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Abstract

Value at Risk (VaR) at a 99% confidence level was the standard regulatory measure
of market risk. However, in 2016 the Basel Committee changed the market risk mea-
surement to Expected Shortfall (ES) at a 97.5% confidence level. Risk managers and
regulators are keen to learn how existing models perform under the new policy. There
is currently limited literature on ES at the 97.5% confidence level; we contribute by
comparing performance of current risk models at the new risk measure. We outline
nine prevalent parametric and nonparametric models for calculating tail risk, and
test model performance for both the 99% and 97.5% confidence levels, empirically
and using simulation. Our empirical testing approach focuses on performance during
periods of financial crisis when models are most likely to fail. These tests provide
insight to regulators on the best methods to measure stressed VaR and stressed ES,
two inputs into determining capital requirements. We use Monte Carlo simulations
to measure model and estimation errors, and test the validity of bootstrap confi-
dence intervals. We find Extreme Value Theory (EVT) approaches have the best
performance; we determine optimal EVT thresholds to facilitate adoption of these
methods into risk management under Basel III. The Skewed Student’s t and Filtered
Historical approaches were also successful in accurately predicting tail risk.

Keywords: Extreme Value Theory, Risk Management, Expected Shortfall

1. Motivation

Value at Risk (VaR) and Expected Shortfall (ES) are important metrics for portfolio
risk management and regulatory capital requirements. Given the ubiquitousness of
these risk measures, financial managers and regulators are correctly concerned with
the precision of VaR and ES techniques. VaR is defined as the conditional quantile of
the loss distribution given a time horizon (typically one or ten days) and confidence
level (typically 99% or 97.5%), where losses are defined as negative log returns. For
example, if the 1-day VaR on an asset is 100 million at a 99% confidence level, there
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is a 1% chance the value of the asset will drop more than $100 million tomorrow.
Expected Shortfall is the expected loss conditional on VaR being exceeded. VaR and
ES are tail measures of the loss distribution given a realistic sample size (typically
250, 500 or 1000 daily returns).

In January 2016, the Basel Committee switched the regulatory measure of market
risk from VaR at a 99% confidence level to ES at a 97.5% confidence level (BCBS,
2016). As a result of these regulatory requirements, risk managers are eager to know
if the current models are still valid. There is a current lack of research in VaR and
ES estimation at a 97.5% confidence level. This paper contributes to testing the
effectiveness of modern models for calculating VaR and ES at both the old 99%
confidence level as well as the new 97.5% confidence level, empirically and using a
Monte Carlo simulation.

An adequate risk model should accurately predict tail risk during periods of both
financial stability and instability. Most papers in VaR and ES only evaluate model
performance over a large timespan, for example 20 years (Bohdalov, 2007; McNeil and
Frey, 2000; Lima and Neri, 2006). This time frame marginalizes periods of economic
stress, exactly when models are most likely to fail. Given the serious consequences
of market crashes, we test model performance specifically during periods of financial
crisis. We backtest our VaR and ES models on the Asian crisis, Dot-Com crash,
Subprime Mortgage crisis, and the subsequent Euro Debt crisis as well as over a large
28 year timespan. We use the standard Unconditional Coverage and Conditional
Coverage tests to evaluate VaR performance. The best method for backtesting ES
is still in contention; we choose two common and intuitive approaches to evaluate
ES performance: the Residual test and percent Root Mean Squared Error approach.
In total we consider nine models which we sort into parametric and nonparametric
models. The parametric models include the Normal, Student’s t, Skewed Student’s
t, and Generalized error distributions. We also test the nonparametric Historical
Simulation, Filtered Historical Simulation, Gram Charlier, Hill, and Generalized
Pareto distribution models.

Stressed VaR (sVaR), introduced in Basel 2.5 (BCBS, 2011), calculates conven-
tional VaR on a one year historical dataset with significant financial stress. Stressed
VaR addresses one of VaR’s main flaws, inaccuracy during financial crisis. Regula-
tors now require sVaR as an input to calculate capital requirements. Previous papers
which examine sVaR include: Dimitrakopoulos, Kavussanos, & Spyrou (2010) and
Rossignolo, Fethi, & Shaban (2012, 2013); these papers find Extreme Value Theory
methods best measure VaR during periods of stress. In Basel III, the analogous
stressed ES at the 97.5% confidence level is replacing sVaR. The stressed ES cal-
culates Expected Shortfall during the most severe 12-month period of loss available
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(BCBS, 2016). To date there has been no study examining the performance of
stressed ES models. Our analysis on risk models during financial crisis will provide
insight to regulators as to which models accurately measure stressed ES and tail risk.

Another contribution of this paper is to demonstrate the success of Extreme
Value Theory (EVT) approaches, which are still unpopular in practice. Conventional
methods such as Historical Simulation exhibit “ghost” effects where large shocks
linger. EVT is flexible and quickly adjusts to model the volatility clustering, fat
tails, and skewness exhibited by financial losses. Extreme Value Theory is the study
of asymptotic behaviour during tail events, where a financial crisis is an example of a
tail event. EVT is directly applied to VaR and ES, as these are measures of the tail of
the loss distribution. The Generalized Pareto distribution method, first introduced
by McNeil and Frey (2000), is shown to be an effective measure of tail risk (Gencay,
Selcuk, 2004; Gilli & Kellezi, 2006; Marimoutou, Raggad, Trabelsi, 2009; Singh et al,
2011; Ozun et al, 2007). Another Extreme Value Theory method is the Hill estimator
(Hill, 1975), which is less computationally intensive in parameter estimation. We
contribute to EVT literature by using simulation methods to determine optimal
Hill and Generalized Pareto distribution thresholds for VaR and ES at the 97.5%
confidence level. Prior to this paper, optimal thresholds were only determined for
VaR and ES at the 99% confidence level. Our analysis will allow risk managers to
use EVT for the Basel III, 97.5% confidence level.

Like any econometric technique, VaR and ES measurements are subject to both
model risk and estimation risk (Sheppard, 2013). Because the true values of VaR and
ES are known in simulation, we can compare point estimates to the true values to
quantify the model and estimation risks. This is done with a Monte Carlo simulation.
By comparing the models under simulation, we understand which model minimizes
errors when the true distribution of returns is unknown. The Monte Carlo simulation
also evaluates the resampling approach for determining confidence intervals for VaR
and ES, proposed by Christoffersen and Goncalves (2005) and Pascual, Romo, and
Ruiz (2006). We examine which of these methods have accurate bootstrap confidence
intervals at the 97.5% confidence level.

The paper is organized as follows. Section 2 presents our model and provides
a formal definition of VaR and ES. Section 3 reviews Extreme Value Theory and
expresses VaR and ES using the Generalized Pareto distribution and the Hill estima-
tor. Sections 4-7 provide a comprehensive overview of parametric and nonparametric
VaR and ES estimation techniques. Section 8 discusses the Monte Carlo simulation
results. Sections 9-10 cover model evaluation techniques of VaR and ES using back-
testing. Section 11 shows our empirical results using S&P 500 daily log returns from
1983-2015. Section 12 concludes.
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2. Model and Risk Measures

This paper models the dynamic of daily losses (negative of log returns) on a single
asset or portfolio. We adopt the framework of modeling heterogeneous tail risk
measures from Christoffersen and Goncalves (2005). Losses in our model follow the
dynamic

Lt = µt + σtεt, t = 1, ..., T, (1)

where Lt are negative log returns, µt are conditional means, σt are heteroskedastic
volatilities, and εt are innovations. Innovations are independent and identically dis-
tributed (i.i.d.) random variables with unknown distribution G(0, 1). This paper
tests and compares nine prevalent methods used to estimate the upper tail density
of unknown distribution G.

Our conditional mean model follows a standard AR(1) model given by

µt = φLt−1.

We use a GARCH(1,1) to model the volatility dynamics of σt given by

σ2
t = ω + αL2

t−1 + βσ2
t−1, (2)

where α + β < 1. Our parameters are estimated using Quasi-Maximum Likelihood
Estimation (QMLE) under a Gaussian assumption on innovations: εt ∼ N(0, 1).
QMLE has been shown to give reasonable estimates, despite model parameters being
fit using an incorrect distributional assumption. Our approach naturally extends to
more complex conditional mean and volatility models.

We want to measure the tails of the conditional loss distribution over a one-day
horizon using the information currently available. We consider two risk measures in
Basel III. Value at Risk (VaR) is the conditional quantile of the loss distribution.
Expected Shortfall (ES) is the expected loss given losses exceed VaR.

The VaR measure for time T+1 with coverage probability p, based on information
at time T is defined as V aRp

T+1 such that

Pr(LT+1 > V aRp
T+1|=

T ) = p, (3)

where =T is the information at time T , p is the coverage probability, and V aRp
T+1 > 0.

That is, at period T + 1 losses exceed V aRp
T+1 with probability p, given information

we have today.
We define the ES measure for time T + 1 with coverage probability p, given

information at time T as
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ESpT+1 = E(LT+1|LT+1 > V aRp
T+1,=

T ). (4)

That is, if our loss at time T + 1 exceeds V aRp
T+1, then expected loss is ESpT+1.

Given equation (1), we can obtain simplified expressions for V aRp
T+1 and ESpT+1.

Christoffersen and Goncalves (2005) show

V aRp
T+1 = µT+1 + σT+1G

−1
1−p ≡ µT+1 + σT+1c1,p, (5)

where G−1
1−p denotes the (1−p)-th quantile of G, and σT+1 is the conditional volatility

for time T + 1. G remains the distribution of innovations, εt = (Lt − µt)/σt, from
equation (1). For example, if G is the standard normal distribution Φ and p = 0.01,
then G−1

0.99 = Φ−1
0.99 = 2.33 and V aRp

T+1 = µT+1 + 2.33σT+1.
Similarly, Expected Shortfall can be expressed as

ESpT+1 = µT+1 + σT+1E(εT+1|εT+1 > G−1
1−p) ≡ µT+1 + σT+1c2,p, (6)

where εt is i.i.d. G(0, 1). For example, if εt ∼ N(0, 1) and p = 0.01, we can show

E(εT+1|εT+1 > Φ−1
0.99) =

φ(Φ−1
0.99)

0.01
and ESpT+1 = µT+1 + σT+1

φ(Φ−1
0.99)

0.01
where φ and Φ

denote the density and distribution functions of a standard normal random variable.
When the distribution of the innovation is not the standard normal we can still

express the VaR as equation (5) and ES as equation (6); values of c1,p and c2,p will
depend on the innovation distribution. In practice the true distribution of G is
unknown; we need to estimate G which introduces estimation risk. This paper uses
nine prevalent techniques to estimate the upper tail of the innovation distribution
to find the tail risk measures, VaR and ES. Expected Shortfall results are important
to risk managers, as ES is the primary market risk measure in Basel III. Extreme
Value Theory techniques are shown to be the best methods for quantifying tail risk.
The next section builds the theoretical background of Extreme Value Theory and
describes the Generalized Pareto distribution and Hill estimator.

3. Extreme Value Theory

Consider a sample of T losses (negative log returns) {L1, ...LT}. The filtered innova-
tions are {ε1, ...εT} where εt = (Lt−µt)/σt, for 1 ≤ t ≤ T with unknown distribution
G. Following literature, this section will focus on the properties of the maximum
innovation εn = max(ε1, ...εT ).
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3.1. Fisher-Tippett Theorem

Central Limit Theorem postulates the normal distribution is the limiting distri-
bution for sample sums or averages. Analogously, extreme value distributions are
used to study limiting distributions of sample maxima. This family of distributions
is summarized under a parameterization known as the Generalized Extreme Value
(GEV) distribution. Fisher and Tippett’s (1928) theorem is the core theory that
deals with convergence of maxima.

Recall our innovations {ε1, ...εT} are a sequence of i.i.d. random variables from
unknown distributionG with sample size T , and the maximum of the losses is denoted
εn = max(ε1, ...εT ). Given sequence {αn > 0} and {βn} such that εn∗ = (εn−βn)

αn
, the

limiting distribution of εn∗ is given by

F∗(x) =

{
exp[−(1 + ξx)

−1
ξ ], if ξ 6= 0,

exp[−exp(−x)], if ξ = 0,
(7)

where {x : (1 + ξx) > 0}, shape parameter: {ξ : −∞ < ξ < ∞}, scale parameter:
{α : α > 0}, and location parameter: {β : −∞ < β < ∞}. The case of ξ = 0 is
taken as the limit when ξ → 0. The shape parameter ξ governs the tail behaviour of
the limiting distribution. There are 3 types of limiting distributions depending on
the range of ξ.
Type I: When ξ = 0, the distribution falls under the Gumbel family, and the CDF
is given by

F∗(x) = exp[−exp(−x)],−∞ < x <∞. (8)

Type II: When ξ > 0, the distribution falls under the Frechet family, and the CDF
is given by

F∗(x) =

{
exp[−(1 + ξx)−1/ξ], if x > −1/ξ,

0, otherwise.
(9)

Type III: When ξ < 0, the distribution falls under the Weibull family, and the CDF
is given by

F∗(x) =

{
exp[−(1 + ξx)−1/ξ], if x < −1/ξ,

1, otherwise.
(10)

Gnedenko (1943) gives the necessary and sufficient conditions for the CDF F (x) of
Lt to be associated with each type of distribution. The Frechet distribution’s domain
(ξ > 0) often holds for financial time series, which tend to exhibit fat fails. Gnedenko
(1943) shows if the tail of F (x) decays like a power function, then it is in the domain
of attraction for the Frechet distribution. These heavy-tailed distributions include
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the Pareto, Cauchy, and Student’s t distributions. The Gumbel family includes the
exponential, normal, gamma, and lognormal distributions whose tails decay expo-
nentially. The Weibull family includes light-tailed distributions such as the uniform
and beta distributions. The probability density function of the generalized limiting
distribution in (7) is obtained by differentiation as

f∗(x) =

{
(1 + ξx)−1/ξ−1exp[−(1 + ξx)

−1
ξ ], if ξ 6= 0,

exp[−x− exp(−x)], if ξ = 0.
(11)

3.2. Generalized Pareto distribution

Statistical inference for the Generalized Extreme Value distribution is difficult,
as the theory only gives the limiting distribution of the maximum, which is one
observation. To overcome this issue, we study the behaviour of large observations
that exceed a high threshold. This leads to the second fundamental theorem of EVT
by Pickands, Balkema, and de Hann (1974, 1975). Given threshold η, the distribution
of excess values of x over η is defined by

Fη(y) = Pr{X − η ≤ y|X > η} =
F (y + η)− F (η)

1− F (η)
, y > 0, (12)

which is the probability the value x exceeds threshold η by at most y given x exceeds
the threshold η. Balkema and de Haan (1974) shows for sufficiently high threshold
η, the distribution function Eq. (12) is approximated by a Generalized Pareto distri-
bution (GPD). As the threshold gets large, the excess distribution Fη(y) converges
to a Generalized Pareto distribution given by

G(y) =

{
1− (1 + ξ y

σ
)−1/ξ, if ξ 6= 0

1− exp(−y/σ), if ξ = 0,
(13)

where σ > 0, defined on {y ≥ 0} when ξ ≥ 0 and 0 ≤ y ≤ −σ/ξ when ξ < 0. The
shape parameter ξ is the same as in the GEV distribution while the scale parameter
is re-parameterized as σ = α + ξ(η − β). When ξ > 0, the distribution becomes the
ordinary Pareto distribution, which has heavy tails.

3.3. Generalized Pareto Distribution Estimation

We use the approach from Coles (2001) to estimate the Generalized Pareto distri-
bution based on Extreme Value Theory. The Generalized Pareto distribution method
focuses on exceedances over a high threshold.

The probability density function of the Generalized Pareto distribution is
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g(zt; ξ, σ) =

{
1
σ
[1 + ξzt

σ
]−(1+1/ξ), if ξ 6= 0

1
σ
exp[− zt

σ
], if ξ = 0,

where the exceedances {z1, ..., zNη} are defined by zt = εt − η for 1 ≤ t ≤ Nη, and
Nη is the number of exceedances above threshold η.1 The likelihood function for
observed exceedances is

L(ξ, σ) =

Nη∏
i=1

1

Nη

g(zt; ξ, σ), (14)

where Nη is the number of excesses of threshold η. Taking the log of L(ξ, σ) when
ξ 6= 0 results in log likelihood,

l(ξ, σ) = −Nηlogσ − (1 + 1/ξ)

Nη∑
i=1

log(1 +
ξzt
σ

), (15)

where the parameters ξ and σ are estimated by Maximum Likelihood.

3.4. Generalized Pareto Distribution Value at Risk and Expected Shortfall

Using estimated parameters ξ̂ and σ̂, we solve for the Value at Risk and Expected
Shortfall measures. This can be done by inverting the CDF in equation (13). Suppose
a Generalized Pareto distribution with parameters ξ and σ is a suitable model for
exceedances of threshold η, then for x > η we have the conditional probability

Pr{X > x|X > η} = [1 + ξ
x− η
σ

]−1/ξ,

and it directly follows that

Pr{X > x} = Pr{X > η}[1 + ξ
x− η
σ

]−1/ξ.

Naturally, we want Pr{X > x} = p, which is our VaR quantile, and η
T

to be the
estimate for Pr{X > η}. Hence, the appropriate return level that will be exceeded
with probability p is the solution to equation

Pr{X > η}[1 + ξ
zp − η
σ

]−1/ξ = p,

1Optimal values for GPD threshold η are discussed in section 8, the Monte Carlo Simulation.
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and by solving for zp, our measure for the (1−p)-th quantile of the GPD distribution
G is given by

zp = η +
σ

ξ
((
Tp

Nη

)−ξ − 1),

where T is the sample size and Nη is the number of exeedances over threshold η.
McNeil and Frey (2000) shows the following estimates of V aRp

T+1 and ESpT+1 are

GPD − V aRp
T+1 = µ̂T+1 + σ̂T+1ĉ

GPD
1,p

GPD − ESpT+1 = µ̂T+1 + σ̂T+1ĉ
GPD
2,p ,

where the estimated constants ĉGPD1,p and ĉGPD2,p are given by

ĉGPD1,p = η̂ +
σ̂

ξ̂
((
Tp

Nη

)−ξ̂ − 1)

ĉGPD2,p = ĉGPD1,p (
1

1− ξ̂
+

σ̂ − ξ̂η̂
(1− ξ̂)ĉGPD1,p

).

We call this method the Generalized Pareto distribution “GPD” method.

3.5. Bias Corrected Generalized Pareto Distribution Estimators

The GPD method relies on tail estimation. Small sample bias for estimators ξ
and σ can be problematic when we have few threshold exceedances. Giles, Feng and
Godwin (2016) estimates the expression for the bias of GPD estimators as

Bias(ξ̂) =
−(1 + ξ)(3 + ξ)

Nη(1 + 3ξ)
+O(n−2)

Bias(σ̂) =
σ(3 + 5ξ + 4ξ2)(3 + ξ)

Nη(1 + 3ξ)
+O(n−2),

where ξ̂ and σ̂ are the MLE estimates for the GPD parameters.2 Using these expres-
sions, we derive bias-corrected estimators for −0.3 < ξ̂ < 1 as

ξ̃ = ξ̂ −Bias(ξ̂)

σ̃ = σ̂ −Bias(σ̂).

2Thanks to David Giles for advice on computational methods for the GPD MLE.
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Giles, Feng and Godwin (2016) uses a Monte Carlo study to demonstrate the bias
corrected estimators reduce estimation bias and root mean squared error (RMSE).
We use the bias corrected estimates in our GPD model to account for small sample
bias when T = 500.

3.6. Hill Estimator

The Hill Estimator is an alternative parameter estimation method in Extreme
Value Theory. Unlike the GPD method, the Hill Estimator assumes the tail has a
Frechet distribution, which corresponds to the GPD case where the shape parameter
is strictly positive (ξ > 0). This implies innovations are constrained to be fat tailed.

Here, we suppose the tail of the conditional distribution of innovations is approx-
imated by the distribution function

F (z) = 1− L(z)z−1/ξ ≈ 1− cz−1/ξ,

whenever εt > u, where u is the threshold, L(z) is a slowly varying function we
approximate with constant c, and ξ is the strictly positive shape parameter ξ > 0.
In this case u is the threshold value such that all innovations exceeding u will be
used in the estimation of ξ.3 Let Tu be the number of observations that exceed u.
The Hill estimator (Hill, 1975) ξ̂ is the MLE estimator of ξ assuming innovations are
i.i.d. from an unknown distribution. The Hill estimator for ξ is

ξ̂ =
1

Tu

Tu∑
t=1

log(ε̂(T−t+1))− ln(u),

where ε̂(t) denotes the t-th order statistic of ε̂t such that ε̂(t) ≥ ε̂(t−1) for time t =
2, ..., T .

Given ξ̂, we can estimate the tail distribution F by choosing c = Tu
T
u1/ξ̂ which is

derived from imposing the condition 1− F (u) = Tu
T

. The estimate of the CDF F is

F̂ (z) = 1− Tu
T

(
z

u
)−1/ξ̂.

We use F̂ (z) to estimate constants c1,p and c2,p. In particular the estimate of c1,p is

F̂−1
1−p the (1− p)-th quantile of the tail distribution F̂ (z), which is

ĉHill1,p = u(
pT

Tu
)−ξ̂.

3Optimal values for Hill threshold u are discussed in section 8, the Monte Carlo Simulation.
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The estimate of c2,p is E(εt|εt > F̂−1
1−p), which is

ĉHill2,p =
ĉHill1,p

1− ξ̂
,

where εt ∼ i.i.d.F̂ . The Hill estimates for V aRp
T+1 and ESpT+1 are given by

Hill − V aRp
T+1 = µ̂T+1 + σ̂T+1ĉ

Hill
1,p

Hill − ESpT+1 = µ̂T+1 + σ̂T+1ĉ
Hill
2,p ,

and we call this the “Hill” method.
The closed form solution of the MLE for the Hill estimator makes it a less compu-

tationally intensive substitute for the GPD method. However, the GPD method has
one major advantage over the Hill method. The GPD method can estimate light-
tailed distributions (ξ < 0) and exponentially decaying tails (ξ = 0) as well as heavy
tails (ξ > 0). The Hill estimator is unbiased for heavy-tailed distributions (ξ > 0),
but has biased parameter estimates for ξ ≤ 0. While uncommon, light tails occur
in certain markets (Brorsen & Yang, 1995; Wei, 1998) and we find light tails occur
in GARCH filtered innovations on empirical returns during periods of stability. The
Hill estimator may overestimate VaR and ES when losses are light tailed, resulting
in unreasonably high capital requirements.

There is significant literature advocating the effectiveness of Extreme Value The-
ory estimation for VaR and ES (Gilli & Kellezi, 2006; Singh et al, 2011; Ozun et
al, 2007). However, banks are slow to adjust to new estimation methods. The next
section discusses the most popular VaR and ES estimation method in banks, the
Historical Simulation.

4. Historical Simulation

The simplest and most commonly used VaR method is Historical Simulation (HS).
This method calculates the VaR and ES using the empirical distribution of past
losses. Specifically, the HS estimate for V aRp

T+1 is

HS − V aRp
T+1 = Q1−p({Lt}),

where Q1−p({Lt}) denotes the (1− p)-th empirical quantile of the loss data {Lt}Tt=1.
The HS estimate for ESpT+1 is given by

HS − ESpT+1 =
1

#(Lt > HS − V aRp
T+1)

( ∑
Lt>HS−V aRpT+1

Lt

)
,
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where #(Lt > HS − V aRp
T+1) denotes the number of observations of losses {Lt}Tt=1

above HS − V aRp
T+1.

The HS method is nonparametric and easy to calculate. It does not depend on any
distributional assumptions, which captures the nonnormality commonly observed in
financial returns data. However, HS does not account for volatility dynamics, and
we will see the HS method is outclassed by the GARCH based methods discussed
next.

5. GARCH Estimation

The following section describes the estimation process for the GARCH(1,1), which
takes into consideration volatility dynamics by predicting σT+1. Specifically given
(5) and (6) we can find estimates of V aRp

T+1 and ESpT+1 using the following steps:

1. Estimate the GARCH(1,1) parameters using Gaussian QMLE, maximizing the
log likelihood

log(L(ω, α, β)) = −1

2

T∑
t=1

log(σ2
t ) + (

Lt
σt

)2,

where σ2
t = ω + αL2

t + βσ2
t−1. Given GARCH parameter estimates (ω̂, α̂, β̂),

we can recursively compute variance sequence σ̂2
t and implied innovations ε̂t =

(Lt− µ̂t)/σ̂t from past observed squared losses and filtered variances. We filter
variances using recursion

σ̂2
t+1 = ω̂ + α̂L2

t + β̂σ̂2
t ,

where we set initial variance to the unconditional variance σ̂2
1 = ω̂

1−α̂−β̂ . While

the innovation terms are not necessarily Gaussian, the QMLE technique yields
reasonable parameter estimates. In fact, it can be shown this QMLE method
yields consistent and asymptotically normal estimates; see Chapter 4 of Gourier-
oux (1997).
An equivalent method to get the one-day variance prediction is

σ̂2
T =

ω̂

1− α̂− β̂
+ α̂

T−2∑
j=0

β̂j(L2
T−j−1 −

ω̂

1− α̂− β̂
)}, (16)

and using (16) we get

σ̂2
T+1 = ω̂ + α̂L2

T + β̂σ̂2
T ,
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as our conditional next-day volatility forecast.

2. Choose a distributional assumption for innovations and calculate values for the
constants ĉ1,p and ĉ2,p.

3. Compute the estimates of V aRp
T+1 and ESpT+1 given by

V aRp
T+1 = µ̂T+1 + σ̂T+1ĉ1,p

ESpT+1 = µ̂T+1 + σ̂T+1ĉ2,p.

We can distinguish between two groups of methods used to choose constants ĉ1,p and
ĉ2,p: fully parametric methods and nonparametric methods. Of the nonparametric
methods, we have already discussed the Extreme Value Theory approaches and the
Historical Simulation approach, which is the most popular nonparametric method in
practice.

6. Parametric Methods

The following methods use a distribution to calculate the values of ĉ1,p and ĉ2,p.
We consider conditional parametric methods using the Normal and standardized
Student’s (STD) distribution. We also consider Hansen’s (1994) Skew Student’s
t distribution (SSTD) and the Generalized Error distribution (GED), which have
become popular for modeling financial data in recent years for their respective ability
to capture the skewness and excess kurtosis exhibited by financial returns. Model
parameters are estimated using implied GARCH(1,1) innovations ε̂t = (Lt − µ̂t)/σ̂t.

6.1. Normal Distribution

We know the normal distribution on innovation term εt is an incorrect assump-
tion for financial time series. Financial data exhibits significantly fatter tails than
allowed by the normal distribution. However, we include the normal distribution
for comparative purposes. The estimates for V aRp

T+1 and ESpT+1 under a normality
assumption are

N − V aRp
T+1 = µ̂T+1 + σ̂T+1ĉ

N
1,p

N − ESpT+1 = µ̂T+1 + σ̂T+1ĉ
N
2,p,

such that
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ĉN1,p = Φ−1
1−p

ĉN2,p =
φ(Φ−1

1−p)

p
,

where Φ−1
1−p is the (1 − p)-th quantile of a standard normal distribution and φ(x) is

the density. We call this the “Normal” method.

6.2. Student’s t Distribution

We also consider the standardized Student’s t distribution, which implies the
following estimates for V aRp

T+1 and ESpT+1 are

STD − V aRp
T+1 = µ̂T+1 + σ̂T+1ĉ

STD
1,p

STD − ESpT+1 = µ̂T+1 + σ̂T+1ĉ
STD
2,p ,

such that

cSTD1,p =
√

(d− 2)/dt−1
d,1−p

cSTD2,p = E(εt|εt >
√

(d− 2)/dt−1
d,1−p),

where t−1
d,1−p is the (1− p)-th quantile of the Student’s t distribution with d degrees

of freedom. We use MLE to estimate the degrees of freedom d̂ since the true d is
unknown. Broda and Paolella (2011, Section 2.2.2) show the constant cSTD2,p for a
Student’s t distributed random variable is

cSTD2,p = ψd(t
−1
d,1−p)

1

p
(
d+ (t−1

d,1−p)
2

d− 1
)
√

(d− 2)/d,

where ψd(x) is the density function of a Student’s t distribution with d degrees of
freedom. We obtain ĉSTD1,p and ĉSTD2,p by replacing d with its sample analogue d̂ in the
equations above.

The Standardized Student’s t distribution has thicker tails than the normal dis-
tribution even though both have mean zero and variance one. The Student’s t
distribution assumption on innovations is a common choice for log returns in risk
management and asset pricing, because of its ability to capture the excess kurtosis
exhibited in financial returns. We call this the “STD” method.
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6.3. Skew Student’s t Distribution

The Skew Student’s t distribution (SSTD) has been increasingly used to model
financial data, because log returns are empirically shown to be skewed towards losses.
While there are many versions of the SSTD, we chose Hansen’s (1994) skew-t dis-
tribution since it is widely used and has a closed form expression for the Expected
Shortfall. The density of Hansen’s SSTD is

g(z|d, λ) =

{
bc(1 + 1

d−2
( bz+a

1−λ )2)−(d+1)/2, z < −a/b
bc(1 + 1

d−2
( bz+a

1+λ
)2)−(d+1)/2, z ≥ −a/b,

where 2 < d < ∞ is the degrees of freedom, and −1 < λ < 1 is the skewness
parameter. We use MLE to estimate the degrees of freedom d̂ and the skewness
parameter λ̂. The constants a,b, and c are given by

a = 4λc(
d− 2

d− 1
)

b2 = 1 + 3λ2 − a2

c =
Γ(d+1

2
)√

π(d− 2)Γ(d
2
)
.

Almli and Rege (2011) shows that, given Hansen’s SSTD distribution, we can calcu-
late values for V aRp

T+1 and ESpT+1 as

SSTD − V aRp
T+1 = µ̂T+1 + σ̂T+1ĉ

SSTD
1,p

SSTD − ESpT+1 = µ̂T+1 + σ̂T+1ĉ
SSTD
2,p ,

such that

cSSTD1,p =

 (1−λ)
b

√
(d− 2)/d

t−1
d,1−p( 1−p

1−λ )−a
b

, 1− p < (1− λ)/2
(1+λ)
b

√
(d− 2)/d

t−1
d,1−p(0.5+ 1

1+λ
(1−p− 1−λ

2
))−a

b
, 1− p ≥ (1− λ)/2,

cSSTD2,p =


1
pb

(c(1− λ)2 d−2
d−1

((1 + C2
u

d−2
)
1−d
2 − 1)

+a(1− λ)(Ψd(
√
v/(v − 2)Cu)− 0.5) + c(1 + λ)2 d−2

d−1
− p

2
(1 + λ), cSSTD1,p < −a

b
1
pb

(c(1 + λ)2 d−2
d−1

(1 + C2
w

d−2
)
1−d
2 − a(1 + λ)(1−Ψd(

√
v/(v − 2)Cw)), cSSTD1,p ≥ −a

b
,
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where Cu =
b·cSSTD1,p +a

1−λ , Cw =
b·cSSTD1,p +a

1+λ
, Ψd(x) is the CDF of a Student t distribution

with d degrees of freedom, and constants a, b, and c are shown above. To obtain the
constants ĉSSTD1,p and ĉSSTD2,p , we use the sample analogues for d and λ in the equations
above. We call this the Skewed Student’s t distribution “SSTD” method.

6.4. Generalized Error Distribution

The Generalized Error distribution (GED) is a parametric family of symmetric
distributions that allow for fat tails and light tails conditional on shape parameter v.
The distribution has fat tails when v < 2, thin tails when v > 2 and has normal den-
sity when v = 2. The pdf of a random variable with Generalized Error distribution
is

f(x) =
vexp(−1

2
| x
ω
|v)

ω21+1/vΓ(1/v)
,

where ω = 2−1/v
√

Γ(1/v)
Γ(3/v)

and Γ(·) is the gamma function. We use MLE to estimate

the shape parameter v̂. Almli and Rege (2011) shows that given a GED distributional
assumption on innovations, we can calculate values for V aRp

T+1 and ESpT+1 as

GED − V aRp
T+1 = µ̂T+1 + σ̂T+1ĉ

GED
1,p

GED − ESpT+1 = µ̂T+1 + σ̂T+1ĉ
GED
2,p ,

such that

cGED1,p = Λ−1
v,1−p

cGED2,p =
ω21/v−1

pΓ( 1
v
)

Γ(
2

v
,
1

2
(
Λ−1
v,1−p

ω
)v),

where Λ−1
v,1−p is the (1 − p)-th quantile of the Generalized Error distribution with

tail parameter v and Γ(·, ·) is the upper tail of the incomplete gamma function.
We obtain constants ĉGED1,p and ĉGED2,p by replacing shape parameter v by its sample
analogue v̂ in the above equations. The GED method is flexible because it can model
the exponentially decaying tails (v = 2) of the normal distribution as well as the
thick tails (v < 2) of the Student’s t distribution. Additionally, the GED method
can model light tails (v > 2), which is not allowed by the normal or Student’s t
distributions. While uncommon, light tails occur in certain markets (Brorsen &
Yang, 1995; Wei, 1998) and we find light tails occur in GARCH filtered innovations
on empirical returns during periods of stability. Failure to capture light tails can
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lead to inaccurate predictions and unnecessarily high capital requirements. We call
this the Generalized Error distribution “GED” method.

The main disadvantage of parametric methods is they impose a distributional
assumption on the entire set of innovations. For example the normal method assumes
the innovations are symmetric and have an exponentially decaying tail. The VaR and
ES risk measures only characterize the tail of our innovation series. By constraining
our methods to estimate the entire innovation distribution rather than only the
tail, we reduce the flexibility of our tail forecasts. Nonparametric models are less
constrained by distributional assumptions, which could lead to better forecasts of
our tail risk measures.

7. Nonparametric Methods

Unlike parametric methods, nonparametric methods make no distributional assump-
tions on the innovations to calculate constants ĉ1,p and ĉ2,p. They also estimate c1,p

and c2,p using implied GARCH(1,1) innovations ε̂t = (Lt− µ̂t)/σ̂t. We previously dis-
cussed the Historical Simulation, Generalized Pareto distribution and Hill methods,
which are all nonparametric.

7.1. Gram-Charlier and Cornish-Fisher Expansions

This method uses the Cornish-Fisher and Gram-Charlier expansions to approx-
imate the conditional density of innovations εt. For a random variable with mean
0 and variance 1, a Gram-Charlier expansion produces a density function that is
an expansion of the standard normal density. These terms capture skewness and
excess kurtosis. This allows Gram-Charlier expansions to account for departures
from conditional normality. The Cornish-Fisher expansion approximates the inverse
cumulative density function as

CF−1
1−p = Φ−1

1−p +
γ1

6
[(Φ−1

1−p)
2 − 1] +

γ2

24
[(Φ−1

1−p)
3 − 3Φ−1

1−p]−
γ2

1

36
[2(Φ−1

1−p)
3 − 5(Φ−1

1−p)],

with

γ1 = E(ε3t )

γ2 = E(ε4t )− 3,

where εt ∼ G(0, 1) and Φ−1
1−p is the (1− p)-th quantile of the standard normal distri-

bution. Replacing the approximation with its sample analogue results in
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ĉGC1,p = Φ−1
1−p +

γ̂1

6
[(Φ−1

1−p)
2 − 1] +

γ̂2

24
[(Φ−1

1−p)
3 − 3Φ−1

1−p]−
γ̂2

1

36
[2(Φ−1

1−p)
3 − 5(Φ−1

1−p)],

where for empirical innovations ε̂t = (Lt − µ̂t)/σ̂t and

γ̂1 =
1

T

T∑
t=1

ε̂3t

γ̂2 =
1

T

T∑
t=1

ε̂4t − 3.

For the calculation of ĉGC2,p , Giamouridis(2006) shows the constant can be expressed
as

cGC2,p = E(εt|εt > CF−1
1−p) =

φ(CF−1
1−p)

p
[1+

γ1

6
(CF−1

1−p)
3+

γ2

24
((CF−1

1−p)
4−2(CF−1

1−p)
2−1)],

where φ is the density function of the standard normal. We obtain ĉGC2,p by replacing

CF−1
1−p, γ1, and γ2 by their sample analogues in the equation above. Given estimates

ĉ1,p and ĉ2,p, we have estimates for V aRp
T+1 and ESpT+1 given by

GC − V aRp
T+1 = µ̂T+1 + σ̂T+1ĉ

GC
1,p

GC − ESpT+1 = µ̂T+1 + σ̂T+1ĉ
GC
2,p ,

and we call this the Gram-Charlier “GC” method.

7.2. Filtered Historical Simulation

The Filtered Historical Simulation (FHS) method computes ĉ1,p and ĉ2,p from
the empirical distribution of centered innovations ε̂t − ¯̂ε. This model uses volatility
dynamics without the need for distributional assumptions on the empirical inno-
vations. This method is proposed by Barone-Adesi, Bourgoin, and Giannopoulos
(1998), Diebold, Schuermann, and Stroughair (1998), and Hull and White (1998);
they find the FHS performs well in quantile estimation. The FHS estimate of ĉFHS1,p

is

ĉFHS1,p = Q1−p({ε̂t − ¯̂ε}),
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where Q1−p({ε̂t − ¯̂ε}) denotes the (1− p)-th empirical quantile of the centered inno-
vations data {ε̂t − ¯̂ε}Tt=1. The FHS estimate for ĉFHS2,p is

ĉFHS2,p =
1

#(ε̂t − ¯̂ε > cFHS1,p )
(
∑

ε̂t−¯̂ε>cFHS1,p

(ε̂t − ¯̂ε)),

where ¯̂ε = 1
T

∑T
t=1 ε̂t. We center the residuals to mimic the zero mean expectation of

standard errors. Thus the FHS estimates for V aRp
T+1 and ESpT+1 are

FHS − V aRp
T+1 = µ̂T+1 + σ̂T+1ĉ

FHS
1,p

FHS − ESpT+1 = µ̂T+1 + σ̂T+1ĉ
FHS
2,p ,

and we refer to this as the Filtered Historical Simulation “FHS” method.
We have outlined nine candidate models used to evaluate VaR and ES. In the next

section, we will evaluate the performance of each model in a Monte Carlo simulation.

8. Monte Carlo Simulation

In our paper, there are three reasons to study Monte Carlo simulations. The first is to
determine appropriate threshold values for the two Extreme Value Theory methods at
the 97.5% confidence level. McNeil and Frey (2000) studied optimal threshold values
for VaR and ES at the 99% confidence level using the GPD method. Similarily,
Christoffersen and Goncalves (2005) studied optimal threshold values for VaR and
ES at the 99% confidence level using the Hill method. So far there are no studies
on optimal threshold values for the GPD or Hill methods for VaR and ES at the
97.5% confidence level. Any risk practitioner using EVT to calculate VaR and ES at
the 97.5% confidence level, as required by Basel III, will benefit from our threshold
analysis.

The second reason for Monte Carlo simulations is to assess the model and estima-
tion errors when calculating VaR and ES. In contrast to empirical backtesting, the
true value of VaR and ES measures are known in simulations. Quantifying model
and estimation risks for VaR and ES is important, because we cannot eliminate
these risks empirically (Sheppard, 2013). We quantify the magnitude of model and
estimation errors using point forecasts of the risk measures under various realistic
distributional assumptions. The distribution of returns is never known and con-
stantly changing. A valid model must be robust to many possible distributions; a
model with a large error under some return distributions will lead to incorrect risk
measures. We will determine which method minimizes model and estimation errors
under unknown distributions.
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Third, we reexamine a popular method of calculating GARCH based confidence
intervals for VaR and ES using the resampling techniques proposed by Christof-
fersen and Goncalves (2005) and Pascual, Romo, and Ruiz (2006). It is difficult
to calculate prediction intervals for GARCH, particularly for nonparametric inno-
vation distributions. Pascual, Romo, and Ruiz (2006) finds bootstrap confidence
intervals work well for GARCH models; Christoffersen and Goncalves (2005) finds
bootstrap confidence intervals perform well for GARCH based calculations of VaR
and ES. The Monte Carlo simulations by Christoffersen and Goncalves (2005) only
varies GARCH parameters, keeping the underlying data generating process (DGP)
constant. From our study, we hope to learn if their bootstrap method is still effec-
tive for VaR and ES at the 97.5% confidence level and under various distributional
assumptions on the DGP. Accurate confidence intervals around the risk measures
assists risk managers performing active portfolio management. A highly dispersed
confidence interval around VaR or ES may signal to the portfolio manager a need to
rebalance the portfolio.

Our Monte Carlo experiment considers four versions of Hansen’s (1994) Skewed
Student’s t (SSTD) and the Generalized Error Distribution (GED) for the GARCH
innovation distribution DGP.4 For the fat tailed SSTD, we denote d as the degrees
of freedom and λ as the skewness parameter.5 To generate thin tails, we use the
Generalized Error Distribution and denote v as the tail parameter.6 Our five chosen
cases are:

1. Benchmark: d = 8, λ = 0

2. High Losses, Low Profits (Skewed to losses): d = 8, λ = 0.5

3. Low Losses, High Profits (Skewed to profits): d = 8, λ = −0.5

4. Normal Distribution: d = 300, λ = 0

5. Thin Tailed Distribution: v = 10

The five DGPs capture stylized facts of the return distribution. The standardized
Student’s t is commonly used to model excess kurtosis (fat tails) observed in financial
time series (Bollerslev, 1987). Both positive and negative skewness are ubiquitous in
returns (Peiro, 1999; Machado-Santos and Fernandes, 2000; Hansen, 1994), where the
direction of the skew is a function of the asset type and time. The Skewed Student’s
t DGP in case 2 models skewness towards losses, and case 3 models skewness toward
profits. We consider the normal DGP on returns for comparison purposes. While

4Thanks to Andrew Patton for the Hansen’s (1994) Skewed t distribution Matlab code.
5Details on Hansen’s (1994) Skewed Student’s t are in section 6.3.
6Details on the Generalized Error Distribution are in section 6.4.
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financial returns usually have fat tails, we find the GARCH filtered innovations on
empirical returns can have light tails during periods of stability; we include case 5
to account for this observation. We assess the ability of our nine models to reliably
forecast 1-day-ahead VaR and ES at the 97.5% confidence level in each of these five
cases.

In all five cases, we keep the GARCH parameters in the DGP constant.7 In each
case, we set α = 0.10, β = 0.8, and ω = (402/252) ∗ (1 − α − β), resulting in a
yearly unconditional volatility of 40%.8 The estimation window size for point and
interval forecasts is T = 1000. In the threshold choice simulation both T = 500 and
T = 1000 windows are considered. To calculate properties of the point estimates, we
conduct 100,000 Monte Carlo replications. For properties of the bootstrap predic-
tion intervals, we consider 5,000 Monte Carlo replications, each with 99 bootstrap
replications. Bootstrap simulations are computationally demanding due to nonlinear
optimization required in model estimation.

8.1. EVT Threshold Choice

The choice of high threshold η is critical for EVT estimation. The problem is
analogous to the classic Bias-Variance Tradeoff. A threshold that is too low will
violate the asymptotic basis of the model, leading to bias. A threshold that is
too high will generate too few excesses, leading to a high variance. The standard
practice is to have as low a threshold as possible, subject to the model limit providing
a reasonable approximation.

McNeil and Frey (2000) describes a method of threshold choice using a random
threshold at the (m)th order statistic of innovations where Nη = T−m is the number
of tail observations. Let ε(T ) ≥ ε(T−1) ≥ ... ≥ ε(1) represent the ordered innovations.
Then the GPD with parameters ξ and σ are fit to the excesses of innovations over
estimated threshold ε(m), which we show are (ε(T ) − ε(m), ..., ε(m+1) − ε(m)). McNeil
and Frey (2000) uses Monte Carlo simulation for the 99% confidence level (p = 0.01)
to determine ε(m) = Q0.9({εt}), where Q0.9({εt}) denotes the 90% percentile of the
innovations {εt}nt=1 implying Nη = 0.1 · T . The threshold estimate is

η̂ = ε̂(m) = Q0.9({ε̂t}),

where {ε̂t}nt=1 are the empirical innovations. To estimate the optimal threshold
at the 97.5% confidence level (p = 0.025) we perform the simulation exercise de-

7Our paper’s focus is on the distribution of innovations.
8Volatility levels of 40% and higher were observed during the previous financial crisis (Manda,

2010; Schwert, 2011).

21



scribed above, which is analogous to the threshold choice Monte Carlo experiment
in Christoffersen and Goncalves (2005).9

To select the optimal threshold for GPD estimation at the 97.5% confidence
level, we use the Monte Carlo experiment above to compare root mean squared error
(RMSE) and bias for threshold quantiles between 80% and 99% using a 0.1% grid.
Appendixes A and B show bias and RMSE as a function of threshold quantile choice
for both VaR and ES. Appendix A shows the 4 case results for GPD estimation
with T = 1000. Appendix B shows the 4 case results for GPD estimation with
T = 500. Both VaR and ES have stable threshold choices up to the 94-th percentile.
The instability after the 94-th percentile is likely caused by computational errors in
MLE. We find the 85-th percentile of innovations is a reasonable threshold estimate,
since it minimizes the absolute bias and RMSE in our four DGPs. At the 99%
confidence level we use the 90-th percentile as in McNeil and Frey (2000).10

We employ the same strategy to estimate the optimal threshold, û, for Hill estima-
tion at the 97.5% confidence level. We use the Monte Carlo experiment to compare
RMSE and bias for threshold quantiles between 80% and 99% using a 0.1% grid.
Appendixes C and D show bias and RMSE as a function of threshold choice for both
VaR and ES. Appendix C shows the 4 case results for Hill estimation with T = 1000.
Appendix D shows the 4 case results for Hill estimation with T = 500. We find
that threshold estimate, û, is optimized at the 97.5-th percentile of innovations for
evaluating both VaR and ES. Our choice of Hill estimation method threshold at the
99% confidence level uses results from Christoffersen and Goncalves (2004) where û
is the 97-th percentile of innovations for VaR calculations and the 99-th percentile
of innovations for evaluating ES.11

Prior to our study, GPD and Hill optimal thresholds were unclear for VaR and ES
at the 97.5% confidence level. We find GPD thresholds are stable with respect to bias
and RMSE below the 94-th percentile of innovations, but find computational insta-
bilities for ES calculations above the 94-th threshold percentile. The Hill threshold is
optimized at the 97.5-th percentile of innovations. When the Hill threshold decreases
below the optimal 97.5-th percentile, the VaR bias increases in magnitude; the ES
bias and RMSE increases as the percentile of innovations decreases. We find the op-
timal threshold for both EVT methods are remarkably robust across different DGPs
and estimation window lengths. This finding is important, because it demonstrates

9We only show GPD and Hill simulation results for the first 4 cases. The VaR and ES graphs
for the Thin Tailed case look the same as the Normal case.

10We also used our simulation approach to verify their GPD threshold results.
11We also used our simulation approach to verify their Hill threshold results.
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the optimal threshold quantile can remain the same across different datasets.

8.2. Point Predictions for VaR and ES

Point Predictions: Bias and RMSE

HS Normal STD SSTD GED Hill GPD GC FHS

Benchmark

VaR Bias 0.08 -0.10 0.00 -0.01 0.07 -0.02 0.02 0.12 -0.02
RMSE 0.99 0.31 0.29 0.32 0.32 0.35 0.33 0.45 0.36

ES Bias 0.26 -0.59 0.00 -0.03 -0.07 0.04 0.02 0.70 -0.04
RMSE 1.36 0.69 0.38 0.47 0.45 0.54 0.51 1.69 0.52

Loss Skew

VaR Bias 0.05 -1.04 -0.95 0.00 -1.09 -0.04 0.01 0.24 -0.04
RMSE 1.31 1.11 1.03 0.44 1.16 0.51 0.48 0.77 0.52

ES Bias 0.28 -2.11 -1.54 -0.01 -0.48 0.06 0.00 3.50 -0.08
RMSE 1.88 2.19 1.63 0.59 0.93 0.81 0.78 4.17 0.77

Profit Skew

VaR Bias 0.16 1.24 1.33 0.00 1.69 0.00 0.03 -0.10 0.00
RMSE 0.80 1.32 1.42 0.26 1.79 0.27 0.26 0.30 0.26

ES Bias 0.41 1.52 2.10 0.00 1.30 0.03 0.05 0.74 0.01
RMSE 1.06 1.62 2.21 0.31 1.42 0.34 0.34 3.86 0.33

Normal

VaR Bias 0.06 -0.01 0.00 0.00 -0.01 -0.03 0.00 -0.01 -0.03
RMSE 0.80 0.21 0.21 0.23 0.21 0.26 0.24 0.23 0.27

ES Bias 0.22 -0.02 0.00 0.03 -0.01 0.01 0.02 0.00 -0.03
RMSE 1.00 0.25 0.25 0.29 0.27 0.33 0.32 0.31 0.32

Thin Tail

VaR Bias 0.08 0.68 0.68 0.65 0.00 -0.01 0.02 0.49 -0.01
RMSE 0.47 0.69 0.69 0.78 0.11 0.13 0.13 0.51 0.13

ES Bias 0.23 1.35 1.35 1.32 0.00 0.00 0.03 0.87 -0.01
RMSE 0.55 1.37 1.37 1.46 0.12 0.14 0.14 0.89 0.14

Table 1: Summary of bias and RMSE results from Appendixes E to I. The true distribution is
highlighted blue. Bias within 0.1 and RMSE within 0.25 of the true value is highlighted green.
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To determine the model and estimation errors of each method, we study the
robustness in the point precision of our various methods under different distributional
assumptions. We report the bias and RMSE for each method of calculating VaR and
ES, found on the left half of each table from Appendix E to Appendix I. Table 1
above summarizes the main bias and RMSE results from the Appendixes for all five
cases. In each case, the true distribution used as the DGP is highlighted in blue.
The bias and RMSE from the true distribution can be solely attributed to error from
estimating GARCH parameters. We calculate model error by comparing bias and
RMSE to the true model.

We find point property results are similar for VaR and ES. The top left panels of
Appendix E to Appendix I contain VaR point forecast results, and the bottom left
panels of these appendixes contain ES point forecast results. In every scenario, the
HS VaR and ES estimates have upward bias and high RMSE, due to the inability
to account for volatility dynamics. The normal, STD, and GED methods assume
innovations follow a symmetric distribution. These symmetric methods perform well
when the DGP is symmetric as in the normal case and STD case (Appendixes E
and H). The symmetric methods’ VaR and ES estimates have high RMSE when the
DGP is skewed (Appendixes F and G). Additionally, their VaR and ES estimates
have large downward bias when losses are high and large upward bias when losses
are low; under these symmetric methods risk measures will be systematically too
low during periods of high losses while being too high during periods of high profits.
Among the nonparametric methods, the GC method performs the worst, with large
absolute bias and RMSE in all cases besides the normal for both VaR and ES. Based
on the high absolute bias and RMSE of the HS, normal, STD, GED, and GC methods
compared to the true distribution, we can conclude these methods have large model
risk. In all cases, the Hill, GPD, and FHS methods have VaR and ES estimates
with low absolute bias and RMSE compared to the true distribution, despite not
being directly nested in any DGP model. These three methods provide the most
robust risk measure estimates under different distributional assumptions and have
low model risk.

For every method, the ES bias and RMSE are generally larger in magnitude than
the VaR bias and RMSE. This shows ES is more difficult to estimate than VaR.
In particular, we see the true distribution has higher ES RMSE compared to VaR
RMSE in every case, indicating ES calculations have larger estimation error. The
GC method has ES bias and RMSE of an order of magnitude higher than in VaR;
the method cannot be used to evaluate ES. The HS method also has higher ES bias
and RMSE compared to the bias and RMSE in VaR estimates. The Hill, GPD, and
FHS methods also have higher ES bias and RMSE compared to VaR, however these
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methods still outperform.
The Hill method performs well in estimating VaR and ES in all five scenarios,

even the light tailed and normal cases. This is puzzling because the Hill method can
only be used to approximate fat tails; the Hill tail parameter estimate is biased in
the light tailed and normal cases in Appendix H and I. Despite this bias, the Hill
method performs just as well as the GPD method, which has unbiased parameter
estimates. The surprising performance of the Hill method in these two cases could
be attributed to directly obtaining the tail parameter estimate from the closed form
MLE, rather than relying on computational optimization.

8.3. Interval Predictions for VaR and ES

Interval Predictions: Coverage Rates

Benchmark Loss Skew Profit Skew Normal Thin Tail

Method VaR ES VaR ES VaR ES VaR ES VaR ES

HS 39% 41% 45% 45% 24% 24% 36% 34% 25% 22%
Normal 81% 28% 6% 0% 2% 2% 89% 88% 1% 0%
STD 87% 87% 8% 3% 1% 0% 87% 87% 1% 0%
SSTD 87% 85% 85% 85% 86% 86% 88% 88% 36% 4%
GED 88% 75% 4% 86% 1% 1% 90% 96% 87% 87%
Hill 91% 88% 91% 87% 89% 87% 90% 88% 84% 82%
GPD 91% 86% 91% 85% 86% 86% 90% 87% 83% 82%
GC 90% 90% 88% 27% 91% 34% 91% 92% 5% 0%
FHS 91% 86% 90% 83% 89% 87% 90% 87% 85% 83%

Table 2: Summary of interval coverage rates from Appendixes E to I. The true distribution is
highlighted blue. Coverage within 5% of the specified 90% confidence interval is highlighted green.
Coverage with 10% of the specified 90% confidence interval is highlighted yellow.

We now examine the accuracy of the bootstrap prediction intervals proposed by
Christoffersen and Goncalves (2005) and Pascual, Romo, and Ruiz (2006). Algo-
rithms for generating HS and GARCH bootstrap intervals are in Appendix L and
M respectively. Prediction interval results are found on the right side of each table.
The coverage column reports the actual rate of coverage for each method, where
the specified confidence interval is 90%. This means the true risk measure should
be contained in the confidence interval for 90% of simulations. We also report the
upper and lower limits of the confidence intervals. The interval width is the average
length of the confidence intervals divided by the true risk measure.
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We find bootstrap confidence interval results are similar for VaR and ES. The top
right panels of Appendix E to Appendix I contain VaR interval forecast results; the
bottom right panels of these appendixes contain ES interval forecast results. Table
2 above summarizes the interval coverage rate results from the Appendixes for all
five cases. In each case, the true distribution used as the DGP is highlighted in blue.
GARCH estimation error and narrow confidence intervals cause the true model to
have slight under-coverage. In each case, the HS VaR and ES intervals, calculated
from the i.i.d. bootstrap, have coverage far below the specified coverage of 90%. The
HS intervals are wider than parametric methods, but in line with most nonparametric
methods. The symmetric normal, STD, and GED methods have narrow VaR and
ES intervals, but close to zero coverage in the skewed cases (Appendixes F and G).
The normal and STD methods have nearly zero coverage in the thin tailed case
(Appendix I); the SSTD also has low coverage in this case. These distributions have
low coverage because their strict parameterizations cannot account for thin tails.
The GC method has low ES coverage rates for all cases except the normal case. The
nonparametric Hill, GPD, and FHS methods all have VaR coverage rates near the
specified 90% for all five cases. Their ES coverage rates are lower than 90%, but
never fall below 80% coverage.

For every method, the ES coverage rate is generally lower than the VaR coverage
rate. The difference between ES coverage and VaR coverage is under 6%. This
discrepancy is consistent with the difficulty in ES estimation compared to VaR. The
difficulty in calculating ES intervals extends naturally from additional error in ES
point estimates compared to VaR point estimates.

8.4. Summary of Simulation Results

Our threshold simulation results for VaR and ES at the 97.5% confidence level
are shown in Appendixes A to D. We find the optimal GPD threshold to be the
85-th percentile of innovations, because it minimizes bias and RMSE (Appendixes A
and B). Using the same methodology in Appendixes C and D, we find the optimal
Hill threshold to be the 97.5-th percentile of innovations. We use these results to
determine optimal thresholds in the both the Monte Carlo simulations and empirical
analysis in section 11.

Based on Appendixes E to I it is clear the commonly used HS method gives poor
point estimates and confidence intervals for VaR and ES. The HS model performs
poorly when there are volatility dynamics. The symmetric normal, STD, and GED
models all have poor point estimates and confidence intervals for the risk measures
when the DGP is skewed. The normal, STD, and SSTD models perform poorly when
the DGP has thin tails. The GC method has very poor estimates of the ES for both
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point estimates and intervals. Because these models cannot approximate VaR and
ES under these distributional assumptions, we conclude they are inadequate for risk
management purposes.

The Hill, GPD, and FHS models accurately evaluate point estimates for VaR
and ES in every scenario. These three nonparametric methods are robust to many
distributions, and minimize model risk. The ES bias and RMSE are generally higher
than VaR bias and RMSE, in part due to increased estimation error in calculating
ES. Regulators must be aware ES is more difficult to estimate than VaR when im-
plementing Basel III and changing the official risk measure to ES. Furthermore, Hill,
GPD, and FHS models have VaR bootstrap confidence intervals with close to 90%
coverage. Coverage rates for ES intervals are lower than VaR; this is concerning be-
cause Basel III uses ES as the official risk measure. Risk managers using bootstrap
intervals for ES must be aware the coverage for these three methods can be as low
as 82%. Our results are consistent with the findings of Christoffersen and Goncalves
(2005). Their paper doesn’t consider the GPD method, but advocates using Hill and
FHS methods. The paper also found the HS approach and parametric approaches
perform poorly.

Our Monte Carlo experiment examines model and estimation errors of each
method in a simulation setting. Next, we examine the empirical performance of
our methods. However, we first require a criteria to test model performance. Value
at Risk backtesting has been standardized in empirical literature due to its longstand-
ing use as a regulatory measure of market risk; we will detail VaR testing criteria in
the next section.

9. VaR Model Evaluation (Backtesting)

To compare VaR technique performance we must evaluate how our in-sample esti-
mates perform out-of-sample for a one day holding period. The standard backtesting
methodology is the Unconditional Coverage (UC) and the Conditional Coverage (CC)
tests proposed by Kupiec (1995) and Christoffersen (1998) respectively. Basel II uses
similar methodology to determine model adequacy by backtesting one-day forecasts
of VaR for the 99% confidence level using a 250 day testing window. Standard Basel
II VaR requirements follow the table below.
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Figure 1: “The table defines the green, yellow and red zones that supervisors will use to assess
backtesting results in conjunction with the internal models approach to market risk capital require-
ments. The boundaries shown in the table are based on a sample of 250 observations. For other
sample sizes, the yellow zone begins at the point where the cumulative probability equals or ex-
ceeds 95%, and the red zone begins at the point where the cumulative probability equals or exceeds
99.99%”. (BCBS, 1996)

9.1. Unconditional Coverage Test

The most intuitive test of VaR performance determines whether actual exceedances
match the expected number of exceedances. We denote α as 1 minus the confidence
level; for example for a 99% confidence level, then α = 0.01. If the number of vi-
olations are considerably different from α · 100% of the sample, then we doubt the
accuracy of the risk measure. We use the likelihood test proposed by Kupiec (1995)
for sample T observations given by

LRUC = 2log

(
(
1− α̂
1− α

)T−I(α)(
α̂

α
)I(α)

)
α̂ =

1

T
I(α)

I(α) =
T∑
t=1

It(α),

where It(α) is an indicator for a (1 − α) quantile exceedance in period t (It(α) = 1
if Lt > V aRt and 0 otherwise). In this model our null hypothesis is H0 : α = α̂, and
LRUC is asymptotically distributed χ2(1) under the null. To find the p-value of the
likelihood ratio, we take 1 minus the χ2(1) quantile function evaluated at LRUC . If
the p-value is less than 5%, we can reject our null hypothesis with 95% confidence.
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The Basel II backtesting criteria above is directly related to the UC test. We call
this the Unconditional Coverage “UC” test.

9.2. Independence Test

While the UC test examines the overall violations, the test fails to detect cluster-
ing of violations. If a financial institution experiences a large streak of unexpected
losses, this results in a higher risk level than if losses are spread out over time. Vio-
lations should be independently distributed, since a VaR violation today should not
provide any information about whether a VaR violation will occur tomorrow. The
Independence Test proposed by Christoffersen’s (1998) Markov test examines viola-
tion clustering. We assume a violation sequence can be described by a first order
Markov sequence, which we demonstrate in the table below.

Figure 2: First order Markov sequence with transition probabilities for consecutive violations.

The Ns are an indicator of violation events over adjacent days (for example N4 would
imply 2 violations in a row). According to the above table, it should be the case that
N2

N1+N2
= N4

N3+N4
, otherwise there would be dependence among the VaR violations. In

this model our null hypothesis is H0 : N2 = N4 or equivalently H0 : N1 = N3. For
sample size T, the likelihood of our first order Markov matrix is

L1 = (N1)T00(N2)T01(N3)T10(N4)T11 ,

where Tij is the number of observations with a j following an i, N1 = (1-N2), and N3

= (1-N4). The MLE estimates of N2 and N4 are given by

N̂2 =
T01

T00 + T01

N̂4 =
T11

T10 + T11

,

and under the null, the likelihood is
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L0 = (1− α̂)T0(α̂)T1

α̂ =
1

T
I(α),

which results in a likelihood ratio given by

Lind = −2log(
L0

L1

).

Lind is asymptotically distributed χ2(1) under the null. To determine the correspond-
ing p-value, we take 1 minus the χ2(1) quantile function evaluated at LRInd. If the
p-value is less than 5%, we can reject our null hypothesis with 95% confidence.

9.3. Conditional Coverage

In order for our VaR measure to be accurate, it must fulfill both the indepen-
dence and unconditional coverage criteria. Christoffersen (2006) demonstrates we
can combine Lind and LUC to form the joint Conditional Coverage test given by

LRCC = −2log(
L(α)

L1

)

LRCC = −2log(
L(α)

L0

)(
L0

L1

)

LRCC = −2log(
L(α)

L0

)− 2log(
L0

L1

)

LRCC = LRUC + LRInd,

where under the null, LRCC is asymptotically distributed χ2(2). We calculate the
p-value by taking 1 minus the χ2(2) quantile function evaluated at LRCC . If the
p-value is less than 5%, we can reject our null hypothesis with 95% confidence. We
call this the Conditional Coverage “CC” test.

10. ES Model Evaluation (Backtesting)

In January of 2016, the Basel Committee finalized the transition from VaR to ES (see
page 52 of BCBS, January 2016). Banks are required to calculate ES on a daily basis
on portfolios. Instead of using VaR at the 99% confidence level (V aR1%), banks are
required to use ES the 97.5% confidence level (ES2.5%), which is exactly equivalent
to V aR1% under the normality assumption. Because the Basel Committee still uses
the 99% quantile for backtesting, we will report results using both 97.5% and 99%
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quantiles. We will primarily discuss results for an estimation window of T = 1000,
but will also compare our findings to when T = 500.

Finding backtesting methods for Expected Shortfall has traditionally been a chal-
lenge, because ES lacks a property called elicitability. A function is elicitable if it can
be defined as the minimizer of a mean scoring function. Gneiting (2011) shows that
Expected Shortfall lacks elicitability while VaR has elicitability. The validity of ES
testing is also highly tied to the accuracy of the model in predicting VaR, since ES is
conditional on the VaR measure. There are several backtesting methods that do not
require the use of elicitability. For our models, we use the simulation-based residual
approach in McNeil and Frey (2000). We also use the % Root Mean Squared Error
approach from Angelidis and Degiannakis (2006) to measure the root mean squared
distance between ES measures and real exceedances conditional on losses exceeding
the VaR measure.

10.1. Residual Approach

The approach by McNeil and Frey (2000) utilizes simulation methods to test
residuals. Define residuals Rt+1 by

Rt+1 = {Lt+1 − ESpt+1|Lt+1 > V aRp
t+1},

where under the true model in equation (4) these residuals are i.i.d. and have ex-
pected value 0 conditional on the losses exceeding V aRp

t+1. Thus the null hypothesis
is H0 : E[Rt+1|Lt+1 > V aRp

t+1] = 0. We could test this null hypothesis of zero mean
using a simple t-test. However, to avoid distributional assumptions, McNeil and Frey
(2000) uses a bootstrap test statistic, explained in Efron and Tibshirani (1993) pages
224-227. Consider test statistic

T (Rt+1) =
µ̂R

σ̂R/
√
nR
,

where µ̂R and σ̂R are the mean and standard deviation of the sequence of residuals
Rt+1, and nR is the number of exceedances. To perform a bootstrap we must generate
a sequence under the null hypothesis. We standardize our residuals to have zero mean
by taking

R̃t+1 = Rt+1 − µ̂R,

where R̃t+1 are the standardized residuals. We then draw with replacement nR
observations from sequence R̃T+1 to generate bootstrap test statistic
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T ∗(i)(R̃t+1) =
µ̂R̃

σ̂R̃/
√
nR

where µ̂R̃ and σ̂R̃ are the mean and variance of the bootstrap sample. We repeat this
a large number of times, say B = 999 times where i = 1,...,B to get an empirical null
distribution of T (Rt+1). McNeil and Frey (2000) considers the one-sided test where

H0 : µz = 0

H1 : µz > 0.

In other words they test if the ES is systematically underestimated. The p-value
(denoted “P 1

ES”) can be calculated by the percentage of simulated T ∗(i)(R̃t+1) greater
than test statistic T (Rt+1), where

P 1
ES =

1

B

B∑
i=1

1T ∗(i)(R̃t+1)>T (Rt+1).

If P 1
ES is less than 0.05 we reject the null hypothesis of zero mean residuals at the

95% confidence level. We also consider the analogous one-sided test for the other
direction where

H0 : µz = 0

H1 : µz < 0.

This allows us to know if the model is overestimating ES which artificially inflates
capital requirements and leads to inefficiencies in capital allocation. Given the null
hypothesis, we can find the p-value (denoted “P 2

ES”) as

P 2
ES =

1

B

B∑
i=1

1T ∗(i)(R̃t+1)<T (Rt+1),

which is the percentage of simulated test statistics T ∗(i)(R̃t+1) more extreme than
T (Rt+1). If P 2

ES is less than 0.05 we reject the null hypothesis of zero mean residuals
at the 95% confidence level.
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10.2. %RMSE Approach

An intuitive method of ranking models is by comparing the root mean squared
distance between realized losses and the ES measure conditional on losses exceeding
the VaR measure, which we denote as Ut+1 given by

Ut+1 = {|Lt+1 − ESpt+1||Lt+1 > V aRp
t+1} = (Rt+1)2,

where Rt+1 is the residual from the previous section. Taking the sum, we obtain the
Root Mean Squared Error (RMSE) measure as

RMSE =

√√√√ 1

NR

NR∑
k=1

U
(k)
t+1,

where NR is the number of losses Lt+1 that exceed the daily VaR measure V aRp
t+1

and k = 1, ..., NR. In order to scale our Expected Shortfall comparisons, we take the
RMSE as a percentage of mean exceedances given by

%RMSE =
RMSE

1
NR

∑NR
k=1 L

(k)
t+1

,

which is the RMSE measure divided by the mean losses that exceed the VaR measure.
We call this the percent mean squared error “%RMSE” method. Dividing RMSE
by mean losses penalizes methods which systematically underestimate VaR. We rank
different methods of estimating ES by comparing their %RMSE values, which tell
us how close the model’s expected exceedances are to the actual losses, conditional
on losses exceeding VaR. A lower %RMSE indicates the predictive ES is close to
the actual exceedance. Having a consistently low %RMSE is desirable because it
indicates we are correctly forecasting risk. This method was proposed in Angelidis
and Degiannakis (2006). The root mean squared distance was chosen over absolute
distance, because outliers in ES calculations should have a significant weight.

11. Empirical Results

Our data uses S&P 500 losses (negative log returns) from January, 1983 to Decem-
ber, 2015. Most Canadian banks use approximately 300 days for their historical
simulation estimation. However, GARCH-based approaches require a larger estima-
tion window to reduce estimation error. We report results from our one-day-ahead
forecast backtesting using a rolling estimation window of 500 days or 1000 days.
We consider both a 99% confidence level (p = 0.01) and a 97.5% confidence level
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(p = 0.025) for our results. The 97.5% confidence level is particularly interesting
since the Basel Committee recently changed their market risk measure to Expected
Shortfall at a 97.5% confidence level and there is an absence of empirical literature
investigating model performance for the new quantile.

In order to fully test the validity of each model, we backtest over several critical
periods. A requirement of a valid risk model is to function during periods of both
low and high stress. For example, we see Historical Simulation and parametric
models perform well during periods of stable returns, but will under-predict VaR
and ES during periods of high stress. For this reason, in addition to backtesting
over the entire 28 years of data, we also incorporate Stressed Var/ES, and backtest
over periods of extreme stress which occur during financial crisis. Finally we use
the classic Basel II VaR framework to evaluate how the models perform on annual
backtesting. Our selected periods of backtesting include (year/month):

1. Basel II annual test: 1987/11 - 2015/12

2. Overall Period: 1987/11 - 2015/12

3. Asian Crisis: 1997/06 - 1999/05

4. Dot-Com Crash: 2000/03 - 2002/02

5. Subprime Mortgage Crisis: 2007/10 - 2009/09

6. Euro Debt Crisis: 2009/12 - 2011/11

Of these periods, the Subprime Mortgage crisis is the biggest challenge for risk
management models. Nearly all the estimation methods fail in this period due to
its unprecedented effect on financial markets. The Asian crisis mostly affected Asian
portfolios, but still led to high volatility due to fears of global economic meltdown.
The Dot-Com crash was mainly isolated to the tech sector, and had little effect on
the overall market. Brunnermeier and Schnabel (2016) hypothesize the overall ef-
fects of the Dot-Com crash were minor because the tech bubble was equity financed
rather than debt financed. The Euro/Greek Debt crisis led to uncertainty in Euro-
pean markets and caused an overall loss of confidence in Europe. However, since it
occurred directly after the financial crisis, we see models were better calibrated to
accommodate the excess volatility.

Our methods of backtesting are found in the VaR Model Evaluation and ES Model
Evaluation sections. For the Basel II annual test we use the standard green/yellow/red
zone backtesting method to determine model validity. For VaR testing of periods
2-6 we report: the expected number of losses exceeding VaR (Expected), actual ex-
ceedances (Actual), the p-value from the Unconditional Coverage (UC) test, and the
p-value from the Conditional Coverage (CC) test. For ES testing we use the upper
one-sided p-value from McNeil and Frey’s (2000) residual test (P 1

ES) and also the
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analogous lower one-sided p-value residual test (P 2
ES). We use two one-sided tests

because we are interested in whether the method systematically under or overesti-
mates Expected Shortfall. We also rank models based on Root Mean Squared Error
as a percentage of mean exceedances (%RMSE). For visual clarity, p-values that are
rejected with 95% confidence are highlighted in red. In addition to tables in Ap-
pendixes J and K, we provide concise tables summarizing the main results for each
period. The first row of these tables shows the total expected exceedances followed
by the actual exceedances for each method. Methods that fail either the UC or CC
tests are highlighted red, implying the method inaccurately measures VaR for the
period. The second row shows the %RMSE results for each method; the best ES
method has the lowest %RMSE. Methods that fail either residual test P 1

ES or P 2
ES

are highlighted red, implying the method inaccurately measures ES for the period.

11.1. Backtesting VaR and ES 99% confidence level (p = 0.01)

We first analyze results for the old regulatory metric of VaR at the 99% confidence
level. We include results for ES at the 99% confidence level for comparative purposes.
We investigate periods 1-6 for sample size T = 1000. For sample size T = 500 we
only investigate the overall period and the Subprime Mortgage crisis. We know
from Christoffersen and Goncalves (2005) that GARCH based methods have smaller
estimation error with a sample size T = 1000 compared to T = 500, but we include
the smaller sample size for comparative purposes.

11.1.1. Basel II annual test

Table 1 in Appendix J shows results for the annual test from Basel II. The first
column shows the dates of the test (250 day intervals) while the first row shows
the methods. We can see the nine methods perform well most of the time in VaR
estimation, but inadequate methods fail during crisis periods. The HS method fails
for several testing periods due to it not being able to account for volatility dynam-
ics. The normality assumption on innovations also fails due to tails being too thin
to model financial losses. The STD and GED methods can account for fat tails in
financial data, but they fail during the Subprime crisis. The only parametric method
that does reasonably well is the SSTD method. This is an important result that in-
dicates modeling skewness in financial data is crucial. Most non-parametric methods
perform reasonably well during backtesting. The GPD, GC, and Hill methods are
never in the red zone. The FHS method failed once, which was during the Subprime
crisis.
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11.1.2. Overall Period

Overall Backtest at the 99% confidence level with T = 1000

Method HS Normal STD SSTD GED Hill GC FHS GPD

Exceedances (70) 101 146 101 84 95 81 55 86 71
%RMSE 38% 33% 30% 30% 31% 28% 50% 28% 27%

Table 3: Summary of results from Appendix J, Table 2. Methods failing the UC or CC tests are
highlighted red in row 1. Methods failing the P 1

ES or P 2
ES tests are highlighted red in row 2.

Table 2 in Appendix J shows results for backtesting the entire period from 1983
to 2015; the table above summarizes these results. Since we have 7000 observations
we expect 70 exeedances of losses over VaR. The UC and CC p-values indicate
we can reject the hypothesis that HS, Normal, STD, and GED can predict VaR
at a 95% level. In fact, the actual exceedances indicate these parametric methods
systematically underestimate the VaR measure. The GC method is also rejected,
because it is the only method to systematically overestimate VaR. The SSTD, Hill,
FHS and GPD can all reasonably predict VaR. Of the 4 methods the 71 exceedances
of the GPD method are closest to our expectation of 70.

For ES backtesting, the Normal, GED and GC methods systematically under-
estimate Expected Shortfall; we reject the one-sided null hypothesis their residuals
are zero mean with 95% confidence. The HS, SSTD, Hill, FHS and GPD methods
can predict ES reasonably well. Of these methods, the GPD has the lowest %RMSE
indicating its ES measures are closest to the losses given a VaR exceedance. We note
the GC method has the highest %RMSE meaning its ES measures are furthest from
losses given an exceedance.

11.1.3. Asian Crisis

Asian Crisis Backtest at the 99% confidence level with T = 1000

Method HS Normal STD SSTD GED Hill GC FHS GPD

Exceedances (5) 17 12 10 10 10 7 6 7 7
%RMSE 52% 47% 38% 38% 41% 36% 45% 36% 35%

Table 4: Summary of results from Appendix J, Table 3. Methods failing the UC or CC tests are
highlighted red in row 1. Methods failing the P 1

ES or P 2
ES tests are highlighted red in row 2.

Table 3 in Appendix J shows results for backtesting during the 1997 Asian crisis;
the table above summarizes these results. Here, HS and all the parametric models
fail to accurately predict VaR at a 95% level. The non-parametric models all have

36



a reasonable amount of exceedances. For ES backtesting, we see the Normal, GED
and GC methods systematically underestimate ES. The low %RMSE score indicates
the GPD model can best predict ES. Here, the HS method has the worst prediction
of ES compared to realized losses given an exceedance.

11.1.4. Dot-Com Crash

Dot-Com Crash Backtest at the 99% confidence level with T = 1000

Method HS Normal STD SSTD GED Hill GC FHS GPD

Exceedances (5) 6 6 4 4 4 4 4 4 4
%RMSE 29% 31% 22% 19% 27% 13% 22% 13% 12%

Table 5: Summary of results from Appendix J, Table 4. Methods failing the UC or CC tests are
highlighted red in row 1. Methods failing the P 1

ES or P 2
ES tests are highlighted red in row 2.

Table 4 in Appendix J shows results for backtesting during the Dot-Com crash;
the table above summarizes these results. All the models can accurately predict VaR
during this period. Only the STD method is rejected for ES. This demonstrates the
excess market volatility caused by the tech sector was not enough to cause our tail
risk models to fail. We note the GPD model still has the lowest %RMSE during this
reasonably stable period. The Normal method has the highest %RMSE even though
the period is relatively stable.

11.1.5. Subprime Mortgage Crisis

Subprime Mortgage Crisis Backtest at the 99% confidence level with T = 1000

Method HS Normal STD SSTD GED Hill GC FHS GPD

Exceedances (5) 32 19 13 8 12 10 6 11 8
%RMSE 35% 23% 20% 16% 20% 19% 22% 19% 15%

Table 6: Summary of results from Appendix J, Table 5. Methods failing the UC or CC tests are
highlighted red in row 1. Methods failing the P 1

ES or P 2
ES tests are highlighted red in row 2.

Table 5 in Appendix J shows results for backtesting during the 2007 Subprime
Mortgage crisis; the table above summarizes these results. Most risk models failed to
accurately predict VaR during this period. The GC method appears to predict VaR
well, but only because the method systematically overestimates the 99% quantile
of innovations leading to high capital requirements during periods of stability. The
GPD and SSTD models fail to be rejected during this period of instability. For ES
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backtesting, the HS and Normal methods systematically underestimate ES. The GPD
method has the lowest %RMSE meaning its ES estimates are closest to exceedances.
Meanwhile the HS method has the highest %RMSE.

11.1.6. Euro Debt Crisis

Eurocrisis Backtest at the 99% confidence level with T = 1000

Method HS Normal STD SSTD GED Hill GC FHS GPD

Exceedances (5) 1 15 10 7 10 8 5 9 5
%RMSE 5% 23% 18% 16% 19% 19% 9% 20% 16%

Table 7: Summary of results from Appendix J, Table 6. Methods failing the UC or CC tests are
highlighted red in row 1. Methods failing the P 1

ES or P 2
ES tests are highlighted red in row 2.

Table 6 in Appendix J shows results for backtesting during the Euro Debt crisis
that occurred after the financial crisis; the table above summarizes these results.
Again, the Normal, STD, and GED models underestimate VaR. The HS model over-
estimates VaR; this is because the HS is still forecasting as if we’re in the financial
crisis. The HS method has a double negative since its VaR estimates are too low
during a major crisis and too high directly after, exhibiting classic ghosting symp-
toms. The SSTD and nonparametric methods predict VaR reasonably well during
this period. For ES backtesting, the Normal model systematically underestimates
ES. Surprisingly the HS has the lowest %RMSE, but failure under P 2

ES indicates the
HS method had too high of a ES calculation. The GPD model has the next lowest
%RMSE.

11.1.7. Comparing T = 1000 to T = 500

Overall Backtest at the 99% confidence level with T = 500

Method HS Normal STD SSTD GED Hill GC FHS GPD

Exceedances (75) 128 170 122 107 118 101 72 114 98
%RMSE 61% 59% 56% 58% 58% 55% 74% 55% 56%

Table 8: Summary of results from Appendix J, Table 7. Methods failing the UC or CC tests are
highlighted red in row 1. Methods failing the P 1

ES or P 2
ES tests are highlighted red in row 2.

Table 7 in Appendix J shows the results for backtesting the overall period using
a smaller rolling estimation window of T = 500; the table above summarizes these

38



results. In the overall backtest, we see all models except the GC model fail to accu-
rately predict VaR. The only reason the GC model is successful in VaR forecasting is
because it overestimates the 99% quantile of innovations. The failure of the models
is due to high estimation error in estimating the parameters of the GARCH model
and tail quantile of the innovation distribution. Most models also fail to predict ES.
Also, the %RMSE is higher for all models compared to a larger estimation window.

Subprime Mortgage Crisis Backtest at the 99% confidence level with T = 500

Method HS Normal STD SSTD GED Hill GC FHS GPD

Exceedances (5) 24 15 10 7 10 6 3 10 5
%RMSE 32% 22% 19% 17% 20% 21% 23% 21% 14%

Table 9: Summary of results from Appendix J, Table 8. Methods failing the UC or CC tests are
highlighted red in row 1. Methods failing the P 1

ES or P 2
ES tests are highlighted red in row 2.

Table 8 in Appendix J shows the results for backtesting the Subprime Mortgage
crisis using a smaller rolling estimation window of T = 500; the table above sum-
marizes these results. Interestingly, the SSTD, Hill and GPD models can accurately
predict VaR during the Subprime crisis using an estimation window of T = 500.
While we’re not sure why this happens, we hypothesize it is because the Subprime
crisis had constantly changing tails. By shrinking the estimation window to 500
we reduced the non-stationarity problem (reducing forecasting bias) leading to more
accurate predictions. For ES backtesting, GED and FHS models overestimate ES.
Again, the GPD model has the closest actual exceedances compared to the expected
exceedances and has the lowest %RMSE score.

11.2. Backtesting VaR and ES 97.5% confidence level (p = 0.025)

In January 2016 the Basel Committee changed the market risk capitalization
measure from VaR at the 99% confidence level to ES at the 97.5% confidence level.
Almost all past research focused on the 99% confidence level; thus risk managers need
to know how models perform under the new 97.5% confidence level. We contribute
to this literature by performing the previous analysis using the new quantile.

11.2.1. Basel II annual test

Table 9 in Appendix K shows results for the annual test from Basel II using cutoffs
appropriate for the 97.5% confidence level. In general most models can better predict
VaR at the 97.5% quantile. The HS model still frequently fail during periods of high
volatility. The Normal and STD models have too many exceedances during the
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financial crisis. However the other models do not have excessive exceedances in any
periods.

11.2.2. Overall Period

Overall Backtest at the 97.5% confidence level with T = 1000

Method HS Normal STD SSTD GED Hill GC FHS GPD

Exceedances (177) 204 254 242 222 223 190 155 192 181
%RMSE 42% 33% 32% 32% 33% 31% 44% 31% 31%

Table 10: Summary of results from Appendix K, Table 10. Methods failing the UC or CC tests are
highlighted red in row 1. Methods failing the P 1

ES or P 2
ES tests are highlighted red in row 2.

Table 10 in Appendix K shows the backtesting results over the entire period; the
table above summarizes these results. All the parametric models as well as HS under-
estimate VaR. The GC and FHS models have problems with exceedances occurring
one after the other. Only the GPD and Hill models can accurately predict VaR over
the entire testing period. Of the two, the GPD actual exceedances are closest to
expected exceedances. When backtesting ES, the Normal model systematically un-
derestimates ES. The GC model systematically overestimates ES as indicated by the
low p-value from the one-sided t test, P 2

ES. The GPD, Hill, and FHS models have the
lowest %RMSE demonstrating their ES estimates are closest to exceedances. The
GC model has an extremely high %RMSE meaning its ES measures are furthest from
actual exceedances.

11.2.3. Asian Crisis

Asian Crisis Backtest at the 97.5% confidence level with T = 1000

Method HS Normal STD SSTD GED Hill GC FHS GPD

Exceedances (12) 33 22 22 21 21 14 13 15 14
%RMSE 52% 50% 45% 45% 46% 42% 49% 43% 42%

Table 11: Summary of results from Appendix K, Table 11. Methods failing the UC or CC tests are
highlighted red in row 1. Methods failing the P 1

ES or P 2
ES tests are highlighted red in row 2.

Table 11 in Appendix K shows the backtesting results over the 1997 Asian crisis;
the table above summarizes these results. Again, all parametric models and HS
underestimate VaR. The nonparametric conditional models all accurately predict
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VaR. Again, we see the GPD, Hill, and FHS models have the lowest %RMSE while
the HS model has the highest.

11.2.4. Dot-Com Crash

Dot-Com Crash Backtest at the 97.5% confidence level with T = 1000

Method HS Normal STD SSTD GED Hill GC FHS GPD

Exceedances (12) 16 18 16 14 15 11 6 13 10
%RMSE 33% 31% 30% 29% 30% 29% 29% 29% 28%

Table 12: Summary of results from Appendix K, Table 12. Methods failing the UC or CC tests are
highlighted red in row 1. Methods failing the P 1

ES or P 2
ES tests are highlighted red in row 2.

Table 12 in Appendix K shows the backtesting results over the Dot-Com crash;
the table above summarizes these results. We know this period is reasonably stable.
This stability causes the GC model to have too few actual exceedances since the GC
model overestimates VaR. Like the previous periods, the GPD, FHS, and Hill models
have the lowest %RMSE and the HS model has the highest %RMSE. We also see
the GC method systematically overestimates ES.

11.2.5. Subprime Mortgage Crisis

Subprime Mortgage Crisis at the 97.5% confidence level with T = 1000

Method HS Normal STD SSTD GED Hill GC FHS GPD

Exceedances (12) 58 32 31 26 29 24 18 23 23
%RMSE 45% 23% 26% 27% 28% 23% 47% 23% 24%

Table 13: Summary of results from Appendix K, Table 13. Methods failing the UC or CC tests are
highlighted red in row 1. Methods failing the P 1

ES or P 2
ES tests are highlighted red in row 2.

Table 13 in Appendix K shows the backtesting results over the 2007 Subprime
crisis; the table above summarizes these results. Disappointingly, every model but the
GC method fails to accurately predict VaR. These estimation models have problems
accurately predicting the 97.5% quantile of VaR. The only reason the GC method
does not fail is because it usually overestimates the tail. This systematic model
failure at the 97.5% confidence level is extremely concerning. If another serious
financial crisis were to occur no estimation method could reasonably predict VaR at
the 97.5% confidence levels.
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For ES backtesting, we see the HS and Normal methods systematically underes-
timate ES while the GC method systematically overestimates ES. The GPD, Hill,
and FHS models can accurate predict ES. The %RMSE is greater for all estimation
methods when evaluating ES2.5% compared to ES1%. This indicates there is greater
estimation error at the 97.5% confidence level during financial crisis. We recommend
to the Basel Committee further study of the Expected Shortfall at the 97.5% con-
fidence level since we’ve shown risk models are less prone to failure during extreme
financial crisis with the 99% confidence level.

11.2.6. Euro Debt Crisis

Eurocrisis Backtest at the 97.5% confidence level with T = 1000

Method HS Normal STD SSTD GED Hill GC FHS GPD

Exceedances (12) 5 22 20 17 19 15 16 15 15
%RMSE 25% 28% 24% 22% 24% 22% 45% 22% 23%

Table 14: Summary of results from Appendix K, Table 14. Methods failing the UC or CC tests are
highlighted red in row 1. Methods failing the P 1

ES or P 2
ES tests are highlighted red in row 2.

Table 14 in Appendix K shows the backtesting results over the Euro Debt crisis;
the table above summarizes these results. Again we see HS method overestimates
VaR since the method is evaluating the 97.5% quantile as if it were the Subprime
crisis. The Normal and Student’s t models also fail at accurately estimating VaR.
For ES backtesting, the Normal model underestimates ES. The FHS, Hill and SSTD
methods have the lowest %RMSE, indicating their ES forecasts are closest to the
exceedances.

11.2.7. Comparing T = 1000 to T = 500

Overall Backtest at the 97.5% confidence level with T = 500

Method HS Normal STD SSTD GED Hill GC FHS GPD

Exceedances (189) 247 291 276 257 254 219 196 233 221
%RMSE 58% 55% 52% 54% 54% 59% 58% 53% 53%

Table 15: Summary of results from Appendix K, Table 15. Methods failing the UC or CC tests are
highlighted red in row 1. Methods failing the P 1

ES or P 2
ES tests are highlighted red in row 2.

Table 15 in Appendix K shows the backtesting results over the entire period
with smaller estimation window, T = 500; the table above summarizes these results.

42



The only models that can adequately predict VaR in the overall period is the GC
estimator. However, the ES backtesting shows the GC model has a lot of error when
predicting ES; the model tends to greatly overestimate ES in relation to exceedances.
The HS, Normal and GED models tend to underestimate ES. The STD, SSTD, Hill,
FHS, and GPD models can accurately forecast ES.

Subprime Mortgage Crisis Backtest at the 97.5% confidence level with T = 500

Method HS Normal STD SSTD GED Hill GC FHS GPD

Exceedances (12) 36 27 27 21 27 17 14 17 18
%RMSE 38% 22% 25% 22% 30% 53% 47% 19% 20%

Table 16: Summary of results from Appendix K, Table 16. Methods failing the UC or CC tests are
highlighted red in row 1. Methods failing the P 1

ES or P 2
ES tests are highlighted red in row 2.

Table 16 in Appendix K shows backtesting results during the Subprime Morgage
crisis with smaller estimation window, T = 500; the table above summarizes these
results. During the Subprime crisis the parametric models and HS all fail to ade-
quately predict VaR, while the nonparametric models can accurately forecast VaR.
The HS model under-estimates ES while the GED and GC models overestimates ES.
The FHS, Hill, and GPD methods have low %RMSE indicating they can forecast
ES relatively well. We again see the smaller sample size helps nonparametric mod-
els forecast VaR during the financial crisis, possibly due to the non-stationarity of
financial data when entering a financial crisis.

11.3. Summary of Empirical Results

We summarize our empirical VaR results for the 99% and 97.5% confidence levels
by sorting the models into 3 categories: underestimate, overestimate, and acceptable
estimation of VaR. The HS, Normal, STD, GED methods systematically underes-
timate VaR, which will result in insufficient capital allocation. The GC method
systemically overestimates VaR. The SSTD is the only parametric model to perform
well indicating skewness is important in VaR estimation. The Hill, FHS, and GPD
models have all been shown to forecast VaR well during periods of stability and
financial crisis.

Similarly, we summarize our empirical ES results for the 99% and 97.5% confi-
dence levels by sorting the models into 3 categories: underestimate, overestimate,
and acceptable estimation of ES. The HS, Normal and GED methods systemati-
cally underestimate ES, which results in insufficient capital allocation under Basel
III. The GC model systematically underestimates ES at a 99% confidence level and
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overestimates ES at a 97.5% confidence level. The STD and SSTD models perform
well, rarely underestimating ES and have reasonable %RMSE values. The FHS, Hill,
and GPD models are undoubtedly the best models for forecasting ES. These models
consistently have the lowest %RMSE indicating their ES estimates are closest to
actual exceedances. In the 99% confidence level the GPD had the lowest %RMSE
in all cases. Having a low %RMSE is desirable because it indicates we are correctly
forecasting risk and avoiding outliers in ES calculations. The FHS, Hill, and GPD
models do not show any indication of underestimating or overestimating Expected
Shortfall in any backtesting period with estimation window T = 1000.

12. Conclusion

In this paper, we discuss nine methods of calculating Value at Risk and Expected
Shortfall. We use five Monte Carlo simulations with various distributional assump-
tions on the data generating process to evaluate model and estimation risks for each
method. We find the Generalized Pareto distribution, Hill, and Filtered Historical
Simulation methods have the lowest absolute bias and Root Mean Squared Errors,
demonstrating these methods are robust to a variety of return distributions and mini-
mize model risk. Extending Christoffersen and Goncalves (2005) and Pascual, Romo,
and Ruiz (2006), we calculate bootstrap confidence intervals for each method and
use our simulations to find the rate confidence intervals contain the true value. We
find only the Generalized Pareto distribution, Hill and, Filtered Historical Simula-
tion methods have valid bootstrap intervals when the return distribution is unknown.
Furthermore, we contribute to Extreme Value Theory literature by using simulations
to determine the optimal threshold values for both the GPD and Hill methods for
risk measures at the 97.5% confidence level. This contribution allows risk managers
to easily adopt EVT approaches to measure market risk for Basel III.

We use VaR/ES backtesting techniques during periods of stress to evaluate per-
formance of both parametric and nonparametric methods. We find the Generalized
Pareto distribution, Hill, and Filtered Historical Simulation methods best forecast
VaR and ES at both the 99% and 97.5% confidence levels. The Historical Simulation,
Normal, Student’s t, Gram-Charlier, and Generalized Error methods fail at forecast-
ing both VaR and ES. The Skewed Student’s t method often performs well, but fail
during certain periods of stress. Risk models at a 99% confidence level outperform
those at the 97.5% confidence level during crisis periods. For this reason, we suggest
the Basel Committee further research risk measurements at the 97.5% confidence
level compared to the old 99% confidence level.

There are immediate implications to our empirical findings. The current practice
in the financial industry is Historical Simulation and parametric models. These meth-
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ods are effective during periods of low stress, but fail during financial crisis. Thus,
regulators and risk managers should be cautious of institutions using Historical Sim-
ulation or parametric methods to calculate risk measures. The robust nonparametric
techniques: Generalized Pareto distribution, Hill and, Filtered Historical Simulation
should be incorporated into risk management practices. These techniques provide
realistic capital allocation while rarely failing even during periods of financial stress.

There are several directions for future research. First, our methodology and
results are only applicable at the single asset or portfolio level; further research is
required into multivariate risk factor models. Second, we used a AR(1)-GARCH(1,1)
to model the conditional mean and volatility process, and there are many other
combinations of mean and variance processes which may yield better results. Third,
we found a smaller estimation window for nonparametric models generally improves
forecasting results during financial crisis but has worse results over a long time period.
We hypothesize this is due to nonstationarity in the distribution tails introduced at
the start of financial crisis causing forecasting bias. However, a concrete answer
requires further research.
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Appendix A. GPD Threshold Selection - RMSE and Bias for T = 1000
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Appendix B. GPD Threshold Selection - RMSE and Bias for T = 500
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Appendix C. Hill Threshold Selection - RMSE and Bias for T = 1000
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Appendix D. Hill Threshold Selection - RMSE and Bias for T = 500
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Appendix E. VaR and ES with 90% Confidence Intervals and p= 0.025:
Benchmark Case

DGP: GARCH-skewed t(d, λ) with d = 8 and λ = 0

VaR Point Properties VaR Bootstrap Intervals Properties

T Method Average Bias RMSE Coverage
Upper
Limit

Lower
Limit

Width
% VaR

1000 HS 5.020 0.076 0.991 39.5% 5.510 4.572 19.5%
Normal 4.846 -0.097 0.308 81.4% 5.222 4.458 14.9%
STD 4.939 -0.004 0.295 86.7% 5.306 4.529 15.3%
SSTD 4.931 -0.013 0.316 86.5% 5.348 4.491 16.8%
GED 5.018 0.074 0.318 88.1% 5.438 4.571 17.0%
Hill 4.921 -0.022 0.355 90.7% 5.496 4.404 21.5%
GPD 4.956 0.016 0.327 90.6% 5.435 4.453 19.5%
GC 5.061 0.118 0.451 90.4% 5.623 4.460 23.1%
FHS 4.922 -0.023 0.357 90.7% 5.486 4.392 21.6%

ES Point Properties ES Bootstrap Intervals Properties

T Method Average Bias RMSE Coverage
Upper
Limit

Lower
Limit

Width
% ES

1000 HS 6.623 0.256 1.356 40.9% 7.378 5.927 23.4%
Normal 5.780 -0.586 0.685 27.8% 6.228 5.317 13.8%
STD 6.361 -0.005 0.380 86.7% 6.834 5.833 15.3%
SSTD 6.335 -0.033 0.472 84.9% 6.958 5.655 20.0%
GED 6.293 -0.074 0.453 75.4% 7.882 6.039 28.5%
Hill 6.405 0.039 0.540 87.6% 7.218 5.618 24.5%
GPD 6.382 0.020 0.513 85.5% 7.066 5.600 22.6%
GC 7.065 0.699 1.687 89.6% 8.552 5.569 46.3%
FHS 6.329 -0.039 0.517 86.1% 7.073 5.564 23.2%

True distribution used in the data generating process is highlighted in blue. Estimation
error under the STD method can be solely attributed to GARCH estimation error.
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Appendix F. VaR and ES with 90% Confidence Intervals and p= 0.025:
High Losses Low Profits Case

DGP: GARCH-skewed t(d, λ) with d = 8 and λ = 0.5

VaR Point Properties VaR Bootstrap Intervals Properties

T Method Average Bias RMSE Coverage
Upper
Limit

Lower
Limit

Width
% VaR

1000 HS 5.921 0.053 1.307 44.9% 6.594 5.308 22.6%
Normal 4.823 -1.039 1.111 5.5% 5.222 4.359 14.2%
STD 4.922 -0.951 1.030 8.2% 5.368 4.475 14.5%
SSTD 5.873 -0.005 0.440 85.4% 6.317 5.430 14.6%
GED 4.782 -1.090 1.157 4.2% 5.243 4.299 15.5%
Hill 5.829 -0.035 0.508 90.6% 6.573 5.089 24.6%
GPD 5.873 0.010 0.481 90.6% 6.516 5.164 22.4%
GC 6.114 0.241 0.774 88.4% 6.821 5.293 25.1%
FHS 5.836 -0.036 0.515 89.7% 6.600 5.106 24.7%

ES Point Properties ES Bootstrap Intervals Properties

T Method Average Bias RMSE Coverage
Upper
Limit

Lower
Limit

Width
% ES

1000 HS 8.156 0.283 1.878 45.2% 9.216 7.183 26.6%
Normal 5.753 -2.112 2.188 0.5% 6.229 5.199 12.6%
STD 6.339 -1.540 1.632 3.2% 6.913 5.763 13.9%
SSTD 7.879 -0.006 0.590 85.4% 8.475 7.285 14.6%
GED 7.393 -0.485 0.934 85.6% 9.334 6.846 31.1%
Hill 7.932 0.064 0.806 86.9% 9.018 6.757 28.0%
GPD 7.863 -0.003 0.778 84.7% 8.805 6.734 25.7%
GC 11.380 3.501 4.169 27.0% 13.601 8.541 63.1%
FHS 7.799 -0.078 0.767 83.2% 8.793 6.703 25.8%

True distribution used in the data generating process is highlighted in blue. Estimation
error under the SSTD method can be solely attributed to GARCH estimation error.
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Appendix G. VaR and ES with 90% Confidence Intervals and p= 0.025:
Low Losses High Profits Case

DGP: GARCH-skewed t(d, λ) with d = 8 and λ = -0.5

VaR Point Properties VaR Bootstrap Intervals Properties

T Method Average Bias RMSE Coverage
Upper
Limit

Lower
Limit

Width
% VaR

1000 HS 3.749 0.161 0.798 24.2% 4.019 3.502 14.8%
Normal 4.826 1.237 1.322 1.7% 5.296 4.412 23.2%
STD 4.921 1.329 1.417 1.2% 5.351 4.463 23.6%
SSTD 3.584 -0.003 0.263 86.1% 3.873 3.327 14.6%
GED 5.273 1.687 1.791 0.7% 5.779 4.715 28.6%
Hill 3.591 0.003 0.266 88.5% 3.971 3.289 18.1%
GPD 3.616 0.031 0.261 86.2% 3.965 3.320 17.1%
GC 3.485 -0.103 0.299 90.9% 3.921 3.085 22.5%
FHS 3.588 0.002 0.263 88.9% 3.976 3.292 18.1%

ES Point Properties ES Bootstrap Intervals Properties

T Method Average Bias RMSE Coverage
Upper
Limit

Lower
Limit

Width
% ES

1000 HS 4.650 0.414 1.061 24.0% 5.077 4.257 19.9%
Normal 5.756 1.520 1.621 1.6% 6.317 5.262 23.4%
STD 6.337 2.098 2.209 0.3% 6.891 5.748 25.7%
SSTD 4.231 -0.004 0.311 86.1% 4.572 3.928 14.6%
GED 5.537 1.304 1.418 1.2% 7.033 5.286 40.5%
Hill 4.262 0.026 0.339 87.4% 4.758 3.865 20.2%
GPD 4.280 0.049 0.338 86.4% 4.726 3.872 19.4%
GC 4.977 0.743 3.857 34.1% 7.190 3.317 89.7%
FHS 4.241 0.008 0.331 87.4% 4.729 3.854 19.7%

True distribution used in the data generating process is highlighted in blue. Estimation
error under the SSTD method can be solely attributed to GARCH estimation error.
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Appendix H. VaR and ES with 90% Confidence Intervals and p= 0.025:
Normal Case

DGP: GARCH-skewed t(d, λ) with d = 300 and λ = 0

VaR Point Properties VaR Bootstrap Intervals Properties

T Method Average Bias RMSE Coverage
Upper
Limit

Lower
Limit

Width
% VaR

1000 HS 4.945 0.061 0.797 36.1% 5.320 4.584 15.4%
Normal 4.870 -0.006 0.208 88.7% 5.177 4.577 12.0%
STD 4.882 -0.003 0.210 86.8% 5.149 4.549 12.1%
SSTD 4.885 0.003 0.231 88.1% 5.219 4.533 13.8%
GED 4.874 -0.010 0.214 90.0% 5.187 4.518 13.5%
Hill 4.859 -0.027 0.265 90.4% 5.265 4.428 17.0%
GPD 4.878 -0.004 0.243 90.3% 5.263 4.491 15.6%
GC 4.874 -0.010 0.229 91.2% 5.216 4.458 15.4%
FHS 4.861 -0.027 0.266 90.3% 5.257 4.417 17.0%

ES Point Properties ES Bootstrap Intervals Properties

T Method Average Bias RMSE Coverage
Upper
Limit

Lower
Limit

Width
% ES

1000 HS 6.056 0.220 0.996 34.5% 6.542 5.588 16.7%
Normal 5.809 -0.017 0.248 88.4% 6.175 5.459 12.0%
STD 5.833 -0.004 0.250 86.8% 6.152 5.435 12.1%
SSTD 5.861 0.028 0.295 88.5% 6.300 5.420 14.8%
GED 5.829 -0.006 0.275 95.7% 6.647 4.895 29.9%
Hill 5.849 0.012 0.332 88.0% 6.323 5.305 17.3%
GPD 5.854 0.021 0.322 86.8% 6.299 5.337 16.3%
GC 5.832 -0.003 0.312 92.3% 6.397 5.325 18.3%
FHS 5.809 -0.032 0.324 87.4% 6.251 5.266 16.7%

True distribution used in the data generating process is highlighted in blue. Estimation
error under the normal method can be solely attributed to GARCH estimation error.
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Appendix I. VaR and ES with 90% Confidence Intervals and p= 0.025:
Thin Tailed Case

DGP: GARCH-GED(v) with v = 10

VaR Point Properties VaR Bootstrap Intervals Properties

T Method Average Bias RMSE Coverage
Upper
Limit

Lower
Limit

Width
% VaR

1000 HS 4.306 0.075 0.470 24.7% 4.461 4.147 7.5%
Normal 4.907 0.677 0.694 0.6% 5.110 4.708 9.4%
STD 4.909 0.678 0.695 0.7% 5.088 4.687 9.5%
SSTD 4.885 0.652 0.783 35.6% 5.408 4.388 24.0%
GED 4.228 -0.001 0.114 86.8% 4.384 4.041 8.1%
Hill 4.217 -0.014 0.132 84.3% 4.391 4.018 8.8%
GPD 4.247 0.018 0.129 83.2% 4.414 4.059 8.4%
GC 4.715 0.485 0.506 4.9% 4.930 4.475 10.7%
FHS 4.216 -0.013 0.133 85.0% 4.404 4.032 8.7%

ES Point Properties ES Bootstrap Intervals Properties

T Method Average Bias RMSE Coverage
Upper
Limit

Lower
Limit

Width
% ES

1000 HS 4.731 0.226 0.549 21.6% 4.906 4.554 7.9%
Normal 5.852 1.349 1.366 0.0% 6.095 5.616 10.6%
STD 5.855 1.351 1.368 0.0% 6.069 5.591 10.6%
SSTD 5.830 1.324 1.460 4.2% 6.551 5.140 31.2%
GED 4.502 -0.001 0.121 86.8% 4.668 4.302 8.1%
Hill 4.503 -0.001 0.137 82.4% 4.681 4.305 8.3%
GPD 4.533 0.031 0.142 81.8% 4.706 4.337 8.2%
GC 5.378 0.874 0.890 0.3% 5.610 5.162 9.9%
FHS 4.498 -0.005 0.138 83.4% 4.690 4.317 8.2%

True distribution used in the data generating process is highlighted in blue. Estimation
error under the GED method can be solely attributed to GARCH estimation error.
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Appendix J. VaR and ES backtests 99% confidence level (p = 0.01)

Table 1 - Basel 2 Backtest with T = 1000 and p = 0.01

Date (Y/M) HS Normal STD SSTD GED Hill GC FHS GPD

1987/11-1988/11 3 5 5 5 4 3 2 3 3
1988/11-1989/11 1 3 2 2 2 2 1 2 2
1989/11-1990/11 1 5 1 0 0 0 0 0 0
1990/11-1991/11 0 1 1 1 1 1 0 1 0
1991/11-1992/11 1 2 1 1 1 1 1 1 1
1992/11-1993/11 1 3 3 3 3 2 0 3 2
1993/11-1994/10 1 9 4 4 4 4 2 6 4
1994/10-1995/10 1 2 2 2 2 2 0 2 2
1995/10-1996/10 7 9 8 8 8 7 6 6 7
1996/10-1997/10 8 8 5 5 4 4 4 4 4
1997/10-1998/10 13 8 6 6 6 5 4 5 5
1998/10-1999/10 1 3 3 3 3 1 0 0 0
1999/10-2000/10 5 6 4 2 4 2 2 2 2
2000/10-2001/10 5 4 2 2 2 2 2 2 2
2001/10-2002/10 6 3 2 2 2 2 2 2 2
2002/10-2003/10 1 0 0 0 0 0 0 2 0
2003/10-2004/10 0 1 1 1 1 1 0 1 1
2004/10-2005/09 0 2 2 0 0 2 0 2 1
2005/09-2006/09 0 4 4 4 4 4 4 4 4
2006/09-2007/09 9 10 8 8 8 8 6 8 8
2007/09-2008/09 17 13 11 7 10 9 5 10 7
2008/09-2009/09 15 6 2 1 2 1 1 1 1
2009/09-2010/09 0 10 5 4 5 4 1 5 1
2010/09-2011/09 1 6 6 4 6 5 4 5 4
2011/09-2012/09 0 2 2 0 2 0 0 0 0
2012/09-2013/09 0 7 3 2 3 2 1 2 1
2013/09-2014/09 0 4 2 2 2 2 2 2 2
2014/09-2015/09 3 8 5 4 5 4 4 4 4

Under Basel II requirements, Green Zone: 0-4 Exceedances; Yellow Zone: 5-9
Exceedances; Red Zone: 10 or over Exceedances.
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Table 2 - Overall Backtest with T = 1000 and p = 0.01

Method Expected Actual UC CC P 1
ES P 2

ES %RMSE

HS 70 101 0.001 0.000 0.475 0.542 37.5
Normal 70 146 0.000 0.000 0.000 1.000 33.4
STD 70 101 0.001 0.003 0.228 0.787 29.6
SSTD 70 84 0.126 0.205 0.099 0.914 29.6
GED 70 95 0.006 0.019 0.005 0.993 31.0
Hill 70 81 0.234 0.301 0.714 0.287 28.2
GC 70 55 0.050 0.109 0.000 1.000 49.9
FHS 70 86 0.079 0.211 0.399 0.618 28.0
GPD 70 71 0.981 0.444 0.196 0.823 27.3

Table 3 - Asian Crisis Backtest with T = 1000 and p = 0.01

Method Expected Actual UC CC P 1
ES P 2

ES %RMSE

HS 5 17 0.000 0.000 0.415 0.609 52.3
Normal 5 12 0.008 0.021 0.007 0.997 47.0
STD 5 10 0.048 0.114 0.114 0.875 38.4
SSTD 5 10 0.048 0.114 0.175 0.832 37.7
GED 5 10 0.048 0.114 0.040 0.963 40.8
Hill 5 7 0.399 0.626 0.306 0.729 36.0
GC 5 6 0.666 0.837 0.051 0.967 44.9
FHS 5 7 0.399 0.626 0.187 0.814 36.0
GPD 5 7 0.399 0.626 0.240 0.797 35.4

Table 4 - Dot-Com Crash Backtest with T = 1000 and p = 0.01

Method Expected Actual UC CC P 1
ES P 2

ES %RMSE

HS 5 6 0.666 0.837 0.673 0.336 29.3
Normal 5 6 0.666 0.141 0.064 0.960 31.1
STD 5 4 0.638 0.860 0.023 0.952 22.2
SSTD 5 4 0.638 0.860 0.070 0.911 19.0
GED 5 4 0.638 0.860 0.055 0.952 27.0
Hill 5 4 0.638 0.860 0.198 0.808 13.3
GC 5 4 0.638 0.860 0.131 0.864 21.7
FHS 5 4 0.638 0.860 0.207 0.824 13.1
GPD 5 4 0.638 0.860 0.191 0.811 11.9
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Table 5 - Subprime Crisis Backtest with T = 1000 and p = 0.01

Method Expected Actual UC CC P 1
ES P 2

ES %RMSE

HS 5 32 0.000 0.000 0.019 0.977 35.5
Normal 5 19 0.000 0.000 0.015 0.976 22.9
STD 5 13 0.003 0.008 0.645 0.363 20.1
SSTD 5 8 0.217 0.403 0.408 0.551 15.9
GED 5 12 0.008 0.021 0.700 0.308 19.8
Hill 5 10 0.048 0.114 0.850 0.148 19.0
GC 5 6 0.666 0.837 0.074 0.948 21.7
FHS 5 11 0.020 0.051 0.669 0.359 18.9
GPD 5 8 0.217 0.403 0.612 0.382 14.7

Table 6 - Eurocrisis Backtest with T = 1000 and p = 0.01

Method Expected Actual UC CC P 1
ES P 2

ES %RMSE

HS 5 1 0.028 0.089 1.000 0.000 4.8
Normal 5 15 0.000 0.001 0.021 0.966 23.3
STD 5 10 0.048 0.114 0.746 0.258 17.9
SSTD 5 7 0.399 0.626 0.825 0.175 16.0
GED 5 10 0.048 0.114 0.670 0.289 19.4
Hill 5 8 0.217 0.403 0.407 0.624 19.0
GC 5 5 0.996 0.941 0.385 0.639 9.4
FHS 5 9 0.107 0.227 0.477 0.551 19.5
GPD 5 5 0.996 0.941 0.082 0.912 16.0
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Table 7 - Overall Backtest with T = 500 and p = 0.01

Method Expected Actual UC CC P 1
ES P 2

ES %RMSE

HS 75 128 0.000 0.000 0.263 0.756 60.7
Normal 75 170 0.000 0.000 0.000 1.000 59.0
STD 75 122 0.000 0.000 0.034 0.955 55.6
SSTD 75 107 0.001 0.000 0.026 0.974 57.9
GED 75 118 0.000 0.000 0.000 0.998 58.3
Hill 75 101 0.006 0.001 0.262 0.795 53.1
GC 75 72 0.658 0.018 0.000 0.999 74.0
FHS 75 114 0.000 0.000 0.256 0.717 55.0
GPD 75 98 0.014 0.002 0.135 0.853 56.5

Table 8 - Subprime Crisis Backtest with T = 500 and p = 0.01

Method Expected Actual UC CC P 1
ES P 2

ES %RMSE

HS 5 24 0.000 0.000 0.206 0.769 31.7
Normal 5 15 0.000 0.001 0.055 0.930 21.5
STD 5 10 0.048 0.114 0.931 0.065 18.8
SSTD 5 7 0.399 0.626 0.956 0.052 16.7
GED 5 10 0.048 0.114 0.988 0.022 20.1
Hill 5 6 0.666 0.837 0.725 0.261 12.9
GC 5 3 0.329 0.607 0.080 0.928 23.0
FHS 5 10 0.048 0.114 0.975 0.022 20.6
GPD 5 5 0.996 0.941 0.932 0.084 14.0

58



Appendix K. VaR and ES backtests 97.5% confidence level (p = 0.025)

Table 9 - Basel 2 Backtest with T = 1000 and p = 0.025

Date HS Normal STD SSTD GED Hill GC FHS GPD

1987/11-1988/11 7 8 8 8 7 7 4 7 7
1988/11-1989/11 2 5 5 5 5 3 2 5 3
1989/11-1990/11 6 10 10 9 9 7 0 8 6
1990/11-1991/11 1 3 3 3 3 3 0 3 2
1991/11-1992/11 2 2 2 2 2 2 1 2 2
1992/11-1993/11 2 4 4 4 3 4 3 4 4
1993/11-1994/10 4 10 10 10 9 10 9 10 9
1994/10-1995/10 3 5 5 5 3 4 2 4 3
1995/10-1996/10 11 9 9 9 9 9 9 9 9
1996/10-1997/10 16 12 12 12 12 10 9 9 10
1997/10-1998/10 20 13 13 13 13 9 8 9 9
1998/10-1999/10 10 9 8 7 7 3 3 4 3
1999/10-2000/10 8 10 9 7 8 7 4 7 7
2000/10-2001/10 12 10 10 10 10 7 4 9 7
2001/10-2002/10 13 10 8 8 7 8 5 9 6
2002/10-2003/10 2 4 4 4 4 4 4 4 4
2003/10-2004/10 0 6 5 4 4 5 3 6 4
2004/10-2005/09 0 5 4 3 4 4 2 2 4
2005/09-2006/09 0 9 9 8 8 9 8 8 8
2006/09-2007/09 13 14 14 12 12 12 12 12 12
2007/09-2008/09 30 18 17 15 16 15 13 15 15
2008/09-2009/09 28 14 14 11 13 9 5 8 8
2009/09-2010/09 1 14 13 12 13 10 10 10 10
2010/09-2011/09 4 10 8 7 7 6 7 6 6
2011/09-2012/09 0 6 6 4 6 2 3 2 2
2012/09-2013/09 1 9 9 9 8 7 7 6 7
2013/09-2014/09 0 8 8 7 7 4 5 4 4
2014/09-2015/09 5 14 12 11 11 8 10 8 8

Under an analogous approach to Basel II requirements for p = 0.025: Green Zone: 0-10
(<95% CDF) Exceedances; Yellow Zone: 11-16 (<99.99% CDF) Exceedances; Red Zone:
10 or over Exceedances.
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Table 10 - Overall Backtest with T = 1000 and p = 0.025

Method Expected Actual UC CC P 1
ES P 2

ES %RMSE

HS 177 204 0.045 0.001 0.253 0.759 42.4
Normal 177 254 0.000 0.000 0.000 1.000 33.1

STD 177 242 0.000 0.000 0.441 0.571 31.9
SSTD 177 222 0.001 0.002 0.690 0.321 32.4
GED 177 223 0.001 0.002 0.161 0.842 32.8

Hill 177 190 0.328 0.084 0.756 0.266 31.4
GC 177 155 0.087 0.008 1.000 0.000 43.7

FHS 177 192 0.260 0.038 0.652 0.333 31.4
GPD 177 181 0.762 0.166 0.613 0.361 31.3

Table 11 - Asian Crisis Backtest with T = 1000 and p = 0.025

Method Expected Actual UC CC P 1
ES P 2

ES %RMSE

HS 12 33 0.000 0.000 0.213 0.772 52.0
Normal 12 22 0.014 0.017 0.003 0.993 49.8
STD 12 22 0.014 0.017 0.110 0.881 45.4
SSTD 12 21 0.027 0.033 0.137 0.838 44.9
GED 12 21 0.027 0.033 0.068 0.965 46.5
Hill 12 14 0.679 0.596 0.180 0.815 42.5
GC 12 13 0.893 0.682 0.765 0.232 48.8
FHS 12 15 0.492 0.482 0.141 0.855 42.7
GPD 12 14 0.679 0.596 0.121 0.870 42.3

Table 12 - Dot-Com Crash Backtest with T = 1000 and p = 0.025

Method Expected Actual UC CC P 1
ES P 2

ES %RMSE

HS 12 16 0.340 0.504 0.673 0.364 32.6
Normal 12 18 0.141 0.298 0.104 0.891 31.0
STD 12 16 0.340 0.504 0.422 0.529 29.5
SSTD 12 14 0.679 0.625 0.506 0.514 28.9
GED 12 15 0.492 0.585 0.178 0.842 30.1
Hill 12 11 0.656 0.433 0.679 0.291 29.2
GC 12 6 0.038 0.018 0.956 0.044 28.9
FHS 12 13 0.893 0.610 0.687 0.329 29.1
GPD 12 10 0.454 0.308 0.482 0.477 28.0
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Table 13 -Subprime Crisis Backtest with T = 1000 and p = 0.025

Method Expected Actual UC CC P 1
ES P 2

ES %RMSE

HS 12 58 0.000 0.000 0.018 0.986 45.0
Normal 12 32 0.000 0.000 0.035 0.975 22.9
STD 12 31 0.000 0.000 0.820 0.197 25.7
SSTD 12 26 0.001 0.001 0.878 0.096 26.7
GED 12 29 0.000 0.000 0.945 0.061 27.7
Hill 12 24 0.003 0.004 0.560 0.434 22.9
GC 12 18 0.141 0.167 1.000 0.000 46.8
FHS 12 23 0.007 0.008 0.585 0.380 23.0
GPD 12 23 0.007 0.008 0.809 0.212 24.0

Table 14 - Eurocrisis Backtest with T = 1000 and p = 0.025

Method Expected Actual UC CC P 1
ES P 2

ES %RMSE

HS 12 5 0.014 0.047 0.684 0.324 24.7
Normal 12 22 0.014 0.047 0.002 0.995 28.0
STD 12 20 0.049 0.134 0.352 0.644 23.8
SSTD 12 17 0.224 0.402 0.571 0.431 22.2
GED 12 19 0.085 0.207 0.508 0.545 23.9
Hill 12 15 0.492 0.585 0.222 0.751 21.6
GC 12 16 0.340 0.504 1.000 0.000 45.1
FHS 12 15 0.492 0.585 0.241 0.735 22.0
GPD 12 15 0.492 0.585 0.452 0.527 23.7

61



Table 15 - Overall Backtest with T = 500 and p = 0.025

Method Expected Actual UC CC P 1
ES P 2

ES %RMSE

HS 189 247 0.000 0.000 0.011 0.989 58.4
Normal 189 291 0.000 0.000 0.000 1.000 54.7
STD 189 276 0.000 0.000 0.069 0.930 52.1
SSTD 189 257 0.000 0.000 0.077 0.921 53.6
GED 189 254 0.000 0.000 0.008 0.992 53.7
Hill 189 228 0.006 0.000 0.102 0.929 53.1
GC 189 196 0.634 0.022 1.000 0.000 58.1
FHS 189 233 0.002 0.000 0.058 0.943 53.4
GPD 189 221 0.024 0.005 0.115 0.887 53.3

Table 16 - Subprime Crisis Backtest with T = 500 and p = 0.025

Method Expected Actual UC CC P 1
ES P 2

ES %RMSE

HS 12 36 0.000 0.000 0.013 0.989 38.2
Normal 12 27 0.000 0.000 0.057 0.943 22.0
STD 12 27 0.000 0.000 0.946 0.051 24.6
SSTD 12 21 0.027 0.033 0.940 0.062 21.9
GED 12 27 0.000 0.000 1.000 0.000 29.9
Hill 12 17 0.224 0.254 0.650 0.365 19.2
GC 12 14 0.679 0.596 1.000 0.000 47.3
FHS 12 17 0.224 0.254 0.657 0.344 19.0
GPD 12 18 0.141 0.167 0.934 0.067 20.3
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Appendix L. Bootstrap Algorithm for HS Risk Measures

1. Generate sample of T bootstrap losses {L∗
t}Tt=1 by sampling from the original

losses {Lt}Tt=1 with replacement.

2. Compute the HS estimates of VaR and ES on the bootstrap sample using

HS − V aR∗p
T+1 = Q1−p({L∗

t})

HS − ES∗p
T+1 =

1

#(L∗
t > HS − V aR∗p

T+1)
(

∑
L∗
t>HS−V aR

∗p
T+1

L∗
t ).

3. Repeat steps 1 and 2 for B repetitions, where B is a large number. Obtain
sequence of HS risk measures. For instance {HS − V aR∗p(i)

T+1 : i = 1, ..., B} is a
sequence of bootstrap VaR measures. We set B = 99 in our Monte Carlo
simulations.

4. The 100(1− α) bootstrap prediction interval for HS − V aRp
T+1 is

Qα/2({HS − V aR∗p(i)
T+1}

B
i=1), Q1−α/2({HS − V aR∗p(i)

T+1}
B
i=1),

where Qα(·) is the α - quantile of the empirical distribution of {HS − V aR∗p(i)
T+1}Bi=1.

Use steps (3) and (4) to find the bootstrap interval for {HS −ESpT+1} by replacing

{HS − V aR∗p(i)
T+1}Bi=1 by {HS − ES∗p(i)

T+1 }Bi=1.
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Appendix M. Bootstrap Algorithm for GARCH based Risk Measures

1. Estimate the GARCH model by MLE and compute centered innovations, ε̂t − ¯̂ε,
where ε̂t = Lt/σ̂t for t = 1,...,T, and ¯̂ε = 1

T

∑T
t=1 ε̂t. Let ĜT denote the empirical

distribution function of ε̂.

2. Generate a bootstrap series of portfolio losses {L∗
t}Tt=1 using recursive algorithm:

σ̂∗2
t = ω̂ + α̂L∗2

t−1 + β̂σ̂∗2
t−1

L∗
t = σ̂∗

t ε̂
∗
t , t = 1, ..., T,

where ε̂∗t ∼ i.i.d.ĜT and initial variance σ̂∗2
1 = σ̂2

1 = ω̂

1−α̂−β̂ . Using the bootstrapped

series of losses {L∗
t}Tt=1 compute the bootstrap MLE’s ω̂∗, α̂∗ and β̂∗.

3. Obtain the bootstrap prediction of volatility, σ̂∗∗2
T+1, given by

σ̂∗∗2
T+1 = ω̂∗ + α̂∗L2

T + β̂∗σ̂∗∗2
T ,

where using (16) we have,

σ̂∗∗2
T =

ω̂∗

1− α̂∗ − β̂∗
+ α̂∗

T−2∑
j=0

β̂∗j(L2
T−j−1 −

ω̂∗

1− α̂∗ − β̂∗
).

The losses used in step 3 are the actual losses and not the bootstrap filtered losses.

4. Compute ĉ∗1,p and ĉ∗2,p using the bootstrap estimates of c1,p and c2,p. The
estimates are computed in the exact same fashion as ĉ1,p and ĉ2,p except they are
evaluated on the bootstrap filtered losses instead of actual losses. The bootstrap
innovations are,

ε∗t =
L∗
T

σ̂∗∗
t

,

where σ̂∗∗2
t = ω̂∗ + α̂∗L∗2

t−1 + β̂∗σ̂∗∗2
t−1 and σ̂∗∗2

1 = σ̂2
1. We evaluate ĉ∗1,p and ĉ∗2,p on the

bootstrap innovations {ε̂∗t}Tt=1. For example, ĉ∗FHS1,p = Q1−p({ε̂∗t − ¯̂ε∗t}Tt=1).

5. For each estimation method, compute bootstrap estimates for V aR∗p
T+1 and

ES∗p
T+1 using σ̂∗∗2

T+1, ĉ∗1,p, and ĉ∗2,p.

6. Follow steps 3. and 4. in the Bootstrap Algorithm for HS Risk Measures in
Appendix L.
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