction

may involve some important transportation cost of material, the distance of the firm to the

project can lead to a difference in the cost distributions among firms as in Bajari (1997)

and Flambard and Perrigne (2006). Backlogs can also introduce differences among firms

because of the opportunity cost to be involved in a new project as shown by Joffre-Bonet

and Pesendorfer (2003) in the context of dynamic auctions. We compute the distance

between the contract and the main office of the firm as well as the value of contracts won

over the past twelve months. We introduce them in the regression of Table 2. The backlog

variable is not significant, while the distance is barely significant. The introduction of

both variables does not improve the goodness of fit of the regression and does not change
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the values and significance of other variables in the regression of Table 2.22 In view of

Table 2, the engineering estimate, the number of bidders and the firms’ experience capture

most of the bid variability.

In the next two subsections, we discuss important issues regarding the implementation

of our estimators of Section 3.

Sieve Estimation of Quasi Utility Function

To estimate the quasi utilities Vk(·) nonparametrically, we need to specify the space

of increasing functions Λ−10 (·) used in the Minimum Distance estimator (13). We use the

spline-based functional form

Λ−10 (x;µ) =
K+3∑
k=1

µkφk(x) (15)

where µ = (µ1, . . . , µK+3) with dimµ = K + 3 and K is the number of interior knots.

We adapt the quadratic basis functions φk(·) proposed by Meyer (2012) to obtain an

increasing function on [0,M ]. Namely, they are

φk(x) =



0 if x ∈ [0, τk−1]

(x−τk−1)
2

(τk−τk−1)(τk+1−τk−1)
if x ∈ [τk−1, τk)

1− (τk+1−x)2
(τk+1−τk)(τk+1−τk−1)

if x ∈ [τk, τk+1)

1 if x ∈ [τk+1,+∞)

for k = 1, . . . , K. The basis function φK+1(·) and φK+2 are given by

φK+1(x) =

 1− (τ1−x)2
(τ1−τ0)2 if x ∈ [τ0, τ1)

1 if x ∈ [τ1,+∞)
,

φK+2(x) =


0 if x ∈ [0, τK)

(x−τK)2

(τK+1−τK)2
if x ∈ [τK , τK+1)

1 if x ∈ [τK+1,+∞)

22These two variables could contribute to justify an asymmetry in cost distributions. In a robustness

analysis, we check whether the data display asymmetry in cost distributions in addition to risk preferences.
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and φK+3(x) = 1. In practice, we partition the range [0,M ] into K + 1 equal-length bins

of the form [τk−1, τk) for k = 1, . . . , K + 1 with τ0 = 0 and τK+1 = M . The function

Λ−10 (·) is weakly increasing if and only if the coefficients µk in (15) are nonnegative for

k = 1, . . . , K + 2. In addition, we have Λ−10 (0) = 0 because Λ−10 (x) = λ−10 (x) − π0 and

λ−10 (0) = π0 (from λ0(x) = V0(x)/V ′0(x) and V0(π0) = 0). It is easy to check that this

condition is satisfied if and only if µK+3 = 0.

Parametric Specification of Utility Function and Shock Distribution

For the semiparametric approach of Section 3, we need to parameterize the utility

functions and the ex post shock distribution. A flexible and convenient utility function

is the Hyperbolic Absolute Risk Aversion (HARA) function. See Merton (1969, 1971)

and Gollier (2001). Special cases include risk neutrality, Constant Relative and Absolute

Risk Aversion (CRRA and CARA) as well as their increasing (IRRA and IARA) and

decreasing (DRRA and DARA) counterparts. The HARA utility is

U(x) = κ
1− a
a

(
x

1− a + b
)a

+ κ0,

with domain DU = {x : [x/(1 − a)] + b ≥ 0} if a > 0 or DU = {x : [x/(1 − a)] + b > 0}
if a ≤ 0, while κ > 0 to insure U ′(·) > 0. The resulting risk tolerance, i.e. the reciprocal

of absolute risk aversion, is linear in x, namely T (x) ≡ −U ′(x)/U ′′(x) = [x/(1 − a)] + b.

The values of a and b provide information on the shape of risk aversion. For instance, we

obtain DARA when a < 1.

The condition U(0) = 0 requires that 0 ∈ DU and hence b ≥ 0 if a > 0 and b > 0 if

a ≤ 0. This condition also determines κ0 leading to

U(x) = κ
1− a
a

[(
x

1− a + b
)a
− ba

]
. (16)

We remark that the CRRA utility with a > 0 and b = 0 implies that U(·) ≥ 0. Thus, we

cannot find a premium satisfying V (π) = 0 as such an equality requires that the utility

function takes negative values. Thus, possible values of the parameters are b > 0 and
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a ∈ IR.23 On the other hand, κ gives the scale of the utility and is determined by the

normalization Vk(πk + η) = 1, k = 0, 1 given η. Thus, θk = (ak, bk) ∈ IR× IR++.

Following the model of Section 2, the ex post shock ε is zero mean distributed on a

compact support [ε, ε].24 We use a Beta distribution for its flexibility. The Beta distribu-

tion B(p, q) is defined on [0, 1] with parameters p > 0 and q > 0. The mean is p/(p + q)

and the variance is pq/[(p+ q)2(p+ q+ 1)]. To scale the interval and obtain a zero mean,

we define the random shock ε ∼ τ [B(p, q) − p/(p + q)] with τ > 0. Thus E(ε) = 0 and

[ε, ε] = [−τp/(p + q), τq/(p + q)]. The length of the support is τ . The next proposition

gives expressions for the premium and the λ−1(·) function corresponding to the HARA

utility function and the scaled/centered Beta shock distribution. We focus on the DARA

case (α < 1) as it is the most plausible empirically.25

Proposition 4: Suppose (a, b) ∈ (−∞, 1)× IR++ and τ = (1− a)b(p+ q)/q, then

(i) The premium π is positive, finite and is given by

π =
q + p

q
(1− a)bζ, (17)

where ζ ≡ ζ(a, q, p) uniquely solves E[(B(q, p) + ζ)a] = [q/(q + p)]a.

(ii) λ−1(·) = π + Λ−1(·), where Λ−1(x) uniquely solves

x = b
1− a
a

p+ q

q

E
[(
B(q, p) + q

(q+p)(1−a)bΛ
−1(x) + ζ

)a]− ( q
p+q

)a
E
[(
B(q, p) + q

(q+p)(1−a)bΛ
−1(x) + ζ

)a−1] . (18)

The parameters of the utility function (a, b) differ among the bidders because of het-

erogenous preferences. Regarding the shock distribution, we allow it to differ among

23The restrictions on the parameters arise from the standard normalization U(0) = 0. Alternative

normalizations can be entertained implying a different interpretation for π and appropriate adjustments

in the model including the boundary conditions.
24A compact support is needed for the following reasons. First, the zero-mean condition implies ε <

0 < ε. Second, we have c+ ε > 0 or ε > −c. As c is finite (and nonnegative), ε needs to be finite as well.

Third, the domain of a DARA utility function (a < 1) implies x − ε ≥ −(1 − a)b or ε ≤ x + (1 − a)b.

Thus, ε <∞.

25The CARA and IARA cases would need appropriate adjustments.
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bidders through the scale τ given that τ = (1 − a)b(p + q)/q though (p, q) remain the

same across bidders. Moreover, the shock distribution depends in general on observed

auction characteristics Z so that p and q depend on Z. To ensure that p(z) > 0 and

q(z) > 0 and to facilitate solving (17) and (18), we parameterize p(z) and q(z) as follows

q(z)

p(z)
= exp[γµ0 + γµ1z], q(z) + p(z) = exp[γφ0 + γφ1z].

Thus γ = (γµ0, γµ1, γφ0, γφ1) ∈ IR4.

Estimation Results

In view of the previous reduced form analysis, we use the engineering estimate Z as

a conditioning variable. This analysis has also highlighted the importance of bidders’

experience in explaining bid variability. The display of the distribution of the number

of years of experience as well as the estimates of the conditional bid densities suggest

two groups depending on whether the firm has less or more than 9 years of experience.

Thus group 0 is composed of firms with an experience larger or equal to 10 years, while

those with an experience less or equal to 9 years are part of group 1. Because the data

span over 10 years, some firms change groups in the sample. The observed number of

bidders of group 0 varies from 1 to 13, while that of group 1 varies from 1 to 12. On

average per auction, the observed number of bidders of type 0 is 3.2496 while the observed

number of bidders of type 1 is smaller at 2.6359. Despite a larger participation, bidders of

group 0 have won only 47.52% of the auctions, which confirms the potential asymmetry

between the two groups. This potential asymmetry can also be assessed by the estimated

bid distributions for both groups conditionally on the engineering estimate. Figure 2

displays such distributions evaluated at the median value of the engineering estimate.

A Kolmogorov Smirnov test rejects equality of distributions as Figure 2 displays a clear

stochastic dominance. Similar results have been obtained at the first and third quartiles

of the engineering estimate. Figure 2 explains why firms with more experience are less

likely to win the auctions as they tend to bid less aggressively.
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The first step of the estimation procedure requires an estimate of the number I1 of

potential bidders of group 1. We use a data driven approach similar to that used by

Hendricks, Pinkse and Porter (2003) to capture the potential level of competition. We

first use a Negative Binomial model to explain the variability in the observed number I∗1 of

bidders of type 1 with three contract characteristics as exogenous variables: its nature, its

value and its location. We define 12 types of work following the description provided by

the DPW.26 We then define 20 equal bins based on the value of the engineering estimate.

Finally, we define areas grouping several zip codes. The Negative Binomial results suggest

that some types of work, larger values and some zip codes tend to attract significantly

more bidders of group 1. Based on these results, we construct subsets of auctions defined

by a combination of work type, location and value. We then estimate the number of

potential bidders of type 1 by the maximum of I∗1 in every subset. These estimates range

from 1 to 12 with a mean equal to 2.96, which is still smaller than the average participation

of type 0. See Table 3 for estimation results.

The remaining estimators are expressed conditionally on the number of bidders (I0, Î1).

For values above 4, we have a small number of auctions. We then choose to pool values

and define 4 groups based on the values of (I0, Î1). A first group is defined as a low level

of competition for both types of bidders, i.e. 1 ≤ I0 ≤ 3 and 1 ≤ Î1 ≤ 3, a second and

third groups as mixed levels of competition, i.e. 1 ≤ I0 ≤ 3 and Î1 ≥ 4, and I0 ≥ 4 and

1 ≤ Î1 ≤ 3, respectively. The fourth group is defined as a high level of competition for

both types of bidders, i.e. I0 ≥ 4 and Î1 ≥ 4.

Using the quantile estimator of α` given in Section 3, we obtain the estimated cutoffs

α̂` ranging from 0.47 to 1 with a mean equal to 0.90. See Table 3. Using these estimated

values, we proceed to the second step of our estimation procedure. We consider R = 1 for

the vanishing rates of bandwidths. The bid and engineering estimate densities tend to be

very skewed (see Table 2), which can cause a problem in the choice of bandwidths. To

26The most frequently observed types of work are road work for 30% of the sample, sewage work for

17%, drain work for 11% and building construction for about 10%.

30



alleviate such a problem, we consider the logarithm of the bids and engineering estimates

and make appropriate correction in the estimators of the bid densities.

We now perform the second step which consists in estimating the parameters of the

utility function and the shock distribution using the objective function (14). With two

groups of bidders, the parameters to be estimated are (a0, a1, b0, b1, γµ0, γµ1, γφ0, γφ1) ∈
(−∞, 1)2 × IR++2 × IR4. In Table 4, the estimated value of a0 is close to one suggesting

risk neutrality for more experienced firms, while a1 is far below one confirming DARA

preferences for less experienced firms. We then compute the risk premium for each group

which varies with the engineering estimate following (17). Table 5 reports these results.

On average, the risk premium for the less experienced bidders π̂1` is 30.21 with a median

at 13.16 suggesting an important skewness. Looking at the ratio π̂1`/Z`, the premium

in percentage of the engineering estimate varies from 3.53% to 4.93% with an average at

4.06% and a median at 3.99%, which assesses the importance of risk aversion and cost

uncertainty for less experienced bidders. The variability and skewness almost disappear

as they are embodied in Z. The risk premium for the more experienced firms π̂0` is nearly

zero. Figure 3 displays the pairs (Z`, π̂1`) and (Z`, π̂0`) while Figure 4 displays the pairs

(Z`, π̂1`/Z`) and (Z`, π̂0`/Z`). Observations for group 0 tend to superimpose with the x-

axis on both figures which is consistent with the results of Table 4 as more experienced

bidders are nearly risk neutral. On the other hand, the risk premium for group 1 is

increasing with the engineering estimate with a slightly decreasing ratio in Figure 4.

Regarding the distribution of random shocks, the parameter τ gives the scale of the

transformed Beta distribution. Figure 5 displays the pairs (Z`, τ̂1`) showing that the

scale τ̂1` increases with the value of the project. Figure 6 displays the estimated variance

of ε1` with an increasing trend in the project size. This is consistent with larger size

projects involving more uncertainty. The corresponding estimated density at the median

value of the engineering estimate is displayed in Figure 7. In view of the discussion in

the introduction, the empirical results for group 1 show that uncertainty matters. The
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increasing variance in the project size thereby in its complexity suggests that random

shocks are mostly due to the difficulty of logistics and coordination for firms and in a

less extent due to common factors such as weather and variations in the price of inputs.

Experienced firms, which tend to be larger too, do a better job in coordinating the different

tasks and the complex logistics involved in such contracts justifying their risk neutrality.

The last step estimates the cost density that is displayed in Figure 8 at the median value

of Z. We pool all the recovered costs to estimate f(c|z), the estimated density is skewed.

Lastly, we compute the informational rents bi` − ĉi` in Table 5 and observe that they

tend to be larger for more experienced firms than for less experienced ones. This result

is consistent with the heterogeneity in risk preferences as less experienced firms reduce

their profit or shading because of risk aversion.

To summarize, the empirical results suggest that firms with more experience are nearly

risk neutral and as such their bids are not affected by ex post cost uncertainty. On the

other hand, firms with less experience display DARA preferences and are sensitive to ex

post uncertainty. We know that risk aversion leads to aggressive bidding, i.e. smaller

bids in reverse auctions. On the other hand, as shown by Eso and White (2004), DARA

preferences lead to precautionary bidding, i.e. bidders tend to correct upward their bids

when facing uncertainty. Thus uncertainty alleviates somewhat the aggressive bidding

due to risk aversion. As stated by Eso and White (2004), DARA bidders like uncertainty

which is beneficial to them. For the auctioneer, the situation is different as he would

prefer to avoid precautionary bidding and insure DARA bidders against risk provided the

insurance cost is smaller than the precautionary bidding effect.

Robustness Analysis

As a robustness analysis, we estimate two additional models. First, we consider the model

under the exclusion restriction that the cost distribution does not depend on the level of

competition, i.e. F (c|I0, I1) = F (c). As shown in Section 3, this restriction allows for

nonparametric identification of the quasi-utility functions Vk(·), k = 0, 1 up to the risk
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premium π0. This result is obtained by combining the ‘between’ and ‘within’ compatibil-

ity conditions. Second, we consider a more complex model in which bidders asymmetry

arises from two sources, i.e. (i) heterogenous preferences and (ii) cost differences. Despite

its complexity, this model can be entertained with a few adjustments when the cost distri-

butions F0(·) and F1(·) have the same support. Guerre, Perrigne and Vuong (2009) show

that the model without ex post uncertainty is identified under exogenous participation

exploiting the ‘between’ compatibility conditions for both groups 0 and 1. They show that

this identification holds for bidders participating to auctions with different levels of com-

petition. We can extend this result and show that [F0(·), F1(·), V0(·), V1(·)] are identified

up to the risk premia (π0, π1) in view of Proposition 2.

Section 3 defines all the estimators we need. In the first case, we implement the

Minimum Distance estimator (13) to estimate Λ−10 (·) with K = 4 and the spline function

(15). Figure 9 displays the estimated function with its parametric counterpart for a

median value of the project. We remark that the two functions perfectly superimpose on

the 45 degrees line confirming that more experienced firms are nearly risk neutral and

hence π0 = 0. To estimate nonparametrically Λ−11 (·), we exploit the ‘within’ compatibility

condition (7) with Λ−11 (·) = λ−11 (·) − π1 and obtain Λ̂−11 (·) and π̂1. We display this

nonparametric estimate with its parametric counterpart, i.e. λ̂1(·; θ̂, γ̂) − π̂1 in Figure

10 for the median value of the project. We observe a slight difference for the first half

of the picture but some divergence for values above 1,000 with more curvature for the

nonparametric estimate. The increasing difference between the two estimated functions

for values above 1000 could be explained by some boundary effects. Specifically, low

values of Ĥ1(·) (or equivalently large values of 1/Ĥ1(·)) are due to the long thin tails

of the bid distributions ĝ0(·) and ĝ1(·), which is a typical problem in the estimation of

auction models. For this reason, we consider that the flexible specifications for the utility

function and the shock distribution capture quite well the function Λ1(·). This exercise

shows the usefulness of choosing flexible forms for the utility function and the ex post
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shock distribution and assesses the validity of such specifications.

In the second case, i.e. asymmetry in both costs and risk preferences, we use the

Minimum Distance estimator (13) for both groups 0 and 1 as we cannot rely on the

‘within’ compatibility conditions since the cost distributions differ across the two groups.

In view of the discussion above, we estimate Λ−1k (·) = λ−1k − πk and fk(·) as the density

of c + πk using (9). For group 0, one can reasonably assume that π0 = 0. Thus there

is no location problem for the estimated cost density f̂0(·|Z). We can then compare the

shape of the two cost densities f̂0(·|Z) and f̂1(·|Z). Figure 11 displays these densities at

the median value of Z. The result is striking as the two estimated densities are nearly

identical. This result strongly suggests that there is no asymmetry in costs and that

asymmetry arises from differences in risk preferences only. Thus, more experienced firms

do not benefit from cost reductions due to scale economies or learning by doing.

5 Conclusion

This paper contributes to the recent literature on procurements by investigating the role

played by cost uncertainty when bidders are heterogenous in risk preferences. Our em-

pirical results indicate that more experienced firms are nearly risk neutral while ex post

uncertainty matters for less experienced firms which display DARA preferences. It is likely

that uncertainty is related to coordination and logistics problems. We assess the risk pre-

mium for these firms at 4%. This risk premium captures how bidders adjust theirs bids

to take into account the cost uncertainty and their risk aversion through precautionary

bidding which alleviates aggressive bidding due to risk aversion. Introducing risk aversion

brings a rich component to the model and may affect conclusions found in previous papers

when considering events following the auction such as change of orders and renegotiation.
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Appendix

Boundary Conditions: The ex post cost uncertainty introduces a problem similar to that

addressed in Maskin and Riley (2003) within an asymmetric private value paradigm and a

general utility function. Specifically, let Fi(·) be the private value distribution for bidder i.

Their Lemma 3 states that the lower bound of the bid distributions b lies between the two

largest lower bounds of the supports of the private value distributions, and if they are distinct,

i.e. v2 < v1 then b = max{argmaxbΠi 6=1Fi(b)U1(v1−b)}. Our case does not fit into their Lemma

3 because of the procurement setting and the ex post cost uncertainty. The major changes are

that the upper bounds instead of the lower bounds matter, while the firms’ risk premia introduce

shifts in the supports.

In the next Lemma, we consider full asymmetry, in which each bidder has his own risk

premium.

Lemma A.1: Without loss of generality, let π1 ≤ . . . ≤ πI , where πi is firm i’s risk premium.

If assumptions 1 and 2 in Maskin and Riley (2003) hold, then the upper bound of the bid

distributions satisfies c+ π1 ≤ b ≤ c+ π2. Furthermore, if π1 < π2, then

b = min
i
{argmaxbΠi 6=1(1− F (b− πi))V1(b− c)}.

Proof: See Maskin and Riley (2003, Lemma 3).

Thus, if I0 ≥ 2 so that π1 = π2 = . . . = πI0 ≡ π0 then the upper boundary condition for group

0 reduces to b = c+ π0 and for group 1 there exists α ∈ (0, 1) such that b = cα + π1.

Proof of Lemma 1: We omit I0 as it is observed.

Necessity: (i) Let Bj = b̃ = +∞ if cj > cα for j ∈ I1. Since the Bjs are independent and

identically distributed within groups, we have for all (b1, .., bI0 , bI0+1, .., bI0+i) ∈ IRI0+i
+

Pr(B1 ≤ b1, ..., BI0 ≤ bI0 , B∗I0+1 ≤ bI0+1, ..., B
∗
I0+i ≤ bI0+i, I∗1 = i)

=
∑

1≤r1 6=... 6=ri≤I1
Pr(B1≤b1, ..., BI0≤bI0 , BI0+r1≤bI0+1, ..., BI0+ri≤bI0+i, BI0+j = b̃, j /∈ {r1, ..., ri})

=
I1!

i!(I1 − i)!
I0∏
k=1

Pr(Bk ≤ bk)×
i∏

j=1

Pr(BI0+j ≤ bI0+j)× PrI1−i(BI0+1 = b̃).
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Since bidder i in group 1 does not participate when ci ∈ (cα, c], I
∗
1 is binomial with parameters

(I1, F (cα)) and Pr(I∗1 = i) = [I1!/(i!(I1 − i)!)]F i(cα)(1− F (cα))I1−i. Thus

Pr(B1 ≤ b1, ..., BI0 ≤ bI0 , B∗I0+1 ≤ bI0+1, ..., B
∗
I0+i ≤ bI0+i|I∗1 = i)

=
I0∏
k=1

Pr(Bk ≤ bk)
i∏

j=1

Pr(BI0+j ≤ bI0+j)
F (cα)

=
I0∏
k=1

F (s−10 (bk))
i∏

j=1

F (s−11 (bI0+j))

F (cα)
=

I0∏
k=1

G0(bk)
i∏

j=1

G∗1(bI0+j).

(ii) By definition λk(x) = Vk(x)/V ′k(x). Since Vk(·) has R + 2 continuous derivatives on

(πk,+∞) with V ′k(·) > 0 by Definition 1-(ii), and limx↓πk λ
(r)(x) is finite for r = 1, ..., R + 1 by

Definition 1-(iii), then λk(·) has R+ 1 continuous derivatives on [πk,+∞). Moreover, Definition

1-(i,iii) implies that λk(πk) = limx↓πk λk(x) = 0 because V ′k(x) is nonincreasing on (πk,+∞).

Moreover, λ′k(x) = 1 − λk(x)[V ′′k (x)/V ′k(x)] ≥ 1 on [πk,+∞] by Definition 1-(iii), λk(x) ≥ 0

(since Vk(·) ≥ 0 and V ′k(·) > 0) and V ′′k (x) ≤ 0. Thus, λk : [πk,+∞) → [0,+∞). From the

system of differential equations (5), sk(·) must satisfy ξk(sk(c)) = c for all c ∈ [c, c] for k = 0

and for all c ∈ [c, cα] for k = 1. Thus, ξk(b) = s−1k (b) implying ξ′k(·) = [s−1k (·)]′ > 0 on [bk, b]

since s′k(·) > 0. Thus ξk(bk) ≥ 0 as c ≥ 0.

(iii)-(a,b) Since bidder i in group 1 participates if and only if ci ∈ [c, cα], then Φ(·) must be

binomial with parameters (I1, F (cα)), where F (cα) = α. Let cα be the α-quantile of F (·). Thus

G0(s0(cα)) = F (cα) = α. On the other hand, G∗1(s1(cα)) = F (cα)/F (cα) = α/α, for α ∈ [0, α].

Hence, b∗1α/α = s1(cα) and b0α = s0(cα) for α ∈ [0, α], which implies s−11 (b∗1α/α) = s−10 (bα),

where b∗1α/α and b0α are the corresponding quantiles of G∗1(·) and G0(·), respectively. Condition

b) follows from s−1k (b) = ξk(b) .

(iii)-c) We first show that Gk(·) ∈ GR for k = 0, 1. Since G0(b) = F (s−10 (b)) and G∗1(b) =

F (s−11 (b))/F (cα), F (·) is a strictly increasing c.d.f. and sk(·) is strictly increasing and continuous

bid function on [c, c] for k = 0 and on [c, cα] for k = 1, G0(b) and G∗1(b) are well-defined

and strictly increasing distribution functions. The boundary condition for group 0 implies

b = c + π0 < ∞. Moreover, by Definition 1 bk = sk(c) > c + πk ≥ 0. The R + 1 continuous

differentiability of F (·) and sk(·) on their supports implies the R+1 continuous differentiability of

Gk(·) on [bk, b] with g0(b) = f [s−10 (b)]/s′0[s
−1
0 (b)] > 0 and g∗1(b) = f [s−11 (b)]/[F (cα)s′1(s

−1
1 (b))] >
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0 for all b ∈ [bk, b] and k = 0, 1 by Definition 2. Moreover, we note that ξ0(·) = F−1(G0(·)) and

ξ1(·) = F−1(G∗1(·)F (cα)) which implies that ξ0(·) and ξ1(·) are R+ 1 continuously differentiable

on their respective domains because F (·), G0(·) and G∗1(·) are.

It remains to show that g0(·) and g∗1(b) satisfy Definition 3-(iv). Without loss of generality

suppose b0 < b1. Dropping the subscript i, the system of differential equations (5) can be

rewritten as

1 =

(
(I0 − 1)

g0(b)

1−G0(b)
+ I1

αg∗1(b)

1− αG∗1(b)

)
λ0(b− ξ0(b)) for b ∈ [b0, b]

(A.1)

1 =

(
I0

g0(b)

1−G0(b)
+ (I1 − 1)

αg∗1(b)

1− αG∗1(b)

)
λ1(b− ξ1(b)) for b ∈ [b1, b].

For any b ∈ [b1, b) solving the system (A.1) for g0(b) and g∗1(b) gives

g0(b) =
I1

I0 + I1 − 1

1−G0(b)

λ1(b− ξ1(b))
− I1 − 1

I0 + I1 − 1

1−G0(b)

λ0(b− ξ0(b))

g∗1(b) =
I0

I0 + I1 − 1

1− αG∗1(b)
αλ0(b− ξ0(b))

− I0 − 1

I0 + I1 − 1

1− αG∗1(b)
αλ1(b− ξ1(b))

with λk(b − ξk(b)) > 0 because ξk(b) < b whenever b < b by Definition 1. Hence, the R + 1

continuously differentiability of G0(·), G∗1(·), λk(·) and ξk(·) implies the R + 1 continuously

differentiability of g0(·) and g∗1(·) on [b1, b). This immediately implies that G∗1(·) ∈ GR. To show

that G0(b) ∈ GR, we consider b ∈ [b0, b1). Since g∗1(b) = 0 for b ∈ [b0, b1) we get

g0(b) =
1−G0(b)

(I0 − 1)λ0(b− ξ0(b))
for b ∈ [b0, b1),

which implies that g0(·) is R + 1 continuously differentiable on [b0, b1). Thus, g0(·) is R + 1

continuously differentiable on [b0, b) \ {b1}, which ensures G0(·) ∈ GR.27

To complete the proof of (iii)-c), we note that (A.1) gives

1

H0(b)
= λ0(b− s−10 (b)) for b ∈ [b0b],

1

H1(b)
= λ1(b− s−11 (b)) for b ∈ [b1, b].

27The existence of the R + 1-th continuous derivative of g0(·) at b1 is not guaranteed by the above

argument because the left and right R+ 1-th derivatives at b1 may not be equal to each other.
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Because λk(·) and s−1k (·) = ξ(·) are R + 1 continuously differentiable on [πk,+∞) and [bk, b],

respectively for k = 0, 1, then 1/Hk(·) is R+ 1 continuously differentiable on [bk, b] for k = 0, 1.

Moreover, from (ii) λ−1k (·) is continuous and strictly increasing on [0,+∞) and λ−1k (0) = πk.

From the boundary condition, limb↑b(b − s−1k (b)) = πk for k = 0, 1. Hence, limb↑b 1/Hk(b) = 0

or limb↑bHk(b) = +∞ for k = 0, 1. This establishes (iii)-c).

Sufficiency: We show that (i), (ii) and (iii) are sufficient for constructing a structure [V0(·), V1(·),
F (·), I1] ∈ QηR with I1 ≥ 1 that rationalizes [G(·),Ψ(·)]. The proof is in three steps.

(i) Define Vk(·) such that λk(x) = Vk(x)/V ′k(x) for k = 0, 1. Solving this differential equation

with the normalization Vk(πk + η) = 1, we obtain Vk(x) = exp
∫ x
πk+η

1/λk(t)dt. We verify that

Vk(·) ∈ VηR. First, the normalization and positivity of Vk(·) are satisfied by construction. Since

λk(t) ∼ λ′k(πk)(t−πk) and λ′k(πk) is positive and finite, limx↓πk
∫ x
πk+η

1/λk(t)dt = −∞ and thus

limx↓πk Vk(x) = 0. We define Vk(πk) = 0 to make Vk(·) continuous on [πk,+∞). Thus, Definition

1-(i) is satisfied. Second, V ′k(x) = [exp
∫ x
πk+η

1/λk(t)dt]/λk(x). Since λk(·) > 0 on (πk,+∞), we

have V ′k(·) > 0 on (πk,+∞). Moreover, V ′′k (x) = [1 − λ′k(x)][exp
∫ x
πk+η

1/λk(t)dt]/λ
2
k(x), where

λ′k(x) ≥ 1. Thus V ′′k (x) ≤ 0 on (πk,+∞). Since λk(·) is R + 1 continuously differentiable on

[πk,+∞), it follows that Vk(·) has R + 2 continuous derivatives on (πk,+∞). Hence, Defini-

tion 1-(ii) is satisfied. Moreover, Definition 1-(iii) is satisfied since λk(·) is R + 1 continuously

differentiable on [πk,+∞).

(ii) We define F (·) to be the distribution of C = b − λ−10 [1/H0(b)], where b ∼ G0(·) and

I1 is known from (iii)-a). We verify that F (·) ∈ FR. First, F (c) = Pr[C ≤ c] = Pr[b ≤
ξ−10 (c)] = G0[ξ

−1
0 (c)]. Thus F (·) is a well-defined strictly increasing c.d.f. because ξ′0(·) > 0

and G0(·) is strictly increasing. Because ξ−10 (·) is continuous on [c, c], F (·) is defined on the

compact support [c, c] = [ξ0(b0), ξ0(b)]. We have c ≥ 0 by (ii)-c), while c = b− λ−10 (1/H0(b)) =

b − π0 < ∞ because limb↑bH0(b) = +∞ and λ−10 (0) = π0. Furthermore, G0(·) and ξ0(·) are

R + 1 continuously differentiable on [b0, b]. This follows from the definition of ξ0(·), the R + 1

continuous differentiability of λ−10 (·) on [0,+∞) and the R + 1 continuous differentiability of

1/H0(·) on [b0, b]. Therefore, F (·) = G0(ξ
−1
0 (·)) is R + 1 continuously differentiable on [c, c].

Moreover, f(·) = g0(ξ
−1
0 (·))/ξ′0[ξ−10 (·)], where g0(·) > 0 and ξ′0(·) is finite on [b0, b], implying

f(·) > 0 on [c, c].
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(iii) In (i) and (ii) we have constructed a structure [V0(·), V1(·), F (·), I1] ∈ QηR. Now we have

to show that it rationalizes [G(·),Ψ(·)], where G(·) satisfies (i). First, we show that F (·) is

consistent with G∗1(·), i.e. G∗1(b) = F [ξ1(b)]/F (cα). For α̃ ∈ [0, 1], G∗1(b
∗
1α̃) = α̃ = α/α for some

α ∈ [0, α]. Moreover, from construction of F (·), we have G0(b0α/α) = α/α = G0(b0α)/G0(b0α) =

F [ξ0(b0α)]/F (cα), where cα = ξ0(b0α) by monotonicity of ξ0(·). By the compatibility conditions

(iii)-b) ξ0(b0α) = ξ1(b
∗
1α̃), we obtain G∗1(b

∗
1α̃) = F [ξ1(b

∗
1α̃)]/F (cα) for all α̃ ∈ [0, 1] as desired.

Moreover, the boundary condition for group 1 is satisfied because cα = ξ0(b0α) = ξ1(b) = b−π1 by

limb↑bH1(b) = +∞ and λ−11 (0) = π1. Second, Ψ(·) is rationalized by [V0(·), V1(·), F (·), I1]. This

is so because G∗1(b) = F (ξ1(b))/F (cα) where c < cα < c thereby showing that a bidder of group

1 participates if and only if his cost is less or equal to cα. Hence, I∗1 is Binomial with parameters

(I1, α). Third, we need to show that ξ0(·) and ξ1(·) are the inverse equilibrium strategies of

the structure [V0(·), V1(·), F (·), I1]. It is sufficient to show that ξ−10 (·) and ξ−11 (·) solve (4) with

the boundary conditions ξ−10 (c) = b and ξ−11 (cα) = b. The boundary conditions are satisfied by

construction. Moreover, from above, f(·)/(1 − F (·)) = [ξ−10 (·)]′g0(ξ−10 (·))/[1 − G0(ξ
−1
0 (·))] on

[c, c] and f(·)/F (·) = α[ξ−11 (·)]′g∗1(ξ−11 (·))/[1− αG∗1(ξ−11 (·))] on [c, cα]. Hence, ξ−10 (·) and ξ−11 (·)
solve (4) if

1 =

{
(I0 − 1)

g0(ξ
−1
0 (ci))

1−G0(ξ
−1
0 (ci))

+ I1
αg∗1(ξ−10 (ci))

1− αG∗1(ξ−10 (ci))

}
λ0(ξ

−1
0 (ci)− ci) for i ∈ I0,

1 =

{
I0

g0(ξ
−1
1 (ci))

1−G0(ξ
−1
1 (ci))

+ (I1 − 1)
αg∗1(ξ−11 (ci))

1− αG∗1(ξ−11 (ci))

}
λ1(ξ

−1
1 (ci)− ci) for i ∈ I1.

Making the change of variable ci = ξ0(bi) for i ∈ I0 and ci = ξ1(bi) for i ∈ I1 and noting that

b − ξk(b) = λ−1k (1/Hk(b)) from the definition of ξk(·) for k = 0, 1, it follows that ξ−10 (·) and

ξ−11 (·) solve (4) with the boundary conditions ξ−10 (c) = b and ξ−11 (cα) = b. 2

Proof of Proposition 2: We consider two values of potential bidders I0 ≥ 2 and Ĩ0 ≥ 2 with

the same number I1 of bidders in group 1. Because bidders belonging to group 0 still draw

their cost from the same distribution under exogenous participation, we obtain the following

‘between’ compatibility condition

b0α − λ−10

(
1

H0(b0α)

)
= b̃0α − λ−10

(
1

H̃0(b̃0α)

)
, (A.2)

39



for α ∈ [0, 1], where b̃0α is the α-quantile of the bid distribution under the competitive en-

vironment (Ĩ0, I1) and H̃0(·) includes the appropriate changes. This framework is similar to

Guerre, Perrigne and Vuong (2009, Proposition 3) with the exception that λ−10 (0) = π0 instead

of λ−10 (0) = 0. Using a similar argument, we can show that λ−10 (·) =
∑∞
t=0 ∆b(αt) + π0, where

∆b(αt) is an identified sequence of differences in bid quantiles constructed from the compati-

bility conditions. Thus λ−10 (·) and hence V0(·) is identified up to π0. Given (I0, I1), the model

also implies the compatitibility condition (7) for α ∈ [0, α]. Given π0, (7) then shows straight-

forwardly that λ−11 (·) is identified on its support. Hence, π1 which is equal to λ−11 (1/H1(b))

from the FOC (6) and λ1(·) are identified up to π0. It then suffices to use F (·) = G0(ξ
−1
0 (·)) to

establish the identification of the cost distribution F (·) on [c, c] up to π0 as ξ−10 (·) is identified

up to the additive term π0.

There are other restrictions such as (7) for group 1 as indicated in footnote 12. These,

however, do not provide any additional identification restriction for π0. We then have exhausted

all the information provided by the model. We also remark that observing more values for I0

and/or I1 would also lead to additional compatibility conditions similar to (A.2) and/or (7)

without adding identification conditions for π0.2

Proof of Lemma 2: It is sufficient to exhibit a counterexample for each semiparametric model.

For SR(Θ), consider the case when both types of firms have CARA utility functions with different

risk aversion parameters ak > 0 for k = 0, 1. Thus, Uk(x) = (Ak0 − exp(−akx))/Ak1. Without

loss of generality, we normalize Ak0 = 1 and we let Ak1 = 1 − exp(−ak) so that U(0) = 0 and

U(1) = 1. The quasi utility becomes

Vk(x) =
1− exp(−akx)Eε exp(akε)

1− exp(−ak)
, (A.3)

which satisfies Vk(πk) = 0 and Vk(πk + 1) = 1 for the risk premium πk = (1/ak) log Eε[exp(akε)].

Knowledge of Vk(x) means knowledge of ak and Eε exp(akε) or equivalently ak and πk. It is

interesting to note that Eε exp(akε) is nothing else but the moment generating function of ε

evaluated at ak for k = 0, 1. Two values of the moment generating function combined with zero

mean restrictions are insufficient to identify the distribution Ψ(·) of ex post cost uncertainty.

To exhibit an example of nonidentification, define the ex post cost uncertainty as follows. Let
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fi(·) be a collection of density functions with zero means and supports Si. Let ωi > 0 be some

weights such that
∑n
i=1 ωi = 1. Define ψ(ε) =

∑n
i=1 ωifi(ε). Let n ≥ 4, then we have

Eε exp(akε) =
n∑
i=1

ωi

∫
Si

exp(akε)fi(ε)dε,

for k = 0, 1. Since the above two equations combined with the restriction
∑n
i=1 ωi = 1 constitute

a system of three equations linear in the ωis, there will be a linear space of solutions for the ωis

whenever n ≥ 4 in which one can find several sets of weights that are strictly positive in the

neighborhood of the original strictly positive weights. Thus, if the Uk(·)s are CARA functions

with known (ak, πk), Ψ(·) cannot be uniquely recovered. Hence, the semiparametric model

SR(Θ) is not identified in general.

For SR(Γ), consider a uniform distribution Ψ(·) defined on the support [−γ, γ] for γ > 0 and

a strictly concave utility function Uk(·) that is twice continuously differentiable. Thus Vk(·) =

[1/(2γ)]
∫ γ
−γ Uk(·−ε)dε. Suppose that Vk(·) is known on the interval [x, x] ⊆ [πk,maxc∈[c,c] sk(c)−

c] ⊂ IR+. We can then identify Uk(·) at most on the interval [x − γ, x + γ]. Let Ũk(·) =

a sin(π · /γ) + Uk(·) so that

Ṽk(·) =
a

2π

∫ πx
γ
+π

πx
γ
−π

sin(u)du+ Vk(·) = Vk(·),

by the change of variable u = (π/γ)(x − ε). In particular, Ṽk(πk) = 0 and Ṽk(πk + η) = 1.

It remains to show that Ũk(·) is strictly increasing and concave on [x − γ, x + γ] by choosing

appropriately a. Since U ′k(·) is strictly positive and continuous, there exists κ1 such that U ′k(·) ≥
κ1 > 0 on [x−γ, x+γ]. If a < γκ1/π, then Ũ ′k(·) > 0 on [x−γ, x+γ] because (aπ/γ) cos(πx/γ)+

U ′k(x) ≥ (aπ/γ) cos(πx/γ)+κ1 ≥ −aπ/γ+κ1 > 0. Moreover, since U ′′k (·) is strictly negative and

continuous there exists κ2 such that U ′′k (x) ≤ −κ2 < 0. If a < (γ/π)2κ2, then Ũ ′′k (·) < 0 on [x−
γ, x+γ]. To see this, note that Ũ ′′k (x) = −a(π/γ)2 sin(πx/γ)+U ′′k (x) ≤ a(π/γ)2−κ2 < 0. Thus,

Ũk(·) is strictly increasing and strictly concave on [x−γ, x+γ] if 0 < a ≤ min{γκ1/π, (γ/π)2κ2}.
2

Example with CARA Utility and Normal Distribution: From the proof of Lemma 2,

the quasi utility is given by (A.3) with πk = (1/ak) log E[exp(akε)]. Thus, the quasi utility can
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be also written as

Vk(x) =
1− exp(−ak(x− πk))

1− exp(ak)
(A.4)

implying λk(x) = {exp[ak(x − πk)] − 1}/ak and λ−1(y) = πk + (1/ak) log(1 + aky). Moreover,

since the Moment Generating Function of a N (0, σ2) is exp(σ2t2/2), we have πk = σ2ak/2. Since

Assumptions I (i)–(iii) are satisfied, it remains to check I-(iv). The compatibility conditions

become

b0α −
1

2
a0σ

2 − 1

a0
log

(
1 +

a0
H0(b0α)

)
= b∗1α∗ −

1

2
a1σ

2 − 1

a1
log

(
1 +

a1
H1(b∗1α∗)

)
, (A.5)

where α∗ = α/α, for every α ∈ [0, α]. We must show that this system of nonlinear equations

indexed by α ∈ [0, α] has a unique solution in (a0, a1, σ2). We consider three values of α, namely

α̃, α and α such that H0(b0α̃) < H0(b0α) < H0(b0α) and H1(b
∗
1α̃∗) < H1(b

∗
1α). This gives a

system of three equations. Eliminating σ2 using (A.5) at α and noting that b∗1α∗ = b when

α∗ = 1 and limb↑b 1/H1(b) = 0, we obtain

∆bα ≡ b0α − b− (b0α − b∗1α∗) =
1

a0
log

(
1 + a0

H0(b0α)

1 + a0
H0(b0α)

)
+

1

a1
log

(
1 +

a1
H1(b∗1α∗)

)
≡ ζα(a0, a1),

with a similar equation at α̃. Each equation defines a curve a1 as a function of a0. Note

that these curves belong to the families of isocurves {ζα(a0, a1) = ζ; ζ ∈ IR} and {ζα̃(a0, a1) =

ζ̃; ζ̃ ∈ IR}, respectively. The solution (a0, a1) is unique if an arbitrary isocurve from the first

family intersects an arbitrary isocurve from the second family always from above (or below).

Let (a†0, a
†
1) be such an intersection. The slope of the isocurve ζα(a0, a1) = ζ(a†0, a

†
1) at (a†0, a

†
1)

is da1/da0 = −[∂ζα(a†0, a
†
1)/∂a0]/[∂ζα(a†0, a

†
1)/∂a1] = −N/D, where

N =
1

a†20


a†0
H0α
− a†0

H0α(
1 +

a†0
H0α

)(
1 +

a†0
H0α

) − log

1 +

a†0
H0α
− a†0

H0α

1 +
a†0
H0α


 ,

D =
1

a†21

 1

1 + H1α∗
a†1

− log

(
1 +

a†1
H1α∗

) ,
where H0α = H0(b0α) and H1α∗ = H1(b

∗
1α∗). The quantities Ñ and D̃ are similarly obtained for

α̃. We now show −(Ñ/D̃) > −(N/D).
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We first study N relative to Ñ . Define x = [(a†0/H0α) − (a†0/H0α)]/[1 + (a†0/H0α)] so that

N = (1/a†20 )[x/(1 + (a†0/H0α))− log(1 + x)]. Note that x ∈ (−1, 0) because H0α ∈ (0, H0α) and

x increases with H0α. Note that x/[1 + (a†0/H0α)] is a straight line with a slope less than 1.

Hence, x/(1 + (a†0/H0α))− log(1 + x) > 0 and decreases in x ∈ (−1, 0). Therefore, N is strictly

positive and decreasing in H0α implying Ñ > N > 0 as H0α̃ < H0α by construction. Next

we study D relative to D̃. Define x = a†1/H1α∗ so that D = (1/a†21 )[(x/(x + 1)) − log(1 + x)]

where x > 0. The function in brackets is negative and strictly decreasing in x > 0, while x is

decreasing in H1α∗ . Thus D is strictly negative and increasing in H1α∗ implying D̃ < D < 0 as

H1α̃∗ < H1α∗ by construction. Therefore, −Ñ/D̃ > −N/D implying that the solution (a0, a1)

is unique. Moreover, σ2 is recovered uniquely from (A.5) at α. 2

Proof of Proposition 4: Let a < 1 and b > 0.

(i) We have

V (x) ≡ Eε[U(x− ε)] = κ
1− a
a

[
Eε

(
x− ε
1− a + b

)a
− ba

]
where ε ∼ τ [B(p, q)− p/(p+ q)] with support [ε, ε] = [−τp/(p+ q), τq/(p+ q)]. In particular,

x− ε
1− a + b ∼ cx − dB(p, q) = (cx − d) + dB(q, p) where

cx = b+
1

1− a

(
x+

τp

p+ q

)
and b =

τ

1− a

with cx ≥ d > 0 for all x in the domain of V (·), which is DV = {x : x ≥ ε− (1− a)b}. Thus,

V (x) = κ
1− a
a

(
E
[
(cx − d) + dB(q, p)

]a
− ba

)
(A.6)

In particular, at x = ε− (1− a)b we have cx − d = 0 so that

V [ε− (1− a)b] = κ
1− a
a

(
daE [B(q, p)]a − ba

)
. (A.7)

We study the cases 0 < a < 1 and a < 0 successively. The logarithmic case a = 0 is

obtained as the limit of the preceding two cases. If 0 < a < 1, we have limx→+∞ V (x) = +∞
from (A.6) because limx→+∞ cx = +∞. Since V (·) is strictly increasing, there exists a finite

premium π ∈ DV solving V (π) = 0 if and only if V [ε − (1 − a)b] ≤ 0. By (A.7) the latter is

satisfied since daE[B(q, p)]a−ba < da[EB(q, p)]a−ba = 0 where the inequality follows from Jensen
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inequality with 0 < a < 1, while the equality follows from the condition τq/(p + q) = (1 − a)b

and the definition of d. Similarly, if a < 0 we have limx→+∞ V (x) = −κba(1 − a)/a > 0

from (A.6). As before, there exists a finite premium π ∈ DV solving V (π) = 0 if and only if

V [ε−(1−a)b] ≤ 0. By (A.7) the latter is satisfied since daE[B(q, p)]a−ba > da[EB(q, p)]a−ba = 0

where the inequality follows from Jensen inequality with a < 0, while the equality follows from

the condition τq/(p+q) = (1−a)b and the definition of d. Moreover, because V [ε−(1−a)b] < 0,

we obtain 0 < π <∞ as desired.

When τq/(p+ q) = (1− a)b, then ε− (1− a)b = 0 so that DV = [0,∞), while (A.6) becomes

V (x) = κ
1− a
a

(
E

[
b
p+ q

q
B(q, p) +

x

1− a

]a
− ba

)
. (A.8)

Dividing both sides by [b(p+q)/q]a and recalling that V (π) = 0 show that π satisfies (17), where

ζ solves E [(B(q, p) + ζ)α] = [q/(p+ q)]a.

(ii) From (A.8) and λ(·) = V (·)/V ′(·) we obtain after some algebra

λ(x) =
1− a
a

β
p+ q

q

E
[
B(q, p) + x

(1−a)b
q
p+q

]a
−
(

q
p+q

)a
E
[
B(q, p) + x

(1−a)b
q
p+q

]a−1
=

1− a
a

b
p+ q

q

E
[
B(q, p) + q

(p+q)(1−a)b(x− π) + ζ
]a
−
(

q
p+q

)a
E
[
B(q, p) + q

(p+q)(1−a)b(x− π) + ζ
]a−1

for x ≥ 0. Thus, taking the inverse shows that λ−1(·) = π + Λ−1(·) where Λ−1(·) solves (18). 2
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Table 1: Summary Statistics

Variable Mean Median STD Min Max

Bids 906.3945 368.4753 1165.3430 8.9813 7476.9130

Engineering Estimate 807.6012 329.9391 1037.6480 11.0000 4958.9640

Number of Bidders 5.8855 5 2.8373 2 17

Bidders’ Experience 13.9283 11 12.6519 0 74

Bidders’Distance 44.8863 25.5000 155.0414 0.1000 2500

Table 2: Bid Regression

Variable Coefficient Robust SE t-statistic

Engineering Estimate 0.9933 0.0035 282.9662

Number of Bidders -0.1152 0.0102 -11.2941

Bidders’ Experience 0.0217 0.0052 4.1731

Constant 0.2308 0.0278 8.3022

R2 = 0.9611

Table 3: Step 1 Estimation Results

Mean Median STD Min Max

Î1` 2.96 3 1.84 1 12

α̂` 0.90 0.89 0.08 0.47 1
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Table 4: Utility and Shock Parameters

Coefficient Estimate

a0 1.0000

a1 0.2547

b0 1.9990

b1 0.6708

γµ0 -0.8015

γµ1 0.0942

γφ0 1.8015

γφ1 -0.0300

Table 5: Estimation Results

Mean Median STD Min Max

Risk Premium π̂0` 4.02× 10−8 1.77× 10−8 4.91× 10−8 7.51× 10−10 2.31× 10−7

Risk Premium π̂1` 30.2055 13.1646 37.1793 0.5427 175.2832

π̂0`/Z` 5.48× 10−11 5.38× 10−11 5.01× 10−12 4.65× 10−11 6.83× 10−11

π̂1`/Z` 0.0406 0.0399 0.0032 0.0353 0.0493

Cost ĉi 770.0835 285.9097 1057.60 0.6173 7475.79

More Experienced Firms’ Rent 150.7355 80.5898 200.2968 0.3143 1642.5120

Less Experienced Firms’ Rent 133.1811 49.5030 190.7230 2.3016 1343.4180
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Figure 1: Boundary Conditions with I0 ≥ 2

s1(·)
s0(·)
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Figure 2: Bid Distributions Ĝ0(b|Z), Ĝ1(b|Z) at median Z

Figure 3: Premia π̂0, π̂1
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Figure 4: Premia Ratio π̂1`/Z`

Figure 5: Scale τ̂1`

Figure 6: Shock Variance V̂ar(ε1)
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Figure 7: Shock Density φ̂(ε|z) at median Z

Figure 8: Cost Density f̂(c|z) at median Z

Figure 9: Λ̂−10 (·) and λ−10 (·; θ̂, γ̂)
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Figure 10: Λ̂−11 (·) and λ−11 (·; θ̂, γ̂)− π̂1

Figure 11: Cost Densities f̂0(·|z) and f̂1(·|z) at median Z
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